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2 Mathematical setup of finite-dimensional quantum information theory

2.1 Quantum systems and quantum states

A quantum system is a physical system with one or more quantum-mechanical degrees of freedom that
are either discrete or continuous. Examples include:

• position and momentum of a particle

• spin of a particle (e.g. spin along z-axis of an electron)

• polarization of a photon

The motivating example we will use is that of the spin of an electron. There are two possible “basis
states": spin up (↑) and spin down (↓). Each of these is assigned a vector in the state space C2:

| ↑〉=
�

1
0

�

| ↓〉=
�

0
1

�

. (2.1)

The superposition principle states that a quantum system can be prepared in an arbitrary state

|ψ〉= α| ↑〉+ β | ↓〉, (2.2)

where α,β ∈ C satisfy |α|2 + |β |2 = 1. When measuring the system (see Section 2.2), the probabilities
of finding the electron in the spin-up or spin-down state are given by the expressions

Pr(↑) = |〈↑ |ψ〉|2 = |α|2 Pr(↓) = |〈↓ |ψ〉|2 = |β |2. (2.3)

More formally, we make the following definitions:

Definition 2.1 (State space). The state space describing a quantum system is given by a Hilbert
space, a complete complex inner-product space. A quantum state on a Hilbert space is a density
operator ρ ∈ L(H) satisfying:

• Positivity: ρ ≥ 0, i.e., 〈ϕ|ρ|ϕ〉 ≥ 0 for all |ϕ〉 ∈H.

• Normalization: trρ = 1.

In this lecture we usually restrict our attention to finite-dimensional Hilbert spaces H = Cd equipped
with the standard inner product

〈ψ|φ〉=
d
∑

i=1

ψ∗iφi (2.4)

for vectors |ψ〉= (ψ1, . . . ,ψd)T and |φ〉= (φ1, . . . ,φd)T .

Definition 2.2 (Observables). Observable quantities are represented by Hermitian operators

A∈ {X ∈ L(H) : X † = X }. (2.5)
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The real eigenvalues of an observable can be measured in an experiment. A state of a quantum system
assigns an expectation value to observables, that is, it describes the expected measurement statistics of
an observable in a quantum system. The expectation of an observable A with respect to a state ρ is
given by

〈A〉ρ = tr(Aρ). (2.6)

The set of density matrices of a finite-dimensional Hilbert space is convex and compact. That is, if
ρi are density matrices and pi probabilities, then ρ =

∑

i piρi is also a density matrix.
A pure state is an extreme point in the convex set of density matrices, that is, it cannot be written non-

trivially as ρ =
∑

i piρi . A pure density matrix has rank 1 and can be written as a projector ρ = |ψ〉〈ψ|
for some vector |ψ〉 ∈H with 〈ψ|ψ〉= 1, or equivalently, trρ = 1. The vector |ψ〉 is also often called a
pure state or state vector. A density matrix (state) that is not pure is called mixed.

Definition 2.3 (Pure-state ensembles). A collection of state vectors {|ψi〉}i with probabilities {pi}i
is called a pure-state ensemble for a mixed state ρ if

ρ =
∑

i
pi|ψi〉〈ψi|. (2.7)

Every mixed state has infinitely many pure-state ensembles realizing it (see Exercise 2.1). Every
quantum state ρ has a spectral decomposition

ρ =
∑

i

λi|vi〉〈vi|, (2.8)

where λi are the eigenvalues of ρ and {|vi〉}i is an orthonormal basis of eigenvectors of ρ, that is,
ρ|vi〉 = λi|vi〉. Because ρ ≥ 0 and trρ = 1, we have λi ≥ 0 and

∑

i λi = 1. Hence, the eigenvalues of a
density matrix form a probability distribution, thus generalizing "classical" states.

2.2 Measurements

Measuring a quantum system means that we determine a property of a quantum system associated
with an observable (see Section 2.1), yielding different classical outcomes with certain probabilities
determined by the state of the quantum system. A quantum system that is measured loses its quantum
behavior; we will not discuss this process in this lecture (but see, e.g., [Bru17]).

Definition 2.4 (Projective measurements). Let A be an observable on a quantum systemH prepared
in the state ρ. Consider the spectral decomposition

A=
∑

j

x j Pj (2.9)

where x j are the (real) eigenvalues of Aand Pj are the orthogonal projectors onto the corresponding
eigenspaces. The projectors {Pj} j satisfy the following properties:

(i) Positivity: Pj ≥ 0 (in particular P†
j = Pj)

(ii) Completeness:
∑

j Pj = 1H.

(iii) Orthogonality: Pj Pk = δ jkPj
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{Pj} j is called a projective measurement that gives the measurement outcome x j with probability

p j = tr(ρPj). (2.10)

The numbers (p j) j indeed form a probability distribution: We have p j = tr(ρPj)≥ 0 since bothρ, Pj ≥ 0,
and furthermore

∑

j
p j =

∑

j
tr(ρPj) = tr

�

ρ
∑

j
Pj

�

= tr(ρ1H) = trρ = 1 (2.11)

by linearity of the trace and normalization of the quantum state ρ.
If ρ = |ψ〉〈ψ| is a pure state and {Pj}dj=1 is a von Neumann measurement with Pj = |v j〉〈v j| for an

orthonormal basis {|v j〉}dj=1, then

p j = tr(ρPj) = tr
�

|ψ〉〈ψ|v j〉〈v j|
�

=
�

�〈ψ|v j〉
�

�

2
, (2.12)

which is consistent with (2.3).
Note that we only needed items i and ii in Definition 2.4 to ensure that (pi)i is a probability distri-

bution. This motivates us to consider a more general measurement by dropping property iii:

Definition 2.5 (Positive operator-valued measure (POVM)). A positive operator-valued measure
(POVM) is a collection of operators {Ek}k satisfying:

(i) Positivity: Ek ≥ 0

(ii) Completeness:
∑

k Ek = 1H

The Ek are often called effect operators and correspond to a possible outcome “k” that is obtained
with probability pk = tr(ρEk).

The main difference between these two types of measurements is whether we have information
about the quantum state of the measured system after the measurement. After performing a projective
measurement {Pj} j on a quantum system in the stateρ and obtaining the outcome j, the system assumes
the post-measurement state

ρ j =
1

tr(ρPj)
PjρPj . (2.13)

For a POVM {Ek}k there is no unique way of defining a post-measurement state—the only information
encoded in the measurement are the probabilities pk = tr(ρEk). However, in the open systems formula-
tion of quantum mechanics, every POVM can be realized as a projective measurement on a larger system
consisting of the system itself and an environment system that is inaccessible to the experimenter. This
is the content of Naimark’s Theorem (see, e.g., [Wil16]).

2.3 Composite systems and entanglement

Consider two quantum systems A and B with associated Hilbert spaces HA and HB. For example, A
and B could each be spin-1/2 particle with state space C2. The joint system AB is described by the
tensor product HAB = HA⊗HB. A density matrix ρAB for the joint system lies in L(HA⊗HB), which is
isomorphic to L(HA)⊗L(HB).
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The marginal state ρA of a bipartite state ρAB is defined as the operator ρA satisfying the following
relation for all XA ∈ L(HA):

tr(ρAB(XA⊗1B)) = tr(ρAXA) (2.14)

This uniquely defines a linear map trB = idA⊗ tr: L(HAB) −→ L(HA) called the partial trace. If E =
{|ei〉B}dim B

i=1 is an orthonormal basis for HB, then the partial trace trB can be computed in E-coordinates
as

trB XAB =
dim B
∑

i=1

(1A⊗ 〈ei|B)XAB (1A⊗ |ei〉B) . (2.15)

Note however that the partial trace is uniquely defined, and any choice of orthonormal basis in (2.15)
yields the same operator XA. The defining relation 2.14 shows that the marginalρA describes the effective
state of system A when doing a local measurement.

Correlations

One of the major goals of quantum information theory is to understand correlations between quantum
systems. In the case of bipartite systems AB, we distinguish between the following types of correlations
between A and B:

1. Product states: ρAB = ωA⊗σB for states ωA and σB. In a product state any local measurements
do not depend on the other system: If EA, FB ≥ 0 are measurement operators (e.g., from POVMs
on A and B, respectively), then

tr [ρAB (EA⊗ FB)] = tr [(ωA⊗σB) (EA⊗ FB)] = tr(ωAEA) tr(σB FB). (2.16)

Hence, the measurement outcomes of A and B are independent and therefore uncorrelated.

2. Separable states: ρAB =
∑

i piω
(i)
A ⊗ σ

(i)
B for states ω(i)A and σ(i)B and a probability distribution

(pi)i . Separable states represent classical correlation between A and B encoded in the index i.
Conditioned on this value i, the state ω(i)A ⊗σ

(i)
B is uncorrelated. Note that a pure separable state

is automatically a product state.

3. Entangled states are states that are not separable. They describe quantum correlations.

Example 2.6. Let {|0〉, |1〉} be an orthonormal basis for C2. We define the EPR state, Bell state or
maximally entangled state

|Φ+〉AB =
1
p

2
(|0〉A⊗ |0〉B + |1〉A⊗ |1〉B) =

1
p

2







1
0
0
1






. (2.17)

The corresponding density matrix is

Φ+AB = |Φ
+〉〈Φ+|AB =

1
2







1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1






. (2.18)
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This is an example of an entangled state. There are actually three more such maximally entangled
states on two qubits:

|Φ−〉AB =
1
p

2
(|0〉A⊗ |0〉B − |1〉A⊗ |1〉B) =

1
p

2







1
0
0
−1






(2.19)

|Ψ+〉AB =
1
p

2
(|0〉A⊗ |1〉B + |1〉A⊗ |0〉B) =

1
p

2







0
1
1
0






(2.20)

|Ψ−〉AB =
1
p

2
(|0〉A⊗ |1〉B − |1〉A⊗ |0〉B) =

1
p

2







0
1
−1
0






. (2.21)

The four states {|Φ+〉AB, |Φ−〉AB, |Ψ+〉AB, |Ψ−〉AB} are orthonormal (see Exercise 2.2) and thus form
an orthonormal basis for C2 ⊗ C2 known as the Bell basis. We call them maximally entangled
because for each state both marginals on A and B are completely mixed:

trAΦ
+
AB =

1
21= trB Φ

+
AB, (2.22)

and similarly for |Φ−〉AB, |Ψ+〉AB, |Ψ−〉AB.

To show that Φ+ is entangled, we could try to show that there is no way of writing it as a convex
combination of product states. However, there is a more elegant (and more widely useful) way of
proving that Φ+ is not separable based on the PPT criterion. To introduce this criterion, let us define
the partial transpose (·)TB := idA⊗(·)T . In coordinates, we can define operator bases

�

QA,i

	

i for L(HA)
and

�

PB, j

	

j for L(HB). The partial transpose of a bipartite operator XAB =
∑

i, j ci jQA,i ⊗ PB, j can then
be computed as

X TB
AB =

∑

i, j

ci jQA,i ⊗
�

PB, j

�T
. (2.23)

A state ρAB is called PPT (for positive partial transpose) if ρTB
AB ≥ 0 (or equivalently ρTA

AB ≥ 0, see Exer-
cise 2.3). The partial transpose gives rise to the following separability criterion:

Proposition 2.7 (PPT criterion). Every separable state σAB satisfies σTB
AB ≥ 0. Hence, if ρTB

AB has a
negative eigenvalue, then ρAB is entangled.

