Constructing new representations

Tensor representation
Let (p, V) and (y, W) be representations of a group G. Then (¢ ® w)(g) = ©(g) ® W(g)

defines a representation on V ® W called the tensor representation.
V & W is in general reducible, even for irreducible v, W.

Dual representation

Let (p, V) be a representation of G. Let V* be the dual space of V consisting of the
vector space of linear maps from V to C. The dual representation (¢*, V*) is defined as

©*()L)=L-p(g)" forgeGandLeV*.

Hom-space representation

Let (¢, V) and (yp, W) be two representations of a group G. Then G acts on Hom(V, W) by
sending f: V = Wto w(g)-f-p(g)™", which turns Hom(V, W) into a representation of G.



Group algebra

Group algebra C[G] is the vector space V generated by {|g)} _. together with group

action @,(g)|h) = [gh) and multiplication
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A function f: G - Cis called a class function if it is constant on conjugacy classes of G:

f(g) = f(hgh™") forallg,h €G.

Character of a representation

Let (¢, V) be a representation of G. The character x = x,, of (¢, V) is the class function
defined by x(g) = tr(¢(g)).



Character theory

Properties of characters

Let (¢, V) and (yp, W) be representations of a group G with identity element e, and
denote by x,, and x, the associated characters.

(i) x,(e) = tr(1,) = dimV is the degree of the representation (¢, V).

(i) If (g, V) is unitary, then x(g™") = x(g).

(iii) Xvew = Xy * Xw-

('V) Xvew = XvXw-

(v) The characters of irreducible representations form an ONB for the set of class
functions.

(vi) If W is irreducible, then the projection onto the isotypical component
corresponding to W is given by
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