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1. Background

Definition (Density operator). A density operator or quantum state is a linear operator ρ ∈ L(H)
on a Hilbert space H satisfying ρ ⪰ 0 and tr(ρ) = 0.

Definition (Partial trace). Let {|i⟩B}|B|−1
i=0 be an orthonormal basis of HB (where |B| = dim HB).

The partial trace of an operator XAB ∈ L(HA ⊗ HB) is defined as

XA := trB(XAB) =
|B|−1∑
i=0

(1A ⊗ ⟨i|B)XAB(1A ⊗ |i⟩B)

Definition (Quantum channel). A quantum channel is a linear, completely positive, trace-preserving
map acting on density operators.
A quantum channel is a model for noise in an open quantum system S with environment E, given
by unitary evolution of the larger system SE and tracing out the environment E.

Kraus representation of N : Kraus operators {Ki} satisfying ∑
iK

†
iKi = 1 and

N (ρ) = ∑
iKiρK

†
i .

Channel models considered in this project:
• Pauli channels: For the Pauli matrices X, Y, Z and a probability vector (p0, p1, p2, p3),

ρ 7−→ p0ρ + p1XρX + p2Y ρY + p3ZρZ (1)

• Depolarizing channel for p ∈ [0, 1]: p0 = 1 − p, p1 = p2 = p3 = p/3 in (1).
• Two-Pauli channel for p ∈ [0, 1]: p0 = 1 − p, p1 = p3 = p/2, p2 = 0 in (1).
• Low-noise Pauli channel for probability vector (px, py, pz) and t ∈ [0, 1]:
p0 = 1 − t, (p1, p2, p3) = t(px, py, pz) in (1).

• Qutrit-platypus channel [3]: For s ∈ [0, 1],

ρ 7−→ K0ρK
†
0 +K1ρK

†
1 where K0 =

√
s|0⟩⟨0| + |2⟩⟨1|

K1 =
√

1 − s|1⟩⟨0| + |2⟩⟨2|.

• Damping-dephasing channel: For p, g ∈ [0, 1], the channel has Kraus operators

K0 =
√

1 − p
(
|0⟩⟨0| +

√
1 − g |1⟩⟨1|

)
K1 = √

g |0⟩⟨1| K2 = √
p

(
|0⟩⟨0| +

√
1 − g |1⟩⟨1|

)
.

2. Optimization in quantum information theory

2.1 Channel Coherent Information
Given a channel N : A → B, the channel coherent information is defined as

Ic(N ) = max {S(N (ψA)) − S((idR⊗N )(ψRA)) : |ψ⟩RA pure}

The channel coherent information is an achievable rate for quantum information transmission through
N [1]. The quantum capacity of the channel N is equal to

Q(N ) = lim
n→∞

1
n
Ic(N ⊗n).

3. Performance and Data profiles

3.1 Performance profiles
Define a problem set P and a set of solvers S.
• More and Wild Convergence Test [4]: For a minimization problem min{f(x) : x ∈ Rm} and

a predefined accuracy τ , an optimization run is said to converge if

f (x0) − f (x)
f (x0) − fL

≥ 1 − τ. (2)

(x0: starting point of optimization run; fL: best value found by any solver s ∈ S given prescribed
budget µp of function evaluations.)

• Performance measure tp,s > 0 for given p ∈ P , s ∈ S and the convergence test (2).
In this project: tp,s = # function evaluations.

• Performance Ratio
rp,s = tp,s

min{tp,s : s ∈ S}
.

If solver s does not converge for problem p w.r.t. (2), we set rp,s = ∞.
• Performance Profile for α ≥ 1:

ρs(α) = 1
|P|

#
{
p ∈ P : rp,s ≤ α

}
.

Performance profile measures the fraction of problems for which the performance of solver s is the
best-performing solver up to a factor α.

3.2 Data profiles
Let np be the number of variables in a benchmark problem. With tp,s as defined above and np the
number of variables in the problem, the data profile of a solver s ∈ S is defined for α ≥ 1 as

ds(α) = 1
|P|

#
p ∈ P : tp,s

np + 1
≤ α

 .

tp,s ≡ ∞ if solver s does not converge for problem p according to the criterion (2).

Data profiles are useful for deciding on a solver given a certain budget of function evaluations, mea-
sured in “gradient descent” units.

3.3 Solvers used in this project

1. BFGS A local, gradient-based optimizer that uses first-derivative information to build an approx-
imate inverse Hessian (curvature) to move towards a (local) minimum.

2. Nelder-Mead A local, gradient-free optimizer that searches by repeatedly reshaping a simplex (a
set of points) to move toward better objective values.

3. Powell A local, gradient-free optimizer that minimizes along a sequence of search directions (line
searches) and updates those directions over time.

4. BiteOPT A global, stochastic, derivative-free optimizer for bound-constrained problems that
evolves a population of candidate solutions using objective-function evaluations and a variety of
solution generators.

4. Results

We compute performance and data profiles for the channel coherent information Ic(N ⊗n), where
N is one of the channels listed in Section 1. We only consider channels for which the coherent
information is additive, i.e., Ic(N ⊗n) = nIc(N ), and in each case compute Ic(N ⊗n) for n = 1, 2, 3
for 5 random instances of each channel class, using a tolerance τ = 1 × 10−5 in (2).

5. Conclusion

Our results show that the gradient based method performs the best on a majority of the problems,
converging the fastest on about 65 percent of problems and converging on about 90 percent of total
problems. Another conclusion that can be made is that, although BiteOPT is able to solve slightly
more problems than the local optimizers, it does so at the cost of many more function evaluations.

6. Future Work

In future work we plan to conduct a similar analysis for two other entropic optimization problems,
the minimum output entropy of a channel and the entanglement of formation of a mixed bipartite
quantum state. We will also study channels for which the entropic functionals may be super-additive,
e.g., Ic(N ⊗n) > nIc(N ) for the channel coherent information.
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