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Recall that a bipartite density matrix p on C¢ ® C% is called separable if it can be

written as

pas = prwy) ®oy), (1)
k

for some probability distribution {p}.
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Problem (Separability Testing)

Given unrestricted measurement access to n identical copies of an unknown
quantum state pap on C? ® CY, determine (with probability at least 2/3) whether
PAB 1S separable or e-far in trace distance from all separable states.
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Open Problem

Determine how many samples n are necessary and sufficient to solve this task (up
to constant factors) as a function of d and e.

This is stated as Question 8 in [4] and was stated again in an open problem session
at FOCS 2024 [1].
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Our talk will be divided into the following three parts:

1. Q(d?) Lower Bound from Quantum Collision Bound

2. Q(d?)/e? Lower Bound from Mixedness Testing

4

3. 0(?—2) Upper Bound from Quantum State Tomography
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Our talk will be divided into the following three parts:

1. Q(d?) Lower Bound from Quantum Collision Bound
2. Q(d?)/e? Lower Bound from Mixedness Testing

4

3. 0(?—2) Upper Bound from Quantum State Tomography
Main takeaways:

o All known lower and upper bounds on separability testing leverage
representation theoretic tools

e The sample complexity of separability testing is one of the big open problems
in quantum learning theory
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Q(d?) Lower Bound from

Quantum Collision Bound
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Lower Bounds

A general technique for proving testing lower bounds is to construct a difficult dis-

tinguishing task that a tester could solve, if one exists.

Because the tester could solve this task, it is at least as hard as the distinguishing
task. Thus, a sample complexity lower bound on distinguishing implies a lower

bound on testing.
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Lower Bounds

A general technique for proving testing lower bounds is to construct a difficult dis-

tinguishing task that a tester could solve, if one exists.

Because the tester could solve this task, it is at least as hard as the distinguishing
task. Thus, a sample complexity lower bound on distinguishing implies a lower
bound on testing.

Upper Bounds
Given a testing algorithm, one “simply” needs to use concentration inequalities to
derive an upper bound on the sample complexity.
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Theorem (Separability Testing Lower Bound, [4])

Any algorithm used to solve the separability problem must use at least Q(d?)
samples of pap € B(C? @ CY).

Jacob Beckey, Qizhao Huang, and Nishant Jain e | Q((]z) Lower Bound from Quantum Collision Bound e 6/57




Theorem (Separability Testing Lower Bound, [4])

Any algorithm used to solve the separability problem must use at least Q(d?)
samples of pap € B(C? @ CY).

Proof Ingredients

1. Hard instance: distinguishing maximally mixed state on a random subspace
from maximally mixed state on the full space (quantum collision sampling

problem)
2. Most mixed states are far from separable

3. Continuity of entanglement entanglement of formation
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Theorem (Quantum Collision Problem, [2])

Let d and r be integers such that r strictly divides d. Any algorithm which
distinguishes, with probability of success at least 2/3, between p = 1/d or p is
mazimally mized on a uniformly random subspace of dimension r must use Q(r)
copies of p.

ound from Quantum C




Theorem (Quantum Collision Problem, [2])

Let d and r be integers such that r strictly divides d. Any algorithm which
distinguishes, with probability of success at least 2/3, between p = 1/d or p is
mazimally mized on a uniformly random subspace of dimension r must use Q(r)
copies of p.

The proof of this theorem is where the bulk of the representation theoretic tools
enter. To motivate you to care about those details, let us explain how it will imply
a lower bound on separability testing.
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Main idea: show that a maximally mixed state on a random subspace of dimension

r, denoted o 4p, is far from all separable states (for suitable r < d).
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Main idea: show that a maximally mixed state on a random subspace of dimension

r, denoted o 4p, is far from all separable states (for suitable r < d).

Let E(pap) denote the entanglement of formation (a well-defined measure of mixed

state entanglement).

