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Quantum systems & states

« A (finite-dim.) quantum system is associated with a Hilbert space A = €?.
- A quantum state p on # is a density operator, a linear operator that is

- positive semidefinite: p>0 (& (w|p|y) 2 0forall |w) € H;
- normalized: trp = 1.

Pure vs. mixed states

« A pure state y is a density operator of rank 1. It can be written as @ = |w){y| for
some normalized vector |y) € H.

« This is a slight abuse of notation, but very useful in practice!

+ A mixed state is a density operator of rank 2 2. It can always be written as a convex
combination of pure states,

p=D pilww;l,

and there are infinitely many such ways to decompose p.



Projective measurements

« An observable A is a Hermitian operator on .

* Given the spectral decomposition A = 3, a;P;, the projective measurement

corresponding to A is given by the orthogonal projectors {P;}. satisfying
(P 20; (ii)X;P;=1,; (iii) P.P; = 6,P;.

* The probability of obtaining measurement outcome q; is given by p; = tr(pP;).

Positive operator-valued measurements (POVM)

« Property (iii) above is not needed to obtain measurement statistics.
+ APOVM is a collection of operators {E;} satisfying
(iVE 20 (ii) 3, E; = 1,

wrn
I

* The probability of obtaining measurement outcome “i” is given by p; = tr(pE,).



Tensor product

Given two vector spaces #H, and #_, the tensor product #, ® # is a vector space with
the following properties:
(i) Forevery |p), € H, and |¢); € H, there is an associated simple tensor (for us:

product state) |y), ® |), € H, ® H,.
Every vector in H, ® 7, can be written as a linear combination of such simple

tensors.
(ii) The tensor product is bilinear: for every |y,), € H,,|¢,) € Hz and c € (,

W)y @ (16105 +19,)5) = W)y @ 1d)g + W), @ 1,),
(lwda* 1)) @ 19)s = lwy), @ )5 + [W,), @ 19y
(clo)a) @ 19)s = [wh, @ (cld)g) = c(lw), @ Id)g)-

(iii) The tensor product is unique up to isomorphism (universal property).

We have dim(#, ® Hg) = (dim#,) - (dim#H,).



Kronecker product

Tensor product “in coordinates” (after choosing bases).

Example: 7, = C*, H, = C.
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