
Recap: Marginal state

State space of joint system 𝐴𝐵: Tensor product H𝐴𝐵 = H𝐴 ⊗H𝐵.

Marginal state
The marginal state 𝜌𝐴 of a bipartite state 𝜌𝐴𝐵 is defined as the operator 𝜌𝐴 satisfying
the following relation for all 𝑋𝐴 ∈ L(H𝐴):

tr(𝜌𝐴𝐵(𝑋𝐴 ⊗ 1𝐵)) = tr(𝜌𝐴𝑋𝐴)

Uniquely defines partial trace tr𝐵 = id𝐴 ⊗ tr∶ L(H𝐴𝐵) −→ L(H𝐴).

Partial trace in coordinates: For an orthonormal basis E = {|𝑒𝑖⟩𝐵}
|𝐵|
𝑖=1 ,

tr𝐵𝑋𝐴𝐵 =
dim𝐵
∑
𝑖=1

(1𝐴 ⊗ ⟨𝑒𝑖|𝐵) 𝑋𝐴𝐵 (1𝐴 ⊗ |𝑒𝑖⟩𝐵) .
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Recap: Correlations

1. Product states: 𝜌𝐴𝐵 = 𝜔𝐴 ⊗ 𝜎𝐵 for states 𝜔𝐴 and 𝜎𝐵.

2. Separable states: 𝜌𝐴𝐵 = ∑𝑖 𝑝𝑖𝜔
(𝑖)
𝐴 ⊗ 𝜎(𝑖)𝐵 for states 𝜔(𝑖)

𝐴 and 𝜎(𝑖)𝐵 and prob. dist. (𝑝𝑖)𝑖.

3. Entangled states: states that are not separable.

Examples of entangled states: Bell states or maximally entangled states

|Φ+⟩𝐴𝐵 =
1
√2

(|0⟩𝐴 ⊗ |0⟩𝐵 + |1⟩𝐴 ⊗ |1⟩𝐵) =
1
√2
(1, 0, 0, 1)𝑇 .

|Φ−⟩𝐴𝐵 =
1
√2

(|0⟩𝐴 ⊗ |0⟩𝐵 − |1⟩𝐴 ⊗ |1⟩𝐵) =
1
√2
(1, 0, 0, −1)𝑇

|Ψ+⟩𝐴𝐵 =
1
√2

(|0⟩𝐴 ⊗ |1⟩𝐵 + |1⟩𝐴 ⊗ |0⟩𝐵) =
1
√2
(0, 1, 1, 0)𝑇

|Ψ−⟩𝐴𝐵 =
1
√2

(|0⟩𝐴 ⊗ |1⟩𝐵 − |1⟩𝐴 ⊗ |0⟩𝐵) =
1
√2
(0, 1, −1, 0)𝑇 .
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Recap: PPT criterion

We define the partial transpose as (⋅)𝑇𝐵 ≔ id𝐴 ⊗ (⋅)𝑇 .

PPT states
A state 𝜌𝐴𝐵 is called PPT (for positive partial transpose), if

(𝜌𝑇𝐵𝐴𝐵 ≥ 0⟺ 𝜌𝑇𝐴𝐴𝐵 ≥ 0) .

PPT criterion

Every separable state 𝜎𝐴𝐵 satisfies 𝜎
𝑇𝐵
𝐴𝐵 ≥ 0. Hence, if 𝜌

𝑇𝐵
𝐴𝐵 has a negative eigenvalue,

then 𝜌𝐴𝐵 is entangled.
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Recap: Representation of 𝑆2
Maximally entangled states are indeed entangled by PPT criterion: (Φ+)𝑇𝐵 = 1

2𝔽 ≱ 0
𝔽 is called swap operator and represents the transposition (12) ∈ 𝑆2 on ℂ2 ⊗ ℂ2:

𝔽(|𝜓⟩ ⊗ |𝜙⟩) = |𝜙⟩ ⊗ |𝜓⟩.

𝔽 acts trivially on Bell states |Φ+⟩, |Φ−⟩, |Ψ+⟩, but 𝔽|Ψ−⟩ = −|Ψ−⟩.
Symmetric subspace
Sym2(ℂ2) ≔ span(|Φ+⟩𝐴𝐵, |Φ−⟩𝐴𝐵, |Ψ+⟩𝐴𝐵) contains three copies of the 1-dimensional
trivial representation of 𝑆2.
Each |Φ+⟩𝐴𝐵, |Φ−⟩𝐴𝐵, |Ψ+⟩𝐴𝐵 spans one copy, and both group elements 𝑒, (12) ∈ 𝑆2 act
trivially on each of them.

Antisymmetric subspace
Λ2(ℂ2) ≔ span(|Ψ−⟩) is the 1-dimensional sign representation of 𝑆2.
The identity 𝑒 still acts trivially, transposition (12) acts by multiplying with −1.
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