We need the following facts from entanglement and information theory:

1. Fact 1: If pp is separable, E(psp) = 0.

2. Fact 2: If 7 = | cd?| for some fixed ¢ € (0, 1), there exists a universal constant
C > 0 such that E(o4p) > Clog d, with high probability.

3. Fact 3: E(-) is continuous: |E(p) — E(0)| < logd - diw(p, o).
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From Fact 2 on the preceding slide, we may write

Clogd < E(oap) = |E(0aB)| = |0 — E(oaB)| = |E(pa) — E(caB)l,  (2)

for any separable state psp. In particular, this holds for whatever separable state is
closest to o 4p, denote it p% 5.

ound from Quantum C




From Fact 2 on the preceding slide, we may write
Clogd < E(oap) = |E(oap)| =0 — E(oap)| = |E(pap) — E(caB)l,  (2)

for any separable state psp. In particular, this holds for whatever separable state is
closest to o 4p, denote it p% 5.

Combining this lower bound with Fact 3 (continuity), we obtain
Clog d < |B(plg) — Bloap)| < logd- du(pr0) = (1) < du(p0).  (3)

On the other hand, the maximally mixed state is certainly separable. Thus a sep-
arability tester could solve this distinguishing task.
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Now that we have motivated the study of the quantum collision sampling problem,
let us sketch the proof at a very high level.

Theorem (Quantum Collision Problem, [2])

Let d and r be integers such that r strictly divides d. Any algorithm which
distinguishes, with probability of success at least 2/3, between p = 1/d or p is
mazimally mized on a uniformly random subspace of dimension r must use Q(r)
copies of p.
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The authors relate the desired problem to that of distinguishing

Xn

@)@n and /uddU ET:UIJ'XJ'IUT - (4)

J=1
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The authors relate the desired problem to that of distinguishing
Xn

@)@n and /uddU ET:UIJ'XJ'IUT - (4)

J=1

e Both of these states are invariant under unitary and symmetric group

o Recall from class (spectrum estimation) that weak Schur sampling with
classical postprocessing is optimal for any such task

o It suffices to analyze the empirical distributions obtained from weak Schur
sampling

e The authors prove an upper bound on the distance between these

distributions that is close to zero unless n = Q(r).
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Recall from Fact 2 above that we had to take r = |cd?] to ensure the maximally

mixed state on the subspace was far from separable.

Thus, putting these results together, we see that distinguishing these states requires
n = Q(r) = Q(d?) samples. This, in turn, implies our desired £2(d?) lower bound on
separability testing.
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Q(d?/e?) Lower Bound from

Quantum Mixedness Testing
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Problem (Distribution Property Testing)

Let P, Q be a property (subset) of probability distributions over a finite domain
[d] ={1,2,...,d}. Given sample access to an unknown distribution D over [n]
and a distance parameter € > 0, the goal of distribution property testing is to
design a randomized algorithm (a tester) that distinguishes between D € P or
D € Q with success probability at least 2/3.
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Problem (Distribution Property Testing)

Let P, Q be a property (subset) of probability distributions over a finite domain
[d] ={1,2,...,d}. Given sample access to an unknown distribution D over [n]
and a distance parameter € > 0, the goal of distribution property testing is to
design a randomized algorithm (a tester) that distinguishes between D € P or
D € Q with success probability at least 2/3.

The sample complexity of the tester is the number of independent samples from
D it requires.
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One interesting special case is:

P = {Unifg}, Q= {p:|p— Unify|, > €}

which is the Uniformity Testing.
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One interesting special case is:
P ={Unifg}, Q={p:|[p— Unifyl|; > €}

which is the Uniformity Testing.

The upper bound is straightforward: Unif; minimizes the fo-norm of the probability
distribution, we distinguish two cases by using the unbiased estimator of fo-norm of
the unknown probability distribution:
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One interesting special case is:
P ={Unifg}, Q={p:|[p— Unifyl|; > €}

which is the Uniformity Testing.

