
Recap: Weak Schur sampling

Weak Schur sampling
Let 𝜌 be a density operator with spectrum 𝑟 = (𝑟1, ..., 𝑟𝑑) where 𝑟1 ≥ 𝑟2 ≥ ⋯ ≥ 𝑟𝑑 ≥ 0, let
𝜆 = (𝜆1, ..., 𝜆𝑑) ⊢𝑑 𝑛 and set 𝜆 = 𝜆

𝑛 . Then,

tr(𝑃𝜆𝜌⊗𝑛) ≤ (𝑛 + 1)
𝑑(𝑑−1)
2 exp (−𝑛𝐷(𝜆‖𝑟)) .

Extend this bound to a set 𝑆 of possible spectra by defining

𝑃𝑆 = ∑
𝜆⊢𝑛,
𝜆∈𝑆

𝑃𝜆.

Probability bound

tr(𝑃𝑆𝜌⊗𝑛) ≤ (𝑛 + 1)
𝑑(𝑑−1)
2 exp (−𝑛min {𝐷(𝜆‖𝑟) ∶ 𝜆 ⊢ 𝑛, 𝜆 ∈ 𝑆})
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Recap: Asymptotics of spectrum estimation

Asymptotic spectrum estimation
Let 𝜌 be a quantum state with (ordered) spectrum 𝑟 = (𝑟1, ..., 𝑟𝑑), and for given 𝜀 > 0 let

𝑃𝑋 = ∑
𝜆⊢𝑛

𝜆∈𝐵𝜀(𝑟)

𝑃𝜆.

Then for any 𝛿 > 0 there exists 𝑛0 such that for all 𝑛 ≥ 𝑛0 we have tr(𝑃𝑋𝜌⊗𝑛) ≥ 1 − 𝛿.

Sample complexity of spectrum estimation; [OW15]
For a mixed state 𝜌 with ordered spectrum 𝑟 = (𝑟1, … , 𝑟𝑑), we have for any 𝜀 > 0 that

Pr [𝑑TV(𝜆, 𝑟) > 𝜀] ≤ (𝑛 + 1)𝑑(𝑑+1)/2exp(−2𝑛𝜀2).

Hence, 𝑂(𝑑2/𝜀2)log(𝑑/𝜀)log(1/𝛿) samples are sufficient to output an estimate 𝜆 for the
spectrum of 𝜌 satisfying 𝑑TV(𝜆, 𝑟) ≤ 𝜀 with probability at least 1 − 𝛿.

2


