
Recap: Werner states

Definition
A bipartite quantum state 𝜌𝐴𝐵 on ℂ𝑑 ⊗ ℂ𝑑 is called Werner state if

𝜌𝐴𝐵 = (𝑈 ⊗ 𝑈) 𝜌𝐴𝐵 (𝑈 ⊗ 𝑈)
† for all 𝑈 ∈ U𝑑 .

Two-qubit Werner states
Every quantum state 𝜌𝐴𝐵 on ℂ2 ⊗ ℂ2 satisfying 𝜌𝐴𝐵 = (𝑈 ⊗ 𝑈) 𝜌𝐴𝐵 (𝑈 ⊗ 𝑈)

† for all 𝑈 ∈ U2
can be written in terms of a single parameter 𝑥 ∈ [−1, 1] as

𝜌𝐴𝐵 =
2 − 𝑥
6 1𝐴𝐵 +

2𝑥 − 1
6 𝔽𝐴𝐵.
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Haar measure
There exists a unique uniform probability measure d𝑈 on the unitary group U𝑑 called
Haar measure, satisfying

(i) Normalization: ∫U𝑑 d𝑈 = 1;
(ii) Left- and right-invariance: ∫U𝑑 d𝑈 𝑓(𝑈) = ∫U𝑑 d𝑈 𝑓(𝑉𝑈) = ∫U𝑑 d𝑈 𝑓(𝑈𝑉) for any 𝑉 ∈ U𝑑 .

Twirling
The twirling map

T (𝑋𝐴𝐵) = ∫
U𝑑

d𝑈 (𝑈 ⊗ 𝑈)𝑋𝐴𝐵(𝑈 ⊗ 𝑈)†

maps every bipartite quantum state 𝜌𝐴𝐵 onto a Werner state with 𝑥 = tr(𝔽𝐴𝐵𝜌𝐴𝐵).

Entanglement of two-qubit Werner states

The Werner state 𝜌𝐴𝐵 =
2 − 𝑥
6 1𝐴𝐵 +

2𝑥 − 1
6 𝔽𝐴𝐵 is entangled if and only if 𝑥 < 0.
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