The upper bound is straightforward: Unif; minimizes the fo-norm of the probability
distribution, we distinguish two cases by using the unbiased estimator of fo-norm of
the unknown probability distribution:

n

1
Z = Z L=}
(3

s,t=1,s%#t

i‘?

The sample complexity is O(

. . . 2 \ . = .
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Given an unknown distribution D, which would be either onw of two distributions
p, q over the finite domain [d], what is the optimal tester D(w) with only one sample
w ~ D to distinguish p, ¢ under two-sided error:

£,y = % (Pr[D(w) = 11D = p| + Pr[D(w) = 0]D = o]
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Given an unknown distribution D, which would be either onw of two distributions
p, q over the finite domain [d], what is the optimal tester D(w) with only one sample
w ~ D to distinguish p, ¢ under two-sided error:
1 ~ ~
Epqg = 3 (Pr [D(w) =1|D = p} + Pr [D(w) =0|D = q])
We would have:

, I 1
m5H5p,q(D) =3 i p(S) +a(5) = 5(1 - (;Sng% p(S) — q(9)))
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Given an unknown distribution D, which would be either onw of two distributions
p, q over the finite domain [d], what is the optimal tester D(w) with only one sample

w ~ D to distinguish p, ¢ under two-sided error:
1 ~ ~
Epqg = 3 (Pr [D(w) =1|D = p} + Pr [D(w) =0|D = q])
We would have:

, I 1
m5H5p,q(D) =3 i p(S) +a(5) = 5(1 - (;Sng% p(S) — q(9)))

We define the total variance as:

1
drv(p, q) = max p(S) —q(S) = §Hp —qlly

Jacob Beckey, Qizhao Huang, and Nishant Jain e | Q((lz/'ez) Lower Bound from Quantum Mixedness




Given an unknown distribution D, which would be either onw of two distributions
p, q over the finite domain [d], what is the optimal tester D(w) with only one sample
w ~ D to distinguish p, ¢ under two-sided error:
1 ~ ~
Epqg = 3 (Pr [D(w) =1|D = p} + Pr [D(w) =0|D = q])
We would have:

, I 1
m5H5p,q(D) =3 i p(S) +a(5) = 5(1 - (;Sng% p(S) — q(9)))

We define the total variance as:

1
drv(p, q) = max p(S) —q(S) = §Hp —qlly

Hence, if a valid distribution tester exists, we need dpv(p, q) > %
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Now, if D is a valid distribution tester between P and Q, we have:

1
3

5P7Q<D> <

for any p € P and ¢ € Q.
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Now, if D is a valid distribution tester between P and Q, we have:

5P7Q<D> <

W

for any p € P and ¢ € Q.

Note &, 4(D) is linear with respect to p and q. Then for any distribution Iy and II;

over P and O, we have

~ 1
Eptto Bty (€5.0(D)] = Eg,p oy 192 om0 (D) < 5

which indicates dry (Epom, [p], Eqor, [g]) < %
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Move to the n-sample tester case, the tester would get a word w = (w1, ..., w,) with
w ~ D®". Following the same calculation, we have:

Lemma (Generalized Le Cam Lemma)

If there exists a n-sample (possibly randomized) tester D that is valid for
distribution property testing between P and Q, then for any distributions 11y and
[Ty over probability distributions on P, Q respectively. We would have

drv (]EPNHO [p®n] ) EQNH1 [q®n] ) >
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How could we bound the quantity?

dTV(EPNHo [p®n]’ EQNH1[q®n]) >

W=
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How could we bound the quantity?

