Recap: Invariant subspaces

Invariant subspaces and subrepresentations

Let (¢, V) be a representation of a group G. A subspace W c V is called G-invariant if

p(g)lw) e W forall |[w) e W and g € G.

The restriction @[, of ¢ onto W is called a subrepresentation.

Given: representation (g, V) of a finite group G of degree m = dimV, and a G-invariant
subspace W < V of dimension k = dimW.

Choose a basis {w,, ..., W, W, 4, ...,w, } for V such that W = span(w,, ..., w,), and set
W’ = span(w,,,,...,w, ) sothatV =We W',

Then every @(g) has the following representation matrix with respect to this basis:




Recap: Irreducible representations

Irreducible representation
A representation (¢, V) of a group G is called irreducible if {0} and V are the only
G-invariant subspaces of V.

Direct sums of representations
Let (¢,,V,) and (p,, V,) be representations of a group G. Then the vector space direct
sum V, e V, affords the of G-representation

(0, @ ©,)(9)l(v, @ v,) = [0,(9)](v,) ® [0,(9)(v,).

This is called the direct sum of the representations (¢,,V,) and (¢,, V,).

Invariant complements

Let (¢, V) be a representation of a finite group G for which V is a vector space over a
field whose characteristic does not divide the order of G. Then every G-invariant
subspace W has a G-invariant complement W', i.e., V = W @ W’ (as vector spaces and as

representations).