Proof. Let σAB =
∑

i piσ
(i)
A ⊗σ

(i)
B be separable. Recall that this means in particular that σ(i)A ,σ(i)B ≥ 0,

and pi ≥ 0. Since (·)TB is linear and X is positive semidefinite iff X T is positive semidefinite, we have

σ
TB
AB =

∑

i
piσ

(i)
A ⊗

�

σ
(i)
B

�T
≥ 0, (2.24)

as a convex combination of positive semidefinite operators.
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Using this criterion, it is easy to prove that Φ+ is entangled. We first compute its partial transpose:

2(Φ+)TB =







1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1







TB

=

�

�

1 0
0 0

�T �

0 1
0 0

�T

�

0 0
1 0

�T �

0 0
0 1

�T

�

=







1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1






=: FAB. (2.25)

The operator FAB is called swap operator. It acts on the tensor product space C2 ⊗C2 by swapping the
two systems,

FAB(|ψ〉 ⊗ |φ〉) = |φ〉 ⊗ |ψ〉 for all |ψ〉, |φ〉 ∈ C2. (2.26)

It follows immediately that the Bell states |Φ+〉AB, |Φ−〉AB, |Ψ+〉AB, |Ψ−〉AB introduced in Example 2.6 are
eigenvectors of the swap operator, and the eigenvalue corresponding to |Ψ−〉 is −1. Hence, (Φ+)TB is
not positive semidefinite, and so Φ+ is entangled by the PPT criterion in Proposition 2.7.

Example 2.8 (A first contact with representations). The swap operator FAB is an example of a rep-
resentation of the transposition (12) ∈ S2, the symmetric group on two symbols, on the vector space
C2 ⊗C2. The other group element in S2, the identity permutation e, is represented as the identity
operator 1AB = 1A ⊗ 1B. The Bell basis {|Φ+〉AB, |Φ−〉AB, |Ψ+〉AB, |Ψ−〉AB} provides an orthonormal
basis that is adapted to this representation e 7→ 1AB, (12) 7→ FAB in the following way:

• The vectors |Φ+〉AB, |Φ−〉AB, |Ψ+〉AB are eigenvectors of both 1AB and FAB with eigenvalue +1.
Thus, on the space Sym2(C2) := span(|Φ+〉AB, |Φ−〉AB, |Ψ+〉AB), known as the symmetric sub-
space, both group elements e and (12) act trivially. Later in the lecture, we will say that the
symmetric subspace contains three copies of the 1-dimensional trivial representation of S2:
each Bell state |Φ+〉AB, |Φ−〉AB, |Ψ+〉AB spans a 1-dimensional copy of this representation.

• On the other hand, on the space Λ2(C2) := span(|Ψ−〉) known as the antisymmetric subspace,
the group element e still acts trivially (since it is represented by the identity operator), but the
transposition (12) acts by multiplying with −1. We will later call this the sign representation
of S2, since −1= sgn((12)) is the sign of the permutation (12).

• Partitioning the Bell basis into the two parts (|Φ+〉AB, |Φ−〉AB, |Ψ+〉AB) and (|Ψ−〉) gives a de-
composition of C2 ⊗C2 as

C2 ⊗C2 ∼= Sym2(C2)⊕Λ2(C2), (2.27)

where the symbol “∼=” indicates the special basis choice we made. We have dim Sym2(C2) = 3
and dimΛ2(C2) = 1. With respect to the decomposition (2.27),

1AB
∼=







1 . . .
. 1 . .
. . 1 .
. . . 1






= 1Sym2(C2) ⊕1Λ2(C2) (2.28)

FAB
∼=







1 . . .
. 1 . .
. . 1 .
. . . −1






= 1Sym2(C2) ⊕ (−1)1Λ2(C2) (2.29)
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These observations can be greatly generalized, on the one hand to representation spaces Cd ⊗Cd

with d ≥ 2, and on the other hand to representations of the symmetric group Sn on the space (Cd)⊗n

via permuting the n tensor factors. Much of this course is dedicated to studying this representation
and its applications in quantum information theory.

Let us return to the study of entanglement. Unfortunately, the PPT criterion is only a necessary cri-
terion for separability. In small dimensions (when dim(HA)dim(HB)≤ 6) it is also sufficient [HHH96],
but in higher dimensions there are indeed quantum states that are PPT and entangled. Such states are
called bound entangled [Hor97; HHH98]. There are many more examples of necessary (but not suffi-
cient) separability criteria, such as the “reduction criterion” ρAB ≤ ρA⊗ 1B, which is again satisfied by
every separable quantum state [HH99]. In general it is NP-hard to decide whether a given mixed state
is separable [Gur03]. However, for pure states there is an efficiently checkable separability criterion
based on the singular value decomposition.

Proposition 2.9. Let |ψ〉AB be a pure bipartite quantum state. Then there are sets of orthonormal
vectors {|ei〉A}ri=1 and {| f j〉B}rj=1 and strictly positive real numbers (λi)ri=1 such that

|ψ〉AB =
r
∑

i=1

Æ

λi|ei〉A⊗ | fi〉B. (2.30)

The Schmidt coefficients (λi)ri=1 satisfy
∑r

i=1λi = 1, and are unique up to reordering. The integer
r is called the Schmidt rank of |ψ〉AB.

The state |ψ〉AB is entangled iff r > 1. The marginals of |ψ〉AB are given by

ρA = trBψAB =
r
∑

i=1

λi|ei〉〈ei|A ρB = trAψAB =
r
∑

i=1

λi| fi〉〈 fi|B. (2.31)

These are spectral decompositions, that is, ρA and ρB have the same spectrum given by the Schmidt
coefficients, and the Schmidt vectors {|ei〉A} and {| f j〉B} can be completed to eigenbases of ρA and
ρB, respectively.

Proof sketch. Consider orthonormal bases {|vi〉A}
dimHA
i=1 and {|w j〉B}

dimHB
j=1 , and expand ψAB as

|ψ〉AB =
∑

i, j
x i j|vi〉A⊗ |w j〉B. (2.32)

All claims now follow from the singular value decomposition of the matrix X = (x i j) (see Exercise 2.4).

Purifications

A mixed quantum state reflects our uncertainty of the true preparation of the quantum system. That is,
if a mixed state ρAB is realized by a pure-state ensemble (pi , |ψi〉〈ψi|)i as ρAB =

∑

i pi|ψi〉〈ψi|, then we
can interpret this decomposition as finding the system in the pure state ψi with probability pi .

1

The open systems formulation of quantum mechanics provides a purified picture in which the uncer-
tainty of system preparation corresponds to the system being entangled with an inaccessible environ-
ment. This is formalized as follows:

1But recall that there exists an infinite number of pure-state ensembles realizing a given state ρAB!
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Definition 2.10 (Purification). Let ρA be a mixed quantum state. Any state |ψ〉AR ∈ HA ⊗ HR
satisfying trRψAR = ρA where HR is some auxiliary Hilbert space, is called a purification of ρA.

Proposition 2.11. Let ρA be a mixed quantum state.

(i) There exists a purification of ρA on HA⊗HR with dimHR ≥ rankρA.

(ii) Any two purifications are isometrically equivalent: Let |ψ〉AR1
and |ϕ〉AR2

be two purifica-
tions of ρA, and without loss of generality assume dimHR1

≤ dimHR2
. Then there exists an

isometry V : HR1
−→HR2

such that |ϕ〉AR2
= (1A⊗ V ) |ψ〉AR1

.

Proof. (i) Consider a spectral decomposition ρA =
∑n

i=1λi|vi〉〈vi|A, where λi > 0 such that r = rankρA.
Take HR = Cr with orthonormal basis {|wi〉R}ri=1, then |ψ〉AR :=

∑r
i=1

p

λi|vi〉A ⊗ |wi〉R is the desired
purification.

(ii) This follows from Schmidt decomposition (see Exercise 2.5).

2.4 Distance measures

Approximations are quantified using measures of how close quantum states are. Here we focus on two
such measures: trace norm and fidelity.

Definition 2.12 (Trace norm). The trace norm of a linear operator X ∈ L(H) is

∥X∥1 = tr
p

X †X =
d
∑

i=1

si(X ),

where d = dimH and si(X ) are the singular values of X .

This defines a norm (in the usual sense) on L(H). In the special case when X is Hermitian with
real eigenvalues λi , we have ∥X∥1 =

∑d
i=1 |λi|. Our first distance measure, the trace distance, is just the

metric defined via the trace norm:

Definition 2.13 (Trace distance). Let ρ and σ be quantum states on H. Then their trace distance
is defined as

D(ρ,σ) :=
1
2
∥ρ −σ∥1 . (2.33)

There is a useful variational characterization of the trace norm:

Proposition 2.14. ∥X∥1 =max{| tr(X U)| : U unitary}.

Proof. See Exercise 2.6.

The trace distance satisfies the following properties:
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Proposition 2.15 (Properties of the trace distance).

(i) D(·, ·) is a metric, that is, it is non-negative, symmetric and satisfies the triangle inequality.

(ii) 0≤ D(ρ,σ)≤ 1 and D(ρ,σ) = 0 iff ρ = σ. With supp X := (ker X )⊥, we also have D(ρ,σ) =
1 iff suppρ ⊥ suppσ.

(iii) D(ρ,σ) = sup{tr[P(ρ −σ)] : P ≥ 0 and 1− P ≥ 0}.

(iv) D(ρ,σ) = D(UρU†, UσU†) for all unitaries U and D(ρA,σA)≤ D(ρAB,σAB).

Proof. See Exercise 2.7 for Item iv, and [Wil16] for the rest.

The trace distance D(ρ,σ) is related to the maximum success probability psucc(ρ,σ) of distinguish-
ing between ρ and σ. This is known as the Holevo-Helstrom theorem:

psucc(ρ,σ) =
1
2
(1+ D(ρ,σ)) . (2.34)

Another important distance measure (though not a metric in the mathematical sense) is the fidelity:

Definition 2.16. The fidelity F(ρ,σ) of quantum states ρ and σ is defined as

F(ρ,σ) =






p
ρ
p
σ






1 = tr
�

σ
1
2ρσ

1
2

�
1
2 .

The origin of fidelity lies in the transition probability Pr(ψ→ φ) := |〈ψ|φ〉|2 of a quantum system
to go from a state |ψ〉 to a state |φ〉. By Proposition 2.17(v) below, the two notions agree on pure states
(up to a square, which is a matter of definition): F(ψ,φ)2 = Pr(ψ→ φ).

Proposition 2.17 (Properties of the fidelity).

(i) 0≤ F(ρ,σ)≤ 1 and F(ρ,σ) = 1 iff ρ = σ, while F(ρ,σ) = 0 iff suppρ ⊥ suppσ.

(ii) F(ρ,σ) = F(σ,ρ).

(iii) F(ρ,σ) = F(UρU†, UσU†) for all unitaries U , and F(ρAB,σAB)≤ F(ρA,σA).

(iv) F(·, ·) is jointly concave: For quantum states ρi ,σi and a probability distribution (pi)i ,

F
�∑

i
piρi ,

∑

i
piσi

�

≥
∑

i
pi F(ρi ,σi). (2.35)

(v) For pure states |ψ〉 and |φ〉 we have F(ψ,φ) = |〈ψ|φ〉|.

(vi) Uhlmann’s theorem:

F(ρ,σ) =max{|〈ψρ|φσ〉| (2.36)

where the maximization is over purifications |ψρ〉, |φσ〉 of ρ,σ, respectively.

Proof. See[Wil16].

Finally, we mention a set of inequalities that relates the trace distance and fidelity to each other.
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Proposition 2.18 (Fuchs-van de Graaf inequalities). For any two quantum states ρ and σ,

1− F(ρ,σ)≤ D(ρ,σ)≤
Æ

1− F(ρ,σ)2.

Proof. See [Wil16].

2.5 Exercises

Exercise 2.1 (Pure-state ensembles realizing a mixed state). Let ρ be a mixed quantum state realized
by a pure-state ensemble (pi , |ψi〉)ri=1 as ρ =

∑r
i=1 pi|ψi〉〈ψi|. Define unnormalized vectors |ψ′i〉 =p

pi|ψi〉 so that ρ =
∑r

i=1 |ψ
′
i〉〈ψ

′
i|, and let V be an (k× r)-matrix consisting of orthonormal columns,

that is, k ≥ r and V is an isometry satisfying V †V = 1r . Show that the states

|φ′j〉=
r
∑

l=1

Vjl |ψ′l〉 (2.37)

for j = 1, . . . , k satisfy

ρ =
k
∑

j=1

|φ′j〉〈φ
′
j|=

k
∑

j=1

q j|φ j〉〈φ j|, (2.38)

where q j = 〈φ′j|φ
′
j〉 and |φ j〉= q−1/2

j |φ′j〉.