W=

dTV(EPNHo [p®n]’ EQNH1[q®n]) >

Total variation is bad: d7y could only give very loose bound. The best we have
is dTV(p®n7 q®n> <n- dTV(p7 q)

ower Bound from Quantum Mixe




How could we bound the quantity?

drv (Eperty [p®"], Egom, [¢°7]) >

W=

Total variation is bad: d7y could only give very loose bound. The best we have
is dTV(p®n7 q®n> <n- dTV(p7 q)

KL divergence is also not good: KL-divergence only has additive tensorization:

D(p®"[¢®") = nD(pllq)
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How could we bound the quantity?

drv (Eperty [p®"], Egom, [¢°7]) >

W=

Total variation is bad: d7y could only give very loose bound. The best we have
is dTV(p®n7 q®n> <n- dTV(p7 q)

KL divergence is also not good: KL-divergence only has additive tensorization:

D(p®"[¢®") = nD(pllq)
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x2-divergence is good: We define the y?-distance as:

" C_0:)2
d(p, ) :ZM

PRI
Lemma (Ingster Method)

d 2(E9 H q ) = Eq o [(1 + H(9,9/>>n] —1,

where ' is an independent copy of 6, and

Hi(9,9') :=E (ps(z) — q(z))(por (z) — q())

o q(x)?

is the “chi-square inner product’ of p;s and p; g with respect to p;.
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If the sample complexity of the uniformity testing is n, we would have:

dry (Epont[p®”], Unif§") >

W=

for any distribution IT over Q = {p : ||p — Unify||; > €}.
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If the sample complexity of the uniformity testing is n, we would have:

dry (Epont[p®”], Unif§") >

W=

for any distribution IT over Q = {p : ||p — Unify||; > €}.

We need ”hard”-instance to claim the testing lower bound, one natural guess would

a distribution over the robust version of the uniform distribution:

o Partition the domain Q into d/2 disjoint pairs:

QO={1,2)U{3,4}U---U{d—1,d}.
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o For each pair (27 — 1, 2¢), independently choose a sign s; € {+1, —1} uniformly
at random, and define the distribution Dg as

1 1
Dg(2i—1) = 34‘51%, Dyg(2i) = g

™

Calculation would show that:

dy2 (Eport [p®"]|[Unif§") < exp(8le*n?/d) — 1

which gives the sample complexity lower bound Q(g)
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Problem (Quantum Mixedness Testing)

Let p be an unknown quantum state on an d-dimensional Hilbert space H, which
would be either mazximally mized state, or a quantum state that is e-far from
mazimally mixzed state in trace distance. The goal of quantum mizedness testing
is to distinguish between these two cases with success probability %

. . . 2, 27 . . .
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Theorem

If we want to testing a property P of p that only depends on its spectrum, which
is referred as unitary invariant property. Any algorithm for computing/testing the
property with success probability at least 1 — € in the worst-case, there exists a
tester with same worst-case error probability by doing weak Schur sampling

followed with classical postprocessing.

2 25 c. .
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Theorem
If we want to testing a property P of p that only depends on its spectrum, which

is referred as unitary invariant property. Any algorithm for computing/testing the
property with success probability at least 1 — € in the worst-case, there exists a
tester with same worst-case error probability by doing weak Schur sampling

followed with classical postprocessing.

Proof: Suppose M is the measurement operator corresponding to the n-sample tester
output "accept”. The acceptance probability is given by Tr[Mp®"] and let:

1—e< r/%igTr[Mp@@n]

which is the worst-case probability of acceptance among all possible quantum states.
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By permutation invariance of p®", we would have:

Tr[Mp®"] = % Z Tr [MSWp®"S;1] = Tr[Mp‘gm]
’ TI’GSn

with M = 4 3 ¢ Sz MS;'. Moreover, by unitary invariance assumption, we have:

1= e < min Te[Mp®") < min [ Te[M(UpUH*"| = min Tr| Mp®"|
e_gélg [Mp }_rpnelg/ | M(UpU') ggg | Mp

where M := i U yten,




Note that we have:

e [M,S:]=0 YreS,.

e [M,U®"] =0 YUe U(d).
By Schur-Weyl Duality, we have M= Y aen @Iy, where ITy is the projection oper-
ator of isotypical component A. Similarly, we could have:

€ > max Tr [ﬁp@’”]
p¢P

Hence, M corresponds to a tester with same worst-case error probability. Moreover,
it corresponds to the weak schur sampling with classical postprocessing.
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Recall the weak Schur Sampling process, the probability for the measurement out-

come A\ n is:

Pr[A] = Tr[I1)p®"]
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Recall the weak Schur Sampling process, the probability for the measurement out-

come A\ n is:

Pr[A] = Tr[I1)p®"]

We denote the corresponding probability distribution over all partition A - n as the
Schur-Weyl Distribution SW,.




By Schur-Weyl Duality, we know p®™ = @, _, 1\ ® py, where the Schur-Weyl Dis-
tribution is determined by the spectrum of py.
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By Schur-Weyl Duality, we know p®™ = @, _, 1\ ® py, where the Schur-Weyl Dis-
tribution is determined by the spectrum of py.

Given a quantum state p with spectrum Spec(p) = {a1,a2,...,a,}, one way for
characterising the spectrum of py is via the SSYT. We have:

Spec(py) = {aT : T is SSYT with shape \}

where aT - H?:l Oz?é of occurrences of letter i in T




By Schur-Weyl Duality, we know p®™ = @, _, 1\ ® py, where the Schur-Weyl Dis-
tribution is determined by the spectrum of py.

Given a quantum state p with spectrum Spec(p) = {a1,a2,...,a,}, one way for
characterising the spectrum of py is via the SSYT. We have:

Spec(py) = {aT : T is SSYT with shape \}

where aT — H?:l Oz?é of occurrences of letter i in T
n _1; T _. 33
Then SW(A) = dim(Spa) > sy T with shape A @ =: dim(Spx)sx(a1, - -+, o), where

sy denotes the schur polynomial.
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Following the idea of classical uniformity testing, we hope to do the same thing in
classical uniformity testing:
e Construct the "hard” instance, which are quantum states with spectrum:

1+ 2¢ 1+ 2¢ 1—2¢ 1—2¢ 1—26)
d ) d PR d ) d PR d

P = (

e Proving the sample lower bound by imposing the condition on:
dx2 (SW?DCDZ’ SW{LJnifd) > O<1>

for the existence of a valid n-sample quantum mixedness tester.
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The last step would try the best on bounding:

SWiha

Ao (SWha, SWiig,) = Exswy,,. (SWU )1
nity

14+2¢ 142¢ 1—2¢ 1-—2¢ 1—2¢
(3)\( Loe SLEE L, S L, )

= EANSW%nifd
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The last step would try the best on bounding:

- SWh,
dy2(SW pd> SWinit,) = E/\NSW%nifd (SWUmf )y -
d
:E)\ SW?n (8)\(1—226714;1267-..,1_512671_51263"'71_6126))2 1
Unif, 8)\(%7%7"' ’%)

Clever Combinatoric researcher tells us:
dy (SWpdvsW%nifd) < exp((4ne®/d)?) —

which implies a (d/e?) lower bound on quantum mixedness testing.

2, 25 c. ~ .
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Now, we could build a quantum separability tester from a quantum mixedness testing

tester.
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Now, we could build a quantum separability tester from a quantum mixedness testing

tester.

A similar argument we could show is: For an unknown quantum state p on C? ®
C%, which is either maximally mixed state or state in the conjugacy class Q :=

{UD.U": U € U(d)}, where D, —dlag(l"'26 ...,12225,1;226,...,1 2¢). The sample

complexity is at least Q(d?/e?).
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Now, we could build a quantum separability tester from a quantum mixedness testing

tester.