Exercise 2.2 (Bell basis). Show that the states |Φ+〉AB, |Φ−〉AB, |Ψ+〉AB, |Ψ−〉AB defined in Example 2.6
form an orthonormal basis for C2 ⊗ C2, and that for each state both qubit marginals are equal to the
completely mixed state 1

21.

Exercise 2.3 (Partial transpose).

(i) Show that ρTB
AB ≥ 0 if and only if ρTA

AB ≥ 0.

(ii) Determine operators Li and Mi such that X TB
AB =

∑

i LiXAB Mi .

Exercise 2.4 (Schmidt decomposition). Let |ψ〉AB be an arbitrary bipartite state. Denote |A| = dimHA

and |B|= dimHB. Choose orthonormal bases {|vi〉A}
|A|
i=1 and {|w j〉B}

|B|
j=1 and expand ψ as

|ψ〉AB =
|A|
∑

i=1

|B|
∑

j=1

x i j|vi〉A⊗ |w j〉B. (2.39)

Define the (|A| × |B|)-matrix X = (x i j) and use singular value decomposition to show that there exists
an integer r, sets of orthonormal vectors {|ei〉A}ri=1 and {| f j〉B}rj=1, and strictly positive real numbers

(λi)ri=1 satisfying
∑r

i=1λi = 1 such that

|ψ〉AB =
r
∑

i=1

Æ

λi|ei〉A⊗ | fi〉B. (2.40)

Exercise 2.5 (Isometric equivalence of purifications). Let |ψ〉AR1
and |ϕ〉AR2

be two purifications of
a mixed state ρA, and without loss of generality assume dimHR1

≤ dimHR2
. Use the Schmidt de-

composition derived in Exercise 2.4 to show that there exists an isometry V : HR1
−→ HR2

such that
|ϕ〉AR2

= (1A⊗ V ) |ψ〉AR1
.
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Exercise 2.6 (Variational expression for trace norm). Show that ∥X∥1 =max{| tr(X U)| : U unitary}.
Hint: Recall that ∥X∥1 =

∑

i si(X ), where si(X ) are the singular values of X . Use a singular value decom-
position X = W1ΣW2 and the Cauchy-Schwarz inequality 〈X , Y 〉 = tr(X †Y ) for operators to show that
| tr(X U)| ≤ trΣ = ∥X∥1. Can you determine a unitary U that achieves this bound?

Exercise 2.7 (Data-processing inequality for trace distance).

(i) Show that D(ρ,σ) = D(VρV †, VσV †) for any isometry V .

(ii) Use the variational formula in Exercise 2.6 to show that D(ρA,σA)≤ D(ρAB,σAB).

Hint: Let XAB := ρAB −σAB and choose UA such that 2D(ρA,σA) = ∥XA∥1 = | tr(XAUA)|. Now use the
fact that tr(XAUA) = tr(XAB(UA⊗1B)) by definition of the partial trace.

3 A primer in representation theory

3.1 Motivation: Entanglement in Werner states

We learned in Section 2.3 that there are efficient ways to detect entanglement, for example based on
the PPT criterion in Proposition 2.7. But the problem with such separability criteria is that they are
generally only necessary but not sufficient, and indeed there are known constructions of states that are
entangled and still pass the PPT criterion. In general, deciding whether a state is separably is NP-hard
and thus believed to be impossible using efficient algorithms (i.e., whose runtime is polynomial in the
input size d4 where d is the local dimension of the bipartite system).

The problem of deciding separability may become easier when we have additional information about
the state. In particular, the presence of symmetries can greatly simplify the structure of a quantum state,
thus making the study of its entanglement properties more tractable. In fact, the principle of symmetries
reducing the complexity of an object (and thus studying its properties) is the central theme of this course,
and a crucial tool in mathematical physics more generally.

We will motivate this study with a well-known class of quantum states known as Werner states,
named after the mathematical physicist Reinhard Werner [Wer89]. Werner introduced this class of
states in quantum mechanics to study hidden variable models, using the fact that their entanglement
structure is much easier to understand than that of general bipartite density operators. Here, we give a
first flavor of this simplification by considering the two-qubit case with state spaceC2⊗C2.2 We consider
a density operator ρAB on this space satisfying the following symmetry property:

ρAB = (U ⊗ U)ρAB (U ⊗ U)† for all U ∈ U2. (3.1)

Here, U2 =
�

U ∈ L(C2) : U†U = 1
	

is the group of unitaries acting on C2. One way to understand the
symmetry property (3.1) is that ρAB is invariant under coordinated local basis transformations on each
qubit. Many quantum information processing tasks are invariant under such local basis transformations,
and hence one can sometimes assume the symmetries in (3.1) without loss of generality.

The symmetry property (3.1) is quite powerful since it eliminates most degrees of freedom in the
two-qubit state ρAB. Indeed, as we prove below for the special case of a two-qubit system, and using
the representation-theoretic machinery developed in this section and Sections 4 and 5 for arbitrary d,
Werner states have the following special form:

2In Section 6 we will generalize the discussion of this subsection to arbitrary d ≥ 2.
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Proposition 3.1 (Two-qubit Werner states). Every quantum state ρAB on C2 ⊗C2 satisfying (3.1)
can be written in terms of a single parameter x ∈ [−1,1] as

ρAB =
2− x

6
1AB +

2x − 1
6
FAB. (3.2)

Proof sketch. This proposition (and its generalization to Werner states on Cd ⊗ Cd) is most efficiently
proved using the representation-theoretic methods develop in Section 4.

However, there is also an ‘elementary’ way of inferring the special form in (3.2) from the unitary in-
variance U⊗2ρAB(U†)⊗2 = ρAB by making judicious choices of the unitary U and tracking the conditions
on the coefficients of ρAB that the invariance properties imply. This is the content of Exercise 3.2.

Proposition 3.1 has profound consequences for the possible correlations in Werner states. To study
these consequences, it will be useful to have a means of imposing the Werner symmetry (3.1) on an arbi-
trary unsymmetric state. This is achieved using the idea of twirling, or averaging over the set of unitaries
with respect to a uniform probability measure. Luckily, the unitary group U2 (and more generally Ud)
admits a unique uniform measure dU called Haar measure, which allows us to integrate (matrix-valued)
functions of the components of a unitary matrix over the full group. We will discuss this measure in
more detail in Section 3.8. Here, we just assume for the time being that this Haar measure exists, and
has the following two important properties:

(i) Normalization:
∫

U2
dU = 1.

(ii) Left- and right-invariance: For any function f and an arbitrary unitary V , we have
∫

U2

dU f (V U) =

∫

U2

dU f (UV ) =

∫

U2

dU f (U). (3.3)

We now introduce the following twirling operation for a bipartite operator XAB ∈ L(C2 ⊗C2):

T (XAB) =

∫

U2

dU (U ⊗ U)XAB(U ⊗ U)†. (3.4)

The result of this operation is that the twirled operator T (XAB) now possesses the symmetry (3.1): For
any unitary V ∈ U2, we have

(V ⊗ V )T (XAB)(V ⊗ V )† =

∫

U2

dU (V ⊗ V )(U ⊗ U)XAB(U ⊗ U)†(V ⊗ V )† (3.5)

=

∫

U2

dU (V U ⊗ V U)XAB(V U ⊗ V U)† (3.6)

=

∫

U2

dU (U ⊗ U)XAB(U ⊗ U)† (3.7)

= T (XAB), (3.8)

where we used linearity of the integral in the first equality, and the invariance property (3.3) of the
Haar measure in the third equality.
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Let now ρAB be an arbitrary two-qubit state, and consider the twirled state T (ρAB). According to
(3.8) this is a Werner state, which by Proposition 3.1 can be written as

T (ρAB) =
2− x

6
1AB +

2x − 1
6
FAB. (3.9)

Our goal is to express the parameter x as a function of ρAB. To this end, we make the following two
observations for arbitrary XAB:

tr [T (XAB)] =

∫

U2

dU tr
�

(U ⊗ U)XAB(U ⊗ U)†
�

=

∫

U2

dU tr XAB = tr XAB (3.10)

which follows from linearity of the integral and the normalization property of the Haar measure, and

tr [FABT (XAB)] =

∫

U2

dU tr
�

FAB(U ⊗ U)XAB(U ⊗ U)†
�

(3.11)

=

∫

U2

dU tr
�

(U ⊗ U)†FAB(U ⊗ U)XAB

�

(3.12)

=

∫

U2

dU tr [FABXAB] (3.13)

= tr [FABXAB] . (3.14)

Here, we used the fact that FAB is invariant under the unitary (U ⊗ U)†, which can either be seen from
Proposition 3.1, or directly as follows: for any two states |ψ〉, |φ〉 ∈ C2, we have

(U ⊗ U)†FAB(U ⊗ U)(|ψ〉 ⊗ |φ〉) = (U ⊗ U)†FAB(U |ψ〉 ⊗ U |φ〉) (3.15)

= (U† ⊗ U†)(U |φ〉 ⊗ U |ψ〉) (3.16)

= |φ〉 ⊗ |ψ〉 (3.17)

= FAB(|ψ〉 ⊗ |φ〉), (3.18)

and thus the invariance property follows.
We now compute using (3.9) and (3.14):

tr [FABT (ρAB)] = tr [FABρAB] =
2− x

6
trFAB +

2x − 1
6

trF2
AB =

2− x
6

2+
2x − 1

6
4= x . (3.19)

This shows that the parameter x in Proposition 3.1 parametrizing Werner states is equal to the trace
overlap of the state with the swap operator. We use this calculation to prove the following main result
of this section:

Proposition 3.2 (Entanglement of two-qubit Werner states). The Werner state ρAB =
2−x

6 1AB +
2x−1

6 FAB is entangled if and only if x < 0.

Proof. We first use the PPT criterion from Proposition 2.7 to show that ρAB is entangled for x ∈ [−1,0).
To this end, recall from (2.25) that FAB = 2(Φ+AB)

TB , and thus FTB
AB = 2Φ+AB. Furthermore, 1TB

AB = 1A⊗1T
B =

1AB. Taking the partial transpose of ρAB and using linearity, we thus get

ρ
TB
AB =

2− x
6

1
TB
AB +

2x − 1
6
FTB

AB =
2− x

6
1AB +

2x − 1
3

Φ+AB. (3.20)
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The Φ+ state is part of the orthonormal Bell basis {|Φ+〉AB, |Φ−〉AB, |Ψ+〉AB, |Ψ−〉AB}, and hence we have
the resolution of identity 1AB = Φ+AB +Φ

−
AB +Ψ

+
AB +Ψ

−
AB. This means that in the Bell basis the operator in

(3.20) is a diagonal matrix,

ρ
TB
AB = diag(z, y, y, y), (3.21)

with eigenvalues y = 2−x
6 and z = 2−x

6 +
2x−1

3 . We have z < 0 if x < 0, proving by Proposition 2.7 that
ρAB is entangled in this range.

To show that ρAB is separable for x ≥ 0, observe first that for an arbitrary product state ωA⊗σB,

tr[(ωA⊗σB)FAB] = tr(ωAσB)≥ 0, (3.22)

where the first equality is the swap trick (see Exercise 3.1), and the inequality follows from the fact that
ωA,σB ≥ 0. We can easily generalize this to arbitrary separable states of the form τAB =

∑

i piωA,i⊗σB,i ,
showing that tr(FABτAB) ≥ 0 also holds for every separable state τAB. Twirling such a separable state
according to (3.4) does not introduce any entanglement, since the twirled state is again a (continuous)
probabilistic mixture of product states and thus separable itself.3 By the calculation in (3.19), the Werner
state obtained from twirling a separable state has parameter x = tr(FABτAB) ≥ 0. Finally, given any
x ∈ [0,1] it is straightforward to construct states ωA,σB such that x = tr[FABT (ωA⊗σB)] = tr(ωAσB)
(see Exercise 3.1), showing that all Werner states with x ≥ 0 are indeed separable.