A similar argument we could show is: For an unknown quantum state p on C? ®
C%, which is either maximally mixed state or state in the conjugacy class Q :=

{UD.U": U € U(d)}, where D, —dlag(l"'26 ...,12225,1;226,...,1 2¢). The sample

complexity is at least Q(d?/e?).
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Lemma

There is a universal constant Cy > 0 such that for all ¢ with C’g/\/ﬁ <e<1/2,
the following holds when o = UD.U', U ~ Haar(U(d)) is a uniformly random
state in the ensemble Q:

Pr [Vo € Sep, o — ol > 2¢] >

[GVIN )
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Given the unknown quantum state p, which is either maximally mixed state or state
in the conjugacy class Q := {UD.U' : U € U(d)}. Consider the following tester:

« Sample some U € U(d?) from Haar random unitaries.
« Apply quantum separability testing on UpUT.
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Given the unknown quantum state p, which is either maximally mixed state or state
in the conjugacy class Q := {UD.U' : U € U(d)}. Consider the following tester:

« Sample some U € U(d?) from Haar random unitaries.
« Apply quantum separability testing on UpUT.

If p= %: Then UpU't = % and the success probability is at least 2/3.
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Given the unknown quantum state p, which is either maximally mixed state or state
in the conjugacy class Q := {UD.U' : U € U(d)}. Consider the following tester:

« Sample some U € U(d?) from Haar random unitaries.

« Apply quantum separability testing on UpUT.

If p= %: Then UpU't = % and the success probability is at least 2/3.

If p € Q: According to previous lemma, Pr [Va € Sep, |le—o|1 > 26} > %, then
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Given the unknown quantum state p, which is either maximally mixed state or state
in the conjugacy class Q := {UD.U' : U € U(d)}. Consider the following tester:

« Sample some U € U(d?) from Haar random unitaries.
« Apply quantum separability testing on UpUT.
If p= %: Then UpU't = % and the success probability is at least 2/3.
If p € Q: According to previous lemma, Pr [Va € Sep, |le—o|1 > 26} > %, then
Pr[test success] = Pr [test success| Up U is 2e-far from Sep}
+Pr [test success| Up U T is 2e-close to Sep}

>2/3-2/3+0=4/9
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Hence, we could build the tester from a quantum separability tester with the same

order of sample complexity, which gives the following result:

Theorem (Lower bound for separability testing)

Testing whether a state is separable or e-far from separable requires at least
Q(d?/e?) copies.
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O(d*/e?) Upper Bound from
Tomography
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For this, we can just do the following:

e Quantum Tomography to recover the density matrix p

o Classical algorithm to solve the set membership problem for the recovered

density matrix.
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Lets consider a density matrix p € C#*¢,

o Consider the Pauli basis: set of d?> d x d matrices.

e Learn the coefficients of each of the matrix in this basis: O (%22)

This leads to the overall complexity of O (f—:), however we can do better: O (g—j)
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Definition

The polynomial irreducible representations of U(d) are indexed by partitions A of
height at most d. We will write them as (7, Vf), where V/{i is a vector space
known as the Weyl module.

By Schur-Weyl Duality, we know p®" = @,_, 1) ® py, where the Schur-Weyl Dis-
tribution is determined by the spectrum of p,.
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Recall: For any diaginalizable matrix D with eigenvalues aq, ..., ag:

X (D) = sx(ar, ..., ).

The Schur polynomial sy(z1, ..., z4) is the degree-n homogeneous polynomial defined
by
d
SA(CCl, o Id) _ Z IT, .TT — H Il# of occurrences of letter ¢ in T
SSYT T with shape A i=1

s(19) = dim(V/\d) .
Also,
Pr[A] = Tr(ITy p®") = tr(lgimx ® Ta(p)) = dim(A) - sy ().

Upper Bound from Tor




Definition (PGM tomography algorithm [3])
Given n copies of p, the procedure is as follows:

1. Perform weak Schur sampling on p, resulting in a random partition \. Discard

T (p)
sx (@)

2. Measure within the space V/\ using the POVM with elements

the permutation irrep register. Then p collapses to

dim( V¢
dm(VY) (U diag()) U1) dU

sx(A)
for each U € U(d).

3. Output Udiag()\) UT.
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Theorem

Let p € C¥™? be a mized state, and suppose we are given n copies of p. Let p
denote the random output of the PGM tomography algorithm. Then

2 4d-3
< .

n

H U diag(\) UT — pH
A~ sw"( )
U~PGM, (p)

Corollary

We have EH[B — ,0”1 < /== 4d 3 and thus, n = O (f—j) copies suffice for e— accurate

estimation in trace dz’st(mce.
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The POVM is valid due to Schur’s Lemma and the weight it gives to a particular
unitary U € U(d) is:

dim( V) , _ dim(VY)
A )tr(ﬂ,\(p) TF/\(Udlag()‘) UT)) U = m

D tr<7r,\(p U diag()) UT)) dU
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The POVM is valid due to Schur’s Lemma and the weight it gives to a particular
unitary U € U(d) is:

dim( V) . _ dim(VY) _
mtr(m(p) mA(U diag(}) UT)) aU = mtr<m\(p U diag(\) UT)) dU
dim( V)

= OB sx(p Udiag(\) UT) dU.
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Just integrating the last result, we can derive:

/ SA(AUBUT> AU = M.
U(d) dim (V)
For Schur Polynomials:

A(n) — )\i| — 8>\+€i(a)'

Pr [)\(”H) =A+e¢ @)
sy(a

Pieri’s Rule:

d
(0 b ) sa(n o m) =3 Snreon o 2a)
=1
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We also have:

o ) @ o majorization

( (@) 7 sy(a) >>< b ). (maj tion)
and also: (@) o

Sila sulo "

AL D) S sl AT (Sra)

S pyet S A ye?
and therefore — chi ) — T H‘Ell( )1)
dlm(V/\+ei> RS

forms a decreasing sequence.
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Using A ~ SW"(«) and U ~ PGM,(p):

d
2
n?Ex y H U diag(\) UT — pHF —Eyy

d
() + 3 A2~ 20? Tr (,0 U diag()\) UT)
1 =1

1
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Considering the cross term, for a fixed A we have:

dim( V)

EUtr<P U diag(}) UT) T s sh(a)

/U(d) tr(p U diag(\) UT) sy (p U diag(\) UT) iU
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Considering the cross term, for a fixed A we have:

dim( V)

Ey tr(p Udiag(A) UT) = s(V) s (a)

/U(d) tr(p U diag(\) U' ) 5\ (p U diag(\) UT) U

) [ -
—sv(\) sa(a) /U(d); )\+€i<p U diag()) U) dU (Pieri)
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Considering the cross term, for a fixed A we have:

dim( V)

Eu tr(p Udiag(\) UT) = a(V) s (a)

/W) tr(p U diag(\) U' ) 5\ (p U diag(\) UT) U

Cdm(V) [N -
—sv(\) sa(a) /U(d ; e (p U diag(\) U) dU (Pieri)

_ dim( V) a Sxte: (@) Sxte; (N)
sA(A) (@) = <d1m( V;\ie ))
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Considering the cross term, for a fixed A\ we have:
dim( V)

EUtr<p U diag()\) UT) - m /U(d) tr(p U diag()\) UT) 5 (p U diag()\) UT) dU

d
d V
im( A / Z Shte; p U diag(\) UT) aU (Pieri)

_dim(V) R (@) eV
sa(A) sx(@) = <d1m(Vd

Ate; )

>§‘: dim(V{)srie(@) A
i=1 (5A+e( )d1m(V>‘\i+e >> "

(sra, majorization)
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This leads to:

d . d d d
Sxte; (@) dim( V. Ag Snae (@) Ag dim(V; e)
g, S v (o) dim A>> 5op, 3 el (2_ e

P (5,\+ei(a) dim(V{, ) < Snpe(a) n dim(Vy)

Shte; () )\ dim( V,\+e)
>2 —E\ :
Za Z Saie (@) no dim(Vy)

zzzagfza%%f%

where the last step requires some algebraic manipulation.
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Weak Membership Problem: Given the classical description of the quantum state p
over A; ® Ag, decide whether this state is inside or e—trace distance from SepD(A; ®
As)