Note that in the special case of two qubits considered in this section, we could have also used the
sufficiency of the PPT criterion in low dimensions to prove Proposition 3.2 [HHH96]. However, already
for d = 3 the sufficiency breaks down; on the other hand, the proof of Proposition 3.2 is actually valid
for any local dimension d, as we will show in Section 6. It thus illustrates the power of symmetries in
understanding the entanglement structure of bipartite quantum states.

3.2 Representations

In this section we give a very brief introduction to groups and representations. We keep the discussion in
this section deliberately short, and refer to Goodman [Goo14] for a more thorough treatment of group
theory, and to [Ser77; FH13; Eti+11; Tel05] for representation theory.

We start with the fundamental concept of a group:

Definition 3.3 (Group). A group (G, ·) is a set G together with a binary operation · : G × G −→ G
satisfying:

• Associativity: a · (b · c) = (a · b) · c for all a, b, c ∈ G.

• Identity element: there exists an element e ∈ G with e · g = g · e = g for all g ∈ G.

• Inverse: for all g ∈ G, there exists h ∈ G with g · h = h · g = e. Such an element h is unique;
it is called the inverse of g,and denoted by g−1.

Note that the identity element e in a group is unique: If e′ is another identity element, then e′ = e′e = e,
where the second equality follows since e is also an identity element. The cardinality |G| of a group is
called its order.

There are many important examples of a group. We list here some examples that are relevant for
our lecture.

3This can be made rigorous by replacing the integral with a discrete approximation and using a limit argument.
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Example 3.4.

(i) Let V be a vector space with vector space addition denoted by ‘+’. Then (V,+) is a group.

(ii) Let (K,+, ·) be a field, then both (K,+) and (K\{0}, ·) are groups.

(iii) The set of bijections from the set {1,2, ..., n} to itself together with function composition is a
group called the symmetric group Sn.

(iv) The set of invertible linear maps from a vector space V to itself together with function com-
position forms the general linear group GL(V ). If dim V = d, then this group can be identified
with the group of (d × d)-invertible matrices.

(v) The group U(V ) = {U ∈ GL(V ) : U†U = 1} is the unitary group on V . If dim V = d, then this
group can be identified with Ud , the group of (d × d)-unitary matrices.

Representation theory is the study of groups via their linear action on vector spaces. This allows us
to use methods from linear algebra to study the properties of an abstract group.

Definition 3.5 (Group homomorphism). Let (G, ·) and (H,∗) be two groups. A group homomor-
phism ϕ : G→ H is a function satisfying ϕ(x · y) = ϕ(x) ∗ϕ(y) for all x , y ∈ G.

Group homomorphisms are functions between groups that respect the group structure of both groups.
For every group homomorphismϕ : G→ H between groups (G, ·) and (H,∗)we always haveϕ(eG) = eH ,
since for any g ∈ G we have

ϕ(g) = ϕ(eG · g) = ϕ(eG) ∗ϕ(g), (3.23)

and the identity element in H is unique. Similarly, we always have ϕ(g−1) = ϕ(g)−1, since

eH = ϕ(eG) = ϕ(g · g−1) = ϕ(g) ∗ϕ(g−1), (3.24)

and the inverse of ϕ(g) in H is unique.
A representation of a group is defined as a group homomorphism from the abstract group into the

group of invertible linear transformations acting on some (concrete) vector space:

Definition 3.6 (Representation of a group). A representation (ϕ, V ) of a group G on a vector space
V over a field F is a group homomorphism ϕ : G −→ GL(V ).

A representation always satisfies ϕ(e) = 1V and ϕ(g−1) = ϕ(g)−1 by the discussion above. The dimen-
sion or degree of a representation (ϕ, V ) is the dimension of V . In this course we will always restrict
to finite-dimensional representations. We call a representation (ϕ, V ) unitary, if ϕ(G) ≤ U(V ), that is,
every representation operator ϕ(g) is a unitary. Representations of finite groups (and certain infinite
groups called compact groups, see Section 3.8) can always be chosen unitary.

Example 3.7.

(i) Let V be any vector space, and let G be an arbitrary group. Setting ϕ(g) = 1V for all g ∈ G
defines the trivial representation.

(ii) Let G be a cyclic group of order d generated by g. Let V = Cd with basis |0〉, |1〉, . . . , |d − 1〉.
Consider a linear operator X on V defined by X |i〉 = |i + 1 mod d〉 for all i. Then the map
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g 7→ X determines a representation (ϕ, V ) of G.

(iii) Another representation (ϕ′, V ) of G is defined by the map g 7→ Z , where Z | j〉 = w j| j〉 for a
primitive d-th root of unity.

The two representations in Example 3.7(ii) and (iii) above are essentially the same, a notion which
we now make precise:

Definition 3.8 (Equivalent representations). Let G be a group. Two representations (ϕ, V ) and
(ϕ′, V ′) of G are said to be isomorphic or equivalent if there exists a vector space isomorphism
ψ: V −→ V ′ such that ϕ′(g) =ψ ◦ϕ(g) ◦ψ−1 for all g ∈ G.

For example, the matrix X corresponding to the shift |i〉 7→ | [i − 1] (mod d)〉 of |0〉, ..., |d − 1〉 has
eigenvalues e2πik/d for k = 0, 1, . . . d − 1.The unitary U diagonalizing X satisfies ϕ′ = U ◦ϕ ◦ U†.

Here are some more examples of representations that can be defined for any finite group G:

Example 3.9.

(i) Trivial representation defined in Example 3.7.

(ii) Regular representation: Let n = |G| and V ∼= Cn with basis {|g〉}g∈G . The linear extension
of the map ϕ(g): |h〉 7→ |gh〉 to all of V is called the regular representation. If (ψ, W ) is any
representation such that there exists w ∈W so that {ψ(g)(w)}g∈G is a basis of W , then ψ is
isomorphic to the regular representation (see Exercise 3.7).

(iii) Permutation representation: Let X be a finite set and G be a group acting on X . Consider
the free vector space generated by X , i.e., V ∼= Cm with m= |X | and basis {|x〉}x∈X . Then the
linear extension of the map ϕ(g): |x〉 7→ |g x〉 defines the permutation representation of G.

Note that the regular representation of G is the permutation representation of G that results from
G acting on itself by left multiplication.

3.3 Irreducible representations and decompositions

A crucial concept in representation theory is to decompose a representation into ‘building blocks’, which
are called irreducible representations. First, we make the following definition:

Definition 3.10 (Invariant subspaces and subrepresentations). Let (ϕ, V ) be a representation of a
group G. A subspace W ⊂ V is called G-invariant if ϕ(g)|w〉 ∈W for all |w〉 ∈W and g ∈ G. The
restriction ϕ|W of ϕ onto W is called a subrepresentation.

Example 3.11. Let G be a finite group with n= |G| and (ϕ,Cn) be the regular representation. Let
W = span(

∑

g∈G |g〉). Then (ϕ|W , W ) is a subrepresentation of (ϕ,Cn) that is equivalent to the
trivial representation.

Let (ψ, V ) be a representation of a finite group G of degree m = dim V , and let W ≤ V be a G-
invariant subspace of dimension k = dim W . Choose a basis {w1, . . . , wk, wk+1, . . . , wm} for V such that
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W = span(w1, . . . , wk), and set W ′ = span(wk+1, . . . , wm) so that V =W ⊕W ′. Then every ψ(g) has the
following representation matrix with respect to this basis:

ψ(g) =







W W ′

ψ(g)
�

�

W ∗ W

0 ∗ W ′






(3.25)

We will see below that there always exists a decomposition V =W ⊕W⊥ and an orthonormal basis for
V such that ψ(g) =ψ(g)

�

�

W ⊕ψ(g)
�

�

W⊥ in this basis; that is, the top-right block in (3.25) can be made
zero, too.

Note that {0} and V are always invariant subspaces of any representation. For irreducible represen-
tations, those are the only ones:

Definition 3.12 (Irreducible representation). A representation (ϕ, V ) of a group G is called irre-
ducible if {0} and V are the only G-invariant subspaces of V .

We will often abbreviate irreducible representation as irrep. A one-dimensional representation is
always irreducible, since one-dimensional vector spaces have no non-trivial subspaces. For example,
the one-dimensional subspace W in Example 3.11 is irreducible. A major goal of representation theory
is to find all irreducible representations of a group G.

Definition 3.13. Let (ϕ1, V1) and (ϕ2, V2) be representations of a group G. Then the direct sum
V1⊕ V2 affords the representation [(ϕ1⊕ϕ2)(g)](v1⊕ v2) := [ϕ1(g)](v1)⊕ [ϕ2(g)](v2) of G. This
is called the direct sum of the representations (ϕ1, V1) and (ϕ2, V2).

The direct sum construction allows us to decompose representations. In finite dimensions this pro-
cess necessarily terminates. The following proposition gives us a tool to decompose a given representa-
tion.

Proposition 3.14. Let (ϕ, V ) be a representation of a finite group G for which V is a vector space
over a field whose characteristic does not divide the order of G. Then every G-invariant subspace
W has a G-invariant complement W ′, i.e., V =W ⊕W ′ (as vector spaces and as representations).

Proof sketch. Let PW be the projection onto W and define

QW =
1
|G|

∑

g∈G

ϕ(g)PWϕ(g)
−1. (3.26)

Then one can check that imQW = W and ϕ(g)QW = QWϕ(g) for all g ∈ G. It then follows that
W ′ := kerQW is the desired G-invariant complement. See Exercise 3.5 for details.

Alternative proof using Weyl’s unitarity trick. Let (ϕ, V ) be a representation overC and let 〈·|·〉: V×V −→
C be an inner product on V . Define a new inner product by

〈v|w〉G :=
1
|G|

∑

g∈G

〈ϕ(g)v|ϕ(g)w〉.
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Then for every G-invariant subspace W the orthogonal complement W⊥ taken w.r.t. 〈·|·〉G is G-invariant
as well, and V = W ⊕W⊥ as representations. Moreover, (ϕ, V ) is a unitary representation w.r.t 〈·|·〉G ,
that is, ϕ(G) ⊂ U(V ) and ϕ(g−1) = ϕ(g)−1 = ϕ(g)†.

For general unitary representations (ϕ, V ) and an invariant subspace W ⊂ V , the orthogonal com-
plement W⊥ is again invariant.

Definition 3.15. A representation is called completely reducible if it is equivalent to a direct sum of
irreducible representations.

Proposition 3.16 (Maschke’s theorem). Every finite-dimensional representation of a finite group
G over a field with characteristic not dividing |G| is completely reducible.

Proof. Use induction on dim V and the preceding proposition.

Maschke’s theorem states that for a finite group G and a finite-dimensional representation V of G
over C we can always write V = V1 ⊕ · · · ⊕ Vm with each Vi irreducible. Is this decomposition unique?
The following result helps us answer this question. It is a basic observation, but incredibly useful in
representation theory and its applications.

Proposition 3.17 (Schur’s Lemma). Let (ϕ1, V1) and (ϕ2, V2) be irreducible representations of a
group G, and let f : V1 −→ V2 be a G-equivariant linear map, that is, f ◦ϕ1(g) = ϕ2(g) ◦ f for all
g ∈ G. Then the following hold:

(i) Either f is invertible (and hence V1
∼= V2) or f = 0.

(ii) If V1 = V2 is finite-dimensional over an algebraically closed field F (for example F= C), then
f = λ1V1

for some λ ∈ F.

Proof.

(i) Suppose f ̸= 0. Then ker f ̸= V1 is a G-invariant subspace of V1 (see Exercise 3.6), so ker f = {0}
by irreducibility of V1. Likewise, im f ̸= {0} is a G-invariant subspace of V2 (see Exercise 3.6), so
im f = V2 by irreducibility of V2. This proves that f is invertible.

(ii) F being algebraically closed guarantees that the linear map f has an eigenvalue, say λ ∈ F. The
map f ′ = f −λ1V1

is G-equivariant, and it is not invertible since its kernel has a non-zero eigen-
vector of f . By (i), it follows that f ′ = 0, and so f = λ1V1

.

Corollary 3.18. Let (ϕ, V ) be an irreducible representation of a group G. Then any operator X
satisfying ϕ(g)X = Xϕ(g) for all g ∈ G is proportional to the identity.

Proof. The property ϕ(g)X = Xϕ(g)means that X is a G-equivariant operator acting on V , from which
the claim follows using part (ii) of Schur’s Lemma.
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Example 3.19. Let ρ be a qubit density matrix. Then

1
4
(ρ + XρX + YρY + ZρZ) =

1
2
1. (3.27)

This can be checked explicitly using coordinates, but also follows immediately from the fact that
the Pauli matrices 1, X , Y, Z generate an irreducible representation of the Pauli group, and using
Schur’s Lemma (Proposition 3.17). See Exercise 3.8.

Corollary 3.20. Let G be an abelian group. Then any complex irreducible representation of G is
one-dimensional.

Proof. Let (ϕ, V ) be an irreducible representation of G. Since G is abelian, we have ϕ(g)ϕ(h) =
ϕ(gh) = ϕ(hg) = ϕ(h)ϕ(g) for all g, h ∈ G. It follows from Proposition 3.17 that ϕ(g) = λg1V for
every g ∈ G, and so ϕ(g)v = λg v for all v ∈ V , that is, every non-zero v ∈ V spans a one-dimensional
G-invariant subspace of V . Since ϕ is irreducible, V must be one-dimensional itself.

Proposition 3.17 allows us to decompose a representation into groups of inequivalent irreps:

Definition 3.21 (Isotypical decomposition). Let (ϕ, V ) be a finite-dimensional representation of a
finite group G over C. Consider a decomposition V ∼=

⊕

k Vk and ϕ ∼=
⊕

kϕk with the following
properties:

• Each (ϕk, Vk) is the direct sum of nk copies of an irrep (ψk, Wk) of G:

Vk =Wk ⊕ · · · ⊕Wk =W⊕nk
k
∼=Wk ⊗Cnk (3.28)

ϕk =ψk ⊕ . . .ψk =ψk ⊗ idCnk . (3.29)

• The different Wk are inequivalent, that is, Wk ≇ Wk′ for k ̸= k′.

Then Vk is called an isotypical component, and

V =
⊕

k
Vk =

⊕

k
W nk

k =
⊕

k
Wk ⊗Cnk (3.30)

(with ϕ =
⊕

kϕk) is called isotypical decomposition.

An application of Schur’s Lemma shows:

Proposition 3.22. The decomposition V =
⊕

k Vk of a representation V into isotypical components
Vk is unique, and so are the multiplicities nk of Wk in Vk.

Proof. See [Ser77; Tel05].

Another application of Schur’s Lemma states that symmetrizing an arbitrary operator with respect
to a representation leads to a special form with respect to the isotypical decomposition.
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Proposition 3.23. Let (ϕ, V ) be a representation of a finite group G with isotypical decomposition

V =
⊕

k
Wk ⊗Cnk (3.31)

as in Definition 3.21. Then for an arbitrary operator X ∈ L(V ), we have

1
|G|

∑

g∈G

ϕ(g)Xϕ(g)−1 =
⊕

k
1Wk
⊗ Xk, (3.32)

where the Xk ∈ L(Cnk) are suitable operators acting on the multiplicity spaces Cnk appearing in
the isotypical decomposition (3.31)

Proof. See [Wal18, Lemma 12.2].

3.4 Applications of Schur’s Lemma

3.4.1 The natural permutation representation of the symmetric group

Let us practice our understanding of the concepts introduced in this section—invariant subspaces, irre-
ducible representations, decomposing a representation, Schur’s Lemma—by working through an exam-
ple. We will use the so-called “natural permutation representation” of the symmetric group Sn.

Recall that Sn is the group of permutations of n (distinguishable) objects. Consider n orthonormal
basis vectors {|1〉, . . . , |n〉} of an n-dimensional vector spaceCn,4 and define the following representation
of Sn on Cn:

ϕ : Sn→ GL(Cn)

π 7→ (ϕ(π): |i〉 7→ |π(i)〉) .
(3.33)

In words, in this representation Sn acts on the vector space Cn by permuting the elements of a fixed
basis. In fact, the representation matrices ϕ(π) are the well-known permutation matrices. Since these
are unitary matrices, the representation (3.33) is actually a unitary representation, which allows us to
replace all inverses of representation matrices in what follows by Hermitian adjoints. The representation
(3.33) is somewhat similar to the regular representation that we introduced in Example 3.9(ii), but it
has degree n (= dimCn), while the regular representation of Sn has degree |Sn|= n!.

Nevertheless, the formal similarity between the two representations helps us identify a subrepre-
sentation equivalent to the trivial representation. The vector |v〉 =

∑n
i=1 |i〉 spans a one-dimensional

subspace Wtriv ≤ Cn on which Sn acts trivially via the representation (3.33): we have ϕ(π)|v〉 = |v〉
for every π ∈ Sn, since |v〉 is just the equal superposition of all basis vectors (in quantum information
language)—compare this to the regular representation and Example 3.11. Thus, Wtriv is an Sn-invariant
subspace that is irreducible as a 1-dimensional invariant subspace of Cn. By Proposition 3.14, we can
find a complement W that is also Sn-invariant with respect to the representation (3.33), and furthermore
we have the following isotypical decomposition of Cn as vector spaces and representations,

Cn ∼=Wtriv ⊕Wst

ϕ ∼= ϕtriv ⊕ϕst.
(3.34)

How can we describe the representation (ϕst, Wst) appearing in (3.34)? Let us use the technique
from the first proof of Proposition 3.14 to answer this question (but Weyl’s unitarization trick from

4In quantum information theory we usually start counting with 0, but here the labels 1, . . . , n for the n basis vectors are
more natural.
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the second proof of Proposition 3.14 works equally well). The projection PWtriv
onto the subspace Wtriv

is given by PWtriv
= |v〉〈v|. This is an orthogonal projection (P†

Wtriv
= PWtriv

), and, luckily, it is already
Sn-invariant! That is,

ϕ(π)PWtriv
ϕ(π)† = PWtriv

for all π ∈ Sn, (3.35)

which follows from the Sn-invariance of the vector |v〉. Hence, by Exercise 3.5 we can set Wst = ker PWtriv
.

Since PWtriv
is an orthogonal projection, we furthermore have Wst = W⊥triv, the orthogonal complement

of Wtriv, which helps us describe this vector space:

Wst =

¨ n
∑

i=1

x i|i〉 : x1 + · · ·+ xn = 0

«

. (3.36)

In fact, it is easy to see that Wst is invariant under the representation (3.33) of Sn, since any permutation
of the coefficients x i of a vector |v〉 ∈Wst still satisfies x1 + · · ·+ xn = 0. What is more, (ϕst, Wst) is an
irreducible representation of Sn of degree n− 1 = dim Wst called the standard representation of Sn. You
will prove this in Exercise 3.9. Here, we will use the decomposition (3.34) in the special cases n= 2, 3 to
explicitly construct ϕst and get a feeling for decomposing representations and applying Schur’s Lemma
(Proposition 3.17).

The case n= 2

In n = 2 the symmetric group consists of just 2! = 2 elements, the identity permutation () and the
transposition (12). In the natural representation (3.33) they have the following representation matrices
with respect to the basis {|1〉, |2〉}:

ϕ(()) =

�

1 0
0 1

�

ϕ((12)) =

�

0 1
1 0

�

. (3.37)

The two irreducible subrepresentations Wtriv and Wst in the decomposition C2 = Wtriv ⊕Wst are both
1-dimensional:

Wtriv = span(|1〉+ |2〉) (3.38)

Wst = span(|1〉 − |2〉). (3.39)

The identity permutation () acts on both spaces as the identity 1 (in words, the number 1). The trans-
position (12) acts trivially on Wtriv by definition. On the space Wst, we have

ϕ((12))(|1〉 − |2〉) = ϕ((12))|1〉 −ϕ((12))|2〉= |2〉 − |1〉= −(|1〉 − |2〉). (3.40)

In other words, (12) acts by multiplying with −1 = sgn((12)), so in this case (ϕst, Wst) is actually the
sign representation of S2! However, this is only true for n = 2, and for n > 2 the (n − 1)-dimensional
standard representation is inequivalent to the 1-dimensional sign representation.

With respect to the decomposition C2 =Wtriv⊕Wst, we can think of any operator O acting on C2 as
composed of four different maps:

O =

�

OWtriv→Wtriv
OWst→Wtriv

OWtriv→Wst
OWst→Wst

�

. (3.41)

Since both Wtriv, Wst are 1-dimensional spaces, these maps (or matrices) O∗→∗ are just complex numbers,
but the principle applies more generally (see the next section where we discuss the case n = 3). We
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will now exhibit a simple application of Schur’s Lemma (Proposition 3.17): for an Sn-invariant operator,
only the diagonal “blocks” OWtriv→Wtriv

and OWst→Wst
are non-zero. The off-diagonal blocks OWst→Wtriv

and
OWtriv→Wst

map between inequivalent irreps of S2, and for an S2-invariant operator these are then S2-
equivariant maps between inequivalent irreps, and hence zero by Schur’s Lemma!

Let us first demonstrate this in coordinates by considering an arbitrary matrix X =
�

a b
c d

�

. This is in
general not invariant under the S2-representation ϕ in (3.37), but we can symmetrize it to obtain an
invariant matrix:

X :=
1
|S2|

∑

π∈S2

ϕ(π)Xϕ(π)† =
1
2

�

X +ϕ((12))Xϕ((12))†
�

(3.42)

=
1
2

��

a b
c d

�

+

�

0 1
1 0

��

a b
c d

��

0 1
1 0

��

(3.43)

=
1
2

��

a b
c d

�

+

�

d c
b a

��

(3.44)

=
1
2

�

a+ d b+ c
b+ c a+ d

�

. (3.45)

It is easy to check that this matrix is indeed invariant under the action of S2. A (unitary) basis transfor-
mation achieving the decomposition C2 =Wtriv ⊕Wst is

U =
1
p

2

�

1 1
1 −1

�

, (3.46)

and in this basis we can express the symmetrized X as

UX U† =
1
2

�

a+ b+ c + d 0
0 a− b− c + d

�

=
1
2

�

(a+ b+ c + d)1Wtriv
0

0 (a− b− c + d)1Wst

�

. (3.47)

Comparing with (3.41), we see that

X Wtriv→Wtriv
=

a+ b+ c + d
2

1Wtriv
X Wst→Wtriv

= 0 (3.48)

X Wtriv→Wst
= 0 X Wst→Wst

=
a− b− c + d

2
1Wst

. (3.49)

By the first part of Schur’s Lemma (Proposition 3.17(i)), X Wst→Wtriv
and X Wtriv→Wst

are identically zero
as S2-invariant maps between inequivalent irreps, and by the second part of Schur’s Lemma (Propo-
sition 3.17(ii)), both X Wtriv→Wtriv

and X Wst→Wst
are proportional to the identity, which is equal to the

number 1 in this case because dim Wtriv = dim Wst = 1.
Before going to the slightly more interesting and instructive case n = 3, we can also give a simple,

direct proof of the first part of Schur’s Lemma in our setting: Let f : Wtriv → Wst, x 7→ c f y be an S2-
invariant map between the two 1-dimensional irreps (ϕtriv, Wtriv) and (ϕst, Wst). Here, x , y ∈ C are basis
elements of the two spaces, and multiplying by the (1×1)-matrix (viz., scalar) c f ∈ C defines the linear
map between them. The S2-invariance means that ϕst(π) f = f ϕtriv(π) for π ∈ {(),(12)} = S2. In
particular,

−c f y = (−1) f (x) = ϕst((12)) f (x) = f (ϕtriv((12))x) = c f y, (3.50)

which can only be true if c f = 0, and hence f = 0.
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The case n= 3

The group S3 has 3! = 6 elements, which are mapped to the following matrices under the natural
permutation representation (3.33):

ϕ(()) =





1 0 0
0 1 0
0 0 1



 ϕ((12)) =





0 1 0
1 0 0
0 0 1



 ϕ((13)) =





0 0 1
0 1 0
1 0 0





ϕ((23)) =





1 0 0
0 0 1
0 1 0



 ϕ((123)) =





0 0 1
1 0 0
0 1 0



 ϕ((132)) =





0 1 0
0 0 1
1 0 0



 .

(3.51)

Once again, we consider an arbitrary (3× 3)-matrix X and symmetrize it with respect to this represen-
tation:

X :=
1
6

∑

π∈S3

ϕ(π)





x11 x12 x13
x21 x22 x23
x31 x32 x33



ϕ(π)† =





z y y
y z y
y y z



 (3.52)

with z = 1
3(x11 + x22 + x33) and y = 1

6(x12 + x13 + x21 + x23 + x31 + x32).
For n= 3 the decomposition of the natural permutation representation is given by

C3 =Wtriv ⊕Wst (3.53)

Wtriv = span(|1〉+ |2〉+ |3〉) (3.54)

Wst = span(|1〉 − |2〉, |2〉 − |3〉). (3.55)

We choose the orthonormal basis

|v1〉=
1
p

3
(|1〉+ |2〉+ |3〉) |v2〉=

1
p

6
(2|1〉 − |2〉 − |3〉) |v3〉=

1
p

2
(|2〉 − |3〉), (3.56)

so that Wtriv = span(|v1〉) and Wst = span(|v2〉, |v3〉), and U = (v1, v2, v3) is the corresponding unitary
basis change matrix. In this basis, the averaged operator X takes the simple form

U†X U =





z + 2y 0 0
0 z − y 0
0 0 z − y



=





(z + 2y)1Wtriv
0 0

0
0

(z − y)1Wst



=

�

X Wtriv→Wtriv
X Wst→Wtriv

X Wtriv→Wst
X Wst→Wst

�

.

(3.57)

Once again, this decomposition demonstrates both parts of Schur’s Lemma: X Wst→Wtriv
and X Wtriv→Wst

are
identically zero as S3-equivariant maps between inequivalent irreducible representations, and X Wtriv→Wtriv

and X Wst→Wst
are proportional to the identity maps on the two irreps.

With respect to the unitary basis change U defined via (3.56), the representation matrices in (3.51)
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transform accordingly as ϕ ∼= ϕtriv ⊕ϕst:

U†ϕ(())U =





1 0 0
0 1 0
0 0 1



 U†ϕ((12))U =





1 0 0
0 −1/2

p
3/2

0
p

3/2 1/2





U†ϕ((13))U =





1 0 0
0 −1/2 −

p
3/2

0 −
p

3/2 1/2



 U†ϕ((23))U =





1 0 0
0 1 0
0 0 −1





U†ϕ((123))U =





1 0 0
0 −1/2 −

p
3/2

0
p

3/2 −1/2



 U†ϕ((132))U =





1 0 0
0 −1/2

p
3/2

0 −
p

3/2 −1/2





(3.58)

For example, the group element (23) acts on the basis |v2〉, |v3〉 of Wst as

ϕst((23))|v2〉= |v2〉 ϕst((23))|v3〉= −|v3〉. (3.59)

3.4.2 Limitations of Schur’s Lemma: Multiplicities

As another example of applying Schur’s Lemma, we revisit Example 2.8 where we discussed the symmet-
ric and antisymmetric subspaces of a representation. In this example we consider a different represen-
tation of the symmetric group S2 = {(),(12)} by letting it act on a tensor product space via permuting
tensor factors:

ψ: S2→ GL((C2)⊗2) (3.60)

π 7→ (ψ(π): |i〉 ⊗ | j〉 7→ |π(i)〉 ⊗ |π( j)〉), (3.61)

where we fixed a basis {|0〉, |1〉} for C2. The operator ψ((12)) = F is called the swap operator. An
orthonormal eigenbasis of F is given by the four Bell states (using the shorthand |i j〉 ≡ |i〉 ⊗ | j〉):

|Φ+〉=
1
p

2
(|00〉+ |11〉) |Ψ+〉=

1
p

2
(|01〉+ |10〉)

|Φ−〉=
1
p

2
(|00〉 − |11〉) |Ψ−〉=

1
p

2
(|01〉 − |10〉).

(3.62)

The first three of those span the symmetric subspace Sym2(C2), while the last one spans the antisymmetric
subspace Λ2(C2):

Sym2(C2) = span(|Φ+〉, |Φ−〉, |Ψ+〉) Λ2(C2) = span(|Ψ−〉). (3.63)

On each of the basis vectors |Φ+〉, |Φ−〉, |Ψ+〉 of Sym2(C2) the swap operator acts trivially (i.e., they are
eigenvectors with eigenvalue +1), while on the basis vector |Ψ−〉 of Λ2(C2) it acts by multiplying with
−1, which is equal to the sign of the permutation (12). In other words, |Φ+〉, |Φ−〉, |Ψ+〉 each span a
one-dimensional irreducible representation (ψtriv, Wtriv) that is equivalent to the trivial representation,
while |Ψ−〉 spans a one-dimensional irreducible representation (ψsgn, Wsgn) that is equivalent to the sign
representation of S2:

Vtriv =Wtriv ⊕Wtriv ⊕Wtriv =W⊕3
triv with W1

∼= span(|Φ+〉)∼= span(|Φ−〉)∼= span(|Ψ+〉)
Vsgn =Wsgn with Wsgn

∼= span(|Ψ−〉),
(3.64)
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and the representation space (C2)⊗2 has the isotypical decomposition

(C2)⊗2 ∼= Vtriv ⊕ Vsgn. (3.65)

There is a significant difference between this isotypical decomposition of the tensor representation
of S2 and the isotypical decomposition C2 ∼=Wtriv⊕Wst of the natural permutation representation of S2
in (3.34). The latter is multiplicity-free, as both isotypical components Wtriv and Wst consist of a single
irrep each (and those are inequivalent to each other). In contrast, in the isotypical decomposition (3.65)
of the tensor representation of S2 on (C2)⊗2 the trivial irrep Wtriv has multiplicity 3 as it occurs three
times. Each occurrence is spanned by one the three Bell states |Φ+〉, |Φ−〉, |Ψ+〉. But note that we could
have equally chosen another basis (|00〉, |11〉, (|00〉+ |11〉)/

p
2) for Sym2(C2). These three basis vectors

are again eigenstates of the swap operator with eigenvalue +1, and hence in this case the three trivial
representations of S2 would have been spanned by those three basis vectors instead. We see that the
isotypical component Vtriv is uniquely defined as the (+1)-eigenspace of the swap operator, but further
decomposing Vtriv into irreps W⊕3

triv corresponds to a basis choice and is thus not unique.
Finally, we investigate the symmetrization of an arbitrary operator X = (x i j)1≤i, j≤4 under this rep-

resentation:

X =
1
2
(X + FXF†) (3.66)

∼=
1
2







x11 + x14 + x41 + x44 x11 − x14 + x41 − x44 x12 + x13 + x42 + x43 0
x11 + x14 − x41 − x44 x11 − x14 − x41 + x44 x12 + x13 − x42 − x43 0
x21 + x24 + x31 + x34 x21 − x24 + x31 − x34 x22 + x23 + x32 − x33 0

0 0 0 x22 − x23 − x32 + x33






(3.67)

=

�

X Vtriv→Vtriv
X Vsgn→Vtriv

X Vtriv→Vsgn
X Vsgn→Vsgn

�

, (3.68)

where the ∼= refers to the basis change with respect to the unitary U = (|Φ+〉, |Φ−〉, |Ψ+〉, |Ψ−〉). We see
that the components X Vsgn→Vtriv

and X Vtriv→Vsgn
of the symmetrized operator are zero by Schur’s Lemma

Proposition 3.17(i), since they map S2-equivariantly between inequivalent irreps. But the operator
X Vtriv→Vtriv

is not proportional to the identity as we found to be the case in Section 3.4.1 for the natural
representation! The reason is that now the isotypical component Vtriv consists of three copies of the triv-
ial representation, and hence this is not just a mapping from an irrep to itself. By writing the isotypical
decomposition as

V ∼=
�

Wtriv ⊗C3
�

⊕W2 (3.69)

ψ∼=
�

ψtriv ⊗ idC3

�

⊕ψsgn, (3.70)

we see that the symmetrized operator in (3.68) has the form X ∼= (1Wtriv
⊗ X triv) + xsgn1Wsgn

, where

X triv =
1
2





x11 + x14 + x41 + x44 x11 − x14 + x41 − x44 x12 + x13 + x42 + x43
x11 + x14 − x41 − x44 x11 − x14 − x41 + x44 x12 + x13 − x42 − x43
x21 + x24 + x31 + x34 x21 − x24 + x31 − x34 x22 + x23 + x32 − x33



 (3.71)

xsgn =
1
2
(x22 − x23 − x32 + x33). (3.72)

This is exactly the statement of Proposition 3.23. Note that since the trivial representation is 1-dimensional,
we have 1Wtriv

= 1 and hence 1Wtriv
⊗ X triv = X triv.
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3.5 Tensor and dual representations, hom spaces

We now discuss how to produce new representations from given ones.

Definition 3.24. Let (ϕ, V ) and (ψ, W ) be representations of a group G. Then (ϕ ⊗ ψ)(g) :=
ϕ(g)⊗ψ(g) defines a representation on V ⊗W called the tensor representation.

Even if V and W are irreducible representations, the representation V ⊗W is in general reducible. A
simple but instructive (and for this course highly relevant!) example is the following:

Example 3.25 (Symmetric and antisymmetric square). Let (ϕ, V ) be a representation of a group
G and consider the tensor representation (ϕ⊗,ϕ, V ⊗ V ). Let F ≡ FV⊗V : V ⊗ V −→ V ⊗ V be the
swap operator defined as the linear extension of the map F(|x〉 ⊗ |y〉) = |y〉 ⊗ |x〉 for |x〉, |y〉 ∈ V .
The swap operator commutes with the action of ψ ⊗ ψ, and we thus have the decomposition
V ⊗ V = Sym2(V )⊕Λ2(V ), where

Sym2(V ) := {|z〉 ∈ V ⊗ V : F|z〉= |z〉} (3.73)

Λ2(V ) := {|z〉 ∈ V ⊗ V : F|z〉= −|z〉}. (3.74)

If dim V = d and {|ei〉}di=1 is a basis for V , then these two subspaces can be constructed as

Sym2(V ) = span{|ei〉 ⊗ |e j〉+ |e j〉 ⊗ |ei〉 : 1≤ i ≤ j ≤ d} (3.75)

Λ2(V ) = span{|ei〉 ⊗ |e j〉 − |e j〉 ⊗ |ei〉 : 1≤ i < j ≤ d}. (3.76)

In fact, these two sets of spanning vectors form bases for Sym2(V ) and Λ2(V ), and hence

dimSym2(V ) =
d(d + 1)

2
dimΛ2(V ) =

d(d − 1)
2

. (3.77)

Sym2(V ) and Λ2(V ) are both G-invariant subspaces, and thus representations of G, called the
symmetric and antisymmetric square, respectively. The projections Πsym onto the symmetric square
and Πasym onto the antisymmetric square are given by

Πsym =
1
2
(1V⊗V + FV⊗V ) Πasym =

1
2
(1V⊗V − FV⊗V ) . (3.78)

Setting V = C2, this construction gives the symmetric and antisymmetric subspaces of Example 2.8.
The main point of this example is to show that V ⊗ V is reducible whenever V has degree at least 2.

Definition 3.26. Let (ϕ, V ) be a representation of G. Let V ∗ be the dual space of V consisting
of the vector space of linear maps from V to C. The dual representation (ϕ∗, V ∗) is defined as
ϕ∗(g)(L) := L ◦ϕ(g)−1 for g ∈ G and L ∈ V ∗.

Exercise 3.10 shows that the dual representation satisfies for all g ∈ G, |v〉 ∈ V , and 〈w| ∈ V ∗ that

ϕ∗(g) = ϕ(g−1)T (3.79)

(ϕ∗(g)(〈w|))(ϕ(g)|v〉) = 〈w|ϕ∗(g)Tϕ(g)|v〉= 〈w|v〉. (3.80)

Moreover, (ϕ∗, V ∗) is irreducible iff (ϕ, V ) is. If (ϕ, V ) is unitary, then ϕ∗(g) = ϕ(g), that is, ϕ∗(g) is
the complex conjugate of ϕ(g).
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The last construction turns the vector space Hom(V, W ) of linear maps between representations V
and W into a representation itself, generalizing the dual representation introduced above.

Definition 3.27 (Hom space representation). Let (ϕ, V ) and (ψ, W ) be two representations of a
group G. Then G acts on Hom(V, W ) by sending f : V → W to ψ(g) ◦ f ◦ ϕ(g)−1, which turns
Hom(V, W ) into a representation of G.

Note that setting W = C and ψ the trivial representation of G in the definition above recovers the
dual representation of G. Furthermore, we record the following observations:

1. Hom(V, W )∼= V ∗ ⊗W as vector spaces and representations (see Exercise 3.11).

2. The set of vectors in V invariant under the action of G is denoted as

V G := {|v〉 ∈ V : ϕ(g)|v〉= |v〉 for all g ∈ G}. (3.81)

With this notation we have HomG(V, W ) := Hom(V, W )G = (V ∗ ⊗W )G . An element f : V →W of
HomG(V, W ) is called an intertwiner of the representations (ϕ, V ) and (ψ, W ), satisfying f ◦ϕ(g) =
ψ(g) ◦ f for all g ∈ G.

3.6 Group algebra and characters

Recall that in defining the regular representation of a group G we denoted by V the free vector space
on the elements {|g〉}g∈G of G, that is, V is the set of formal linear combinations of elements of G. The
group multiplication endows V with the structure of an algebra, with multiplication defined by

h
∑

g∈G
cg |g〉

i

·
�∑

h∈G
dh|h〉

�

=
∑

g,h∈G
cg dh|gh〉=

∑

g∈G
fg |g〉, (3.82)

with fg =
∑

h∈G cgh−1 dh. This multiplication on V is associative, has the group identity element e as the
multiplicative identity, and satisfies distributivity over addition. Thus (V,+, ·) is an algebra, called the
group algebra, and is denoted by C[G] (alternatively CG or AC(G)).

A representation of an algebra A over a field F is an algebra homomorphism A −→ EndF(V ) into the
algebra of endomorphisms on an F-vector space V with multiplication defined by composition of linear
operators on V .

For A = C[G], any representation (ϕ, V ) of G can be extended to a representation ( eϕ, V ) of C[G]
by setting eϕ(|g〉) = ϕ(g) and linearly extending to all of C[G]. Conversely, any representation ( eϕ, V )
of C[G] yields a representation of G by restricting eϕ to {|g〉}g∈G . Therefore representations of G corre-
spond exactly to representations of C[G].

Another interpretation of elements of C[G] is as functions f : G −→ C. The element
∑

g∈G cg |g〉 can
be thought of as the function that maps g ∈ G to cg . A function f : G→ C is called a class function if it
is constant on conjugacy classes of G:

f (g) = f (hgh−1) for all g, h ∈ G. (3.83)

The set of class functions is exactly the center Z(C[G]) = { f ∈ C[G] : f g = g f for all g ∈ C[G]} of the
group algebra.

Definition 3.28. Let (ϕ, V ) be a representation of G. The character χ = χV of (ϕ, V ) is the class
function defined by χ(g) = tr(ϕ(g)).
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A character is indeed a class function since we have for all g, h ∈ G that

χ(hgh−1) = tr
�

ϕ(hgh−1)
�

= tr
�

ϕ(h)ϕ(g)ϕ(h)−1
�

= tr [ϕ(g)] = χ(g), (3.84)

where the second equality holds by ϕ(x y) = ϕ(x)ϕ(y), and the third one by cyclicity of the trace.
We list here (without proof) some basic properties of the character of a representation. For more

details, we refer to [Ser77; Tel05].

Proposition 3.29 (Properties of characters). Let (ϕ, V ) and (ψ, W ) be representations of a group
G with identity element e, and denote by χV and χW the associated characters.

(i) χV (e) = tr(1V ) = dim V is the degree of the representation (ϕ, V ).

(ii) If (ϕ, V ) is unitary, then χ(g−1) = χ(g).

(iii) χV⊕W = χV +χW .

(iv) χV⊗W = χVχW .

The group algebra C[G] has a natural inner product structure: For x =
∑

g∈G xg |g〉 and y =
∑

g∈G yg |g〉 in C[G], we define

(x , y) :=
1
|G|

∑

g∈G

xg yg . (3.85)

Characters of irreducible representations form an orthonormal set with respect to this inner product:

Proposition 3.30. Let Wi for i = 1, ..., k be pairwise inequivalent irreducible representations of a
group G, and denote by χi the corresponding characters. Then (χi ,χ j) = δi j . Moreover, any class
function orthogonal to all χ ′i s is identically 0. Hence, {χi}ki=1 is an orthonormal basis of the set of
class functions.

Proof. See [Ser77; Tel05].

Proposition 3.30 is a powerful tool in analyzing representations:

Proposition 3.31. Let (ϕ, V ) be an arbitrary representation of a group G, and let (ψ, W ) be an
irreducible representation of G.

(i) The multiplicity of W in the isotypical decomposition V is (χV ,χW ).

(ii) V is irreducible iff (χV ,χV ) = 1.

(iii) Two representations are isomorphic iff they have the same character.

(iv) The number of distinct (i.e., pairwise inequivalent) irreducible representations of a finite
group G is equal to the number of conjugacy classes of G.

Character theory can also be used to show the following fundamental statements:

(i) The multiplicity of any irreducible representation in the regular representation of a group G is
equal to its dimension.
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(ii) Let W1, ..., Wk be a complete list of irreducible representations of G (that is, G has k distinct con-
jugacy classes). Then every Wi appears in the regular representation, and by (i) we have

k
∑

i=1

(dim Wi)
2 = |G|. (3.86)

Finally, we mention the following useful result which gives a formula for the projection onto the
isotypical component of a representation corresponding to a given irreducible representation.

Proposition 3.32. Let (ϕ, V ) be a representation of G, and let W be a fixed irreducible representa-
tion of G with character χW . Then the projection onto the isotypical component of W in V is given
by the formula

PW =
dim W
|G|

∑

g∈G

χW (g)ϕ(g). (3.87)

In particular, let χtriv : g 7→ 1 for all g ∈ G be the character of the trivial representation. Then
P = 1

|G|
∑

g∈G ϕ(g) projects onto V G = {|v〉 ∈ V : ϕ(g)|v〉 = |v〉 for all g ∈ G} consisting of
(χtriv,χV )-many copies of the trivial representation.

3.7 Realizing multiplicity spaces as intertwiner spaces

We now derive a useful description of the multiplicity spaces appearing in the isotypical decomposition
of a representation (see Definition 3.21) as spaces of intertwiners, following [Ser77, Ex. 2.8]:

Proposition 3.33. Let (ϕ, V ) be a finite-dimensional representation of a finite group G over C. Let
(ϕU , U) be an irreducible representation of G appearing in (ϕ, V ) with multiplicity k, and denote
by VU

∼= U⊕k the corresponding isotypical component. Then the following holds:

(i) k = dimhomG(U , V ).

(ii) The map ψ: U ⊗ homG(U , V ) → VU , (u, h) 7→ h(u) is an isomorphism of G-representations,
where g ∈ G acts on U ⊗ homG(U , V ) via

g · (u, h) = (ϕU(g)(u), h). (3.88)

Proof. (i) A basic property of hom spaces is that they are additive in both variables:

homG(X , Y ⊕ Z)∼= homG(X , Y )⊕ homG(X , Z) (3.89)

homG(X ⊕ Y, Z)∼= homG(X , Z)⊕ homG(Y, Z). (3.90)

Let now F be the direct sum of all those irreps of G appearing in V that are inequivalent to U , so that
V ∼= VU ⊕ F ∼= U⊕k ⊕ F . Then,

homG(U , V )∼= homG(U , U⊕k ⊕ F)∼=
h

⊕k

i=1
homG(U , U)

i

⊕ homG(U , F). (3.91)

Schur’s Lemma shows that homG(U , F) = 0 and dimhomG(U , U) = 1, and hence dimhomG(U , V ) = k.
(ii) The mapψ is clearly surjective, and thus by (i) an isomorphism of vector spaces. With the action

of G on U ⊗ homG(U , V ) as defined in (3.88), it is also an isomorphism of G-representations.
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Corollary 3.34. The isotypical decomposition of a representation (ϕ, V ) of G is given by

V ∼=
⊕

i
Wi ⊗ homG(Wi , V ) (3.92)

ϕ(g)∼=
⊕

i
ϕi(g)⊗1ni

for g ∈ G, (3.93)

where the (ϕi , Wi) are pairwise inequivalent irreps of G, and ni = dimhomG(Wi , V ) is the multi-
plicity of Wi in V .

We can make this realization of multiplicity spaces more explicit using the natural isomorphism

homG(Wi , V )∼= (W ∗i ⊗ V )G =
�

x ∈W ∗i ⊗ V :
�

ϕ∗i (g)⊗ϕ(g)
�

x = x
	

. (3.94)

The advantage of this description is that we have a succinct formula for the projectorΠ(i)G onto (W ∗i ⊗V )G:

Π
(i)
G =

1
|G|

∑

g∈G

ϕ∗i (g)⊗ϕ(g). (3.95)

Recall that the trace of an orthogonal projection is equal to the dimension of its image. Taking traces
on both sides of (3.95), we have in the notation of Corollary 3.34 that

ni = trΠ(i)G =
1
|G|

∑

g∈G

tr(ϕ∗i (g)) tr(ϕ(g)) =
1
|G|

∑

g∈G

χWi
(g)χV (g) = (χWi

,χV ), (3.96)

provided that the irreps ϕi are unitary so that χW ∗i
= χWi

, which we can always assume without loss of
generality for a finite group. The identity in (3.96) is consistent with Proposition 3.31(i). Let us look at
some examples.

Example 3.35. We revisit the example from Section 3.4.2, in which we considered the action ψ of
the symmetric group S2 on V := (C2)⊗2 by permuting tensor factors. The representation matrices
for the two group elements () and (12) are

ψ(()) =







1 . . .
. 1 . .
. . 1 .
. . . 1






ψ((12))≡ F=







1 . . .
. . 1 .
. 1 . .
. . . 1






(3.97)

This representation has two isotypical components: The first one, Sym2(C2), is spanned by the
three Bell states |Φ+〉, |Φ−〉, |Ψ+〉, each spanning a copy of the trivial representation (ψtriv, Vtriv)
with ψtriv : π 7→ 1. The second one, Λ2(C2), is a copy of the sign representation (ψsgn, Vsgn) with
ψsgn : π 7→ sgn(π), spanned by the Bell state |Ψ−〉. We thus have the isotypical decomposition

V = (C2)⊗n ∼= Vtriv ⊗ (C3)⊕ Vsgn ⊗C1. (3.98)

Evaluating the projectors Π(triv)G and Π(sgn)
G defined via (3.95), we obtaina

Πtriv
S2
=

1
2
(ψtriv(())⊗ψ(()) +ψtriv((12))⊗ψ((12))) =

1
2
(1+ F) (3.99)

Π
sgn
S2
=

1
2

�

ψsgn(())⊗ψ(()) +ψsgn((12))⊗ψ((12))
�

=
1
2
(1− F) , (3.100)
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which we immediately recognize as the projectors onto the symmetric and antisymmetric subspaces
mentioned above (cf. Example 3.25).

aRecall that ψ and all irreps ψi of Sn are real and orthogonal, so that ψ∗i =ψi .

Example 3.36. We now look at a generalization of Example 3.35 to three copies: the symmetric
group S3 = {(),(12),(13),(23),(123),(132)} acts on V := (C2)⊗3 via permuting tensor factors,
which we again denote by ψ. We will learn in Sections 4 and 5 that this representation has the
following isotypical decomposition:a

V ∼= Vtriv ⊗ Sym3(C2)⊕ Vst ⊗Mst, (3.101)

where Sym3(C2) is the symmetric subspace of dimension 4 (see Definition 4.6 and Proposition 5.10),
(ψst, Vst) is the standard representation of degree 2 introduced in Section 3.4.1, and Mst is a 2-
dimensional multiplicity space for Vst. The unitary (2×2)-representation matricesψst(π) forπ ∈ S3
are given as the bottom-right blocks in the matrices in (3.58).

Since ψtriv(π) = 1 for all π ∈ S3, it is straightforward to see that

Πtriv
S3
=

1
6

∑

π∈S3

ψ∗triv(π)⊗ψ(π) =
1
6

∑

π∈S3

ψ(π) =Πsym (3.102)

gives the projector onto Sym3(C2) as stated in Proposition 3.32.
To determine the multiplicity space Mst of the irrep Vst, one may compute the eigenvectors of

the projection Πst
S3

given by the (16× 16)-matrix

Πst
S3
=

1
6

∑

π∈S3

ψ∗st(π)⊗ψ(π), (3.103)

which are given by

|e0〉=
1

2
p

3

�p
3|0010〉 −

p
3|0100〉+ 2|1001〉 − |1010〉 − |1100〉

�

(3.104)

|e1〉=
1

2
p

3

�p
3|0011〉 −

p
3|0101〉+ |1011〉+ |1101〉 − 2|1110〉

�

. (3.105)

We can realize these vectors on the representation space V = (C2)⊗3 by “walking back” the se-
quence of isomorphisms V⊕2

st
∼= homS3

(Vst, V )∼= (V ∗st⊗V )S3 . This is for example achieved by choos-
ing the basis {|0〉, |1〉} for Vst and considering the vectors

| f0,0〉= 〈0|Vst
|e0〉 ∝

1
p

2
(|010〉 − |100〉) (3.106)

| f0,1〉= 〈0|Vst
|e1〉 ∝

1
p

2
(|011〉 − |101〉) (3.107)

| f1,0〉= 〈1|Vst
|e0〉 ∝

1
p

6
(2|001〉 − |010〉 − |100〉) (3.108)

| f1,1〉= 〈1|Vst
|e1〉 ∝

1
p

6
(|011〉+ |101〉 − 2|110〉) , (3.109)
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where we normalized the vectors on the right. The pairs {| f0,0〉, | f0,1〉} and {| f1,0〉, | f1,1〉} each span
a copy of the multiplicity space Mst appearing in (3.101).

In Section 4 we will use Schur-Weyl duality to identify this multiplicity space as an irrep of the
unitary group U2, which acts on V via U 7→ U⊗3. Indeed, letting U =

�

a b
c d

�

denote an arbitrary
unitary in U2, and forming the isometry W1 =

�

| f0,0〉, | f0,1〉
�

, it is straightforward to check that the
action of U⊗3 on the multiplicity subspace Mst = span

�

| f0,0〉, | f0,1〉
�

is given by

W †
1 U⊗3W1 = det(U)

�

a b
c d

�

, (3.110)

which can be identified as a 2-dimensional irrep of U2 (see (5.28) at the end of Section 5.4.2).b The
analogous statement holds for the isometry W2 =

�

| f1,0〉, | f1,1〉
�

and the subspace Mst spanned by
the vectors | f1,0〉 and | f1,1〉 (the second copy of the multiplicity space for Vst appearing in (3.101)).

aThe standard representation Vst in (3.101) corresponds to the Young diagram λ= (2, 1) = .
bIn fact, the irrep (3.110) of U2 is the one labeled by the partition λ= (2, 1) = .

3.8 Finite and compact groups

So far we have focused our discussion of representation theory on finite groups. However, infinite groups
such as the unitary group Ud play an important role in quantum theory, and hence we are interested in
exploring what elements of representation theory carry over to the infinite setting. We will see that for
compact groups many of the results from the previous sections still apply. We give a brief review of these
results in this section, and refer to the textbooks [Ser77; Kna16; Pro07] for a more detailed discussion.

Definition 3.37. A topological group is a group G endowed with a topology such that group mul-
tiplication and inversion are continuous. A compact group is a topological group that is compact,
that is, every open cover of G has a finite subcover. Closed subgroups of a compact group are also
compact groups.

Definition 3.38. A representation (ϕ, V ) of a topological group G on a normed, finite-dimensional
vector space V is a continuous group homomorphism ϕ : G −→ GL(V ).

A crucial element in proving the main representation-theoretic results in previous sections, especially
Proposition 3.14, Maschke’s theorem (Proposition 3.16), and the main theorems of character theory
(Propositions 3.30 to 3.32) relied on the averaging operation 1

|G|
∑

g∈G over a finite group. For compact
groups we can replace this discrete averaging by a suitable integral against a probability measure. This
allows us to recover many of the previous results for finite group also for compact groups.

Proposition 3.39. Let G be a compact group. There exists a unique measure dg on G, called the
Haar measure, satisfying the following properties:

1. Invariance: for every continuous function f : G −→ C and every h ∈ G,
∫

G
f (g)dg =

∫

G
f (gh)dg =

∫

G
f (hg)dg .
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2. Normalization:
∫

G 1dg = 1.

Example 3.40. Every finite group with the discrete topology is a compact group. In this setting,
the Haar measure is equal to the counting measure, and we have

∫

G dg ≈ 1
|G|
∑

g∈G .

Example 3.41. The circle group T = {z ∈ C : |z| = 1} = {exp(iθ ) : θ ∈ [0, 2π)} has Haar measure
dg = 1

2πdθ .

General formulas for Haar integration are typically cumbersome even for well-known groups such
as the classical groups. In [CSM95, Lie Groups, Ch. 7], G. Segal writes:

It is not practical to give an explicit formula for integrating a general function on a group such
as [the unitary group] Un, for there are no convenient coordinates to use.

In applications, one typically avoids explicit calculations involving Haar integrals, and instead uses the
invariance property together with Schur’s Lemma.

Using the Haar measure, one can prove analogous statements about finite-dimensional representa-
tions of compact groups, e.g.:

1. Every G-invariant subspace has a G-invariant complement.

2. Every representation over C decomposes as a sum of irreducible representations.

3. Most aspects of character theory also carry over to the compact case (note however that if G is an
infinite compact group, then expressions involving |G| may no longer be valid).

The regular representation of a compact group G is defined as the Hilbert space L2(G) of square
integrable functions on G, with the action of G given by ϕ(g)( f )(h) = f (g−1h). If |G| = ∞, then
dim L2(G) =∞. We have the following theorem about the decomposition of the regular representation
for compact groups.

Proposition 3.42. Let G be a compact group.

1. The linear span of all matrix coefficients of the irreducible unitary representations of G is
dense in L2(G).

2. Every irreducible unitary representation of G is finite-dimensional.

3. The regular representation (which has infinite dimension if G is not finite) L2(G) decom-
poses into a direct sum of the irreducible unitary representations of G, each occurring with
multiplicity equal to its dimension. The matrix coefficients of the complete set of irreps form
an orthonormal basis of L2(G).

Proof. See [Kna16, Thm. 1.12].
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3.9 Exercises

Exercise 3.1 (Swap operator). Let HA = Cd =HB and let FAB be the swap operator.

(i) Show that trFAB = d.
(Hint: Determine the eigenvalues for FAB by guessing an eigenbasis.)

(ii) Show that tr [(X ⊗ Y )FAB] = tr(X Y ) for any X , Y ∈ L(Cd).

(iii) For given x ∈ [0, 1], construct states ωA and σB such that

x = tr [FAB (ωA⊗σB)] = tr(ωAσB). (3.111)

(iv) Show that −1≤ tr(FABρAB)≤ 1 for every quantum state ρAB.

(v) Consider a general Werner state on Cd ⊗Cd of the form

ρAB =
d − x

d(d2 − 1)
1AB +

d x − 1
d(d2 − 1)

FAB. (3.112)

Show that ρAB is a quantum state iff x ∈ [−1, 1].

(vi) Show that ρAB in (3.112) is entangled iff x < 0.
(Hint: Generalize the proof of Proposition 3.2 to arbitrary d.)

Exercise 3.2 (Explicit form of two-qubit Werner states). Recall the Bell basis

B= {|Φ+〉AB, |Φ−〉AB, |Ψ+〉AB, |Ψ−〉AB} (3.113)

from Example 2.6. Consider the following single-qubit unitaries:

X =

�

0 1
1 0

�

Z =

�

1 0
0 −1

�

H =
1
p

2

�

1 1
1 −1

�

S =

�

1 0
0 i

�

. (3.114)

(i) Show that U ⊗ U for U ∈ {X , Z , H, S} has the following matrix representation in the Bell basis B:

[X ⊗ X ]B =







1 . . .
. −1 . .
. . 1 .
. . . −1






[Z ⊗ Z]B =







1 . . .
. 1 . .
. . −1 .
. . . −1






(3.115)

[H ⊗H]B =







1 . . .
. . 1 .
. 1 . .
. . . −1






[S ⊗ S]B =







. 1 . .
1 . . .
. . i .
. . . i






(3.116)

(Hint: First, determine the action of these unitaries on the computational basis {|0〉, |1〉}.)

(ii) Use part (i) and the relation (U ⊗U)ρAB(U ⊗U)† = ρAB for all U to show that ρAB = α1AB +βFAB
for some α,β ∈ C. (Hint: Express ρAB in the Bell basis B.)

Exercise 3.3. Let H be a Hilbert space. Show that 〈X , Y 〉 := tr(X †Y ) defines an inner product on the
space of operators L(H). What is the corresponding norm induced by this inner product?

Exercise 3.4. Recall the twirling operation Td(XAB) =
∫

Ud
dU (U ⊗ U)XAB(U ⊗ U)†.
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(i) Show that T is an orthogonal projection on L(HA ⊗HB), that is, T †
d = Td (with respect to the

Hilbert space structure given by the inner product in Exercise 3.3) and Td ◦ Td = Td .
(Hint: Use left-invariance of the Haar measure.)

(ii) Let σ0 = 1,σ1 = X ,σ2 = Y,σ3 = Z . Consider the following operator basis for L(C2 ⊗C2):

B=
�

σi ⊗σ j : 0≤ i, j ≤ 3
	

. (3.117)

Determine the matrix representation of T2 with respect to B.

(iii) Give an orthonormal operator basis for L(C2 ⊗C2) consisting of eigenoperators of T2.

Exercise 3.5. Let (ϕ, V ) be a representation of a finite group G, and let W ≤ V be a G-invariant subspace
of V with projection PW . Define the operator

QW =
1
|G|

∑

g∈G

ϕ(g)PWϕ(g)
−1. (3.118)

(i) Show that QW is a projection onto W satisfying ϕ(g)QWϕ(g)−1 =QW .

(ii) Show that W ′ := kerQW is a G-invariant subspace satisfying V =W ⊕W ′.

Exercise 