Problem (Reframed Optimization Problem [5])

Given a Hermitian matriz Q over A1 ® Ag (of dimension d x d), compute the
optimum value, denoted by OptSep(Q), of the optimization problem [5]

max (@, X) subject to X € Sepp(A1 ® Asg).
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Theorem

Given any Hermitian matriz Q and its decomposition
M
k
Q=) 0i® -1,
i=1

the quantity OptSep(Q) can be approzimated with additive error o in
quasi-polynomial time in d and 1/§, provided that kM is bounded by
poly-logarithms of d.
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Consider the following two spaces:

SP(Q) = { ((Q1,0), (@2, p),- -, (Qus,p)) : p € D(H) } € CM.
Raw-(M,w) = {(q1, @2, ..., qu) : Vi, ¢ € C, [|gi]| < w}.

Now, lets see whether we can calculate the distance of some point p to SP(Q):

dis(p) = min — = min max Re(p — q(p), z
(p) L 1P —allh = R (p—alp), 2)

where

1) = ((Q1 9}, (Q2sp)s - (Qurrp)) € CM.
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The Min—Max theorem implies

min max Re(p—q(p),z) = max min Re(p — q(p), 2).
PED(H) 2€B(CM |||l o0) < (). 2) 2EB(CM ||[|o0) pED(H) < (e).2)

This can be solved in poly(d, M, w,1/¢).
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Definition (e-net). Let (X, d) be a metric space and let € > 0. A subset N is
called an e-net of X if for each z € X there exists y € N, such that d(z,y) <e.
Construction of the e-net of (SP(Q),¢1) [5]:

1. Construct an e-net of the set Raw-(M, w) with respect to the metric induced
by the £; norm. Denote such an e-net by R..
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Definition (e-net). Let (X, d) be a metric space and let € > 0. A subset N is
called an e-net of X if for each z € X there exists y € N, such that d(z,y) <e.
Construction of the e-net of (SP(Q),¢1) [5]:

1. Construct an e-net of the set Raw-(M, w) with respect to the metric induced
by the £; norm. Denote such an e-net by R..

2. For each point p € R, compute dis(p), and include p in N if dis(p) < e.
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1. Let Q"(M,w) = (QF, Q%,..., Q%) for t =1,...,k— 1, where
max; || Q| op < wy. Let W = Hlle w;. Generate the e;-net of (SP(Q'), ¢;) for

eacht=1,...,k—1, where ¢; = %, and denote such a set by Nﬁtt.
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1. Let Q"(M,w) = (QF, Q%,..., Q%) for t =1,...,k— 1, where
max; || Q| op < wy. Let W = Hlle w;. Generate the e;-net of (SP(Q'), ¢;) for

eacht=1,...,k—1, where ¢; = (kf’f)sw, and denote such a set by Nﬁtt.

2. For each point

q:(q17q27"'7qk_1)€N€11 XNéXXNk_l

€kp—1"7

define Qi = Zf\il qtq? - qf‘l QF. Th~en compute @k = % (Qk + QZ) Next,
compute the maximum eigenvalue of @, denoted by Anax(q). Update

OPT = maX{OPT, )\de(&)}
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1. Let Q"(M,w) = (QF, Q%,..., Q%) for t =1,...,k— 1, where
max; || Q| op < wy. Let W = Hlle w;. Generate the e;-net of (SP(Q'), ¢;) for

eacht=1,...,k—1, where ¢; = (kf’f)sw, and denote such a set by Nﬁtt.

2. For each point

q:(q17q27"'7qk_1)€N€11 XNéXXNk_l

€kp—1"7

define Qi = Zf\il qtq? - qf‘l QF. Th~en compute @k = % (Qk + QZ) Next,
compute the maximum eigenvalue of @, denoted by Anax(q). Update

OPT = maX{OPT, )\de(&)}

3. Return OPT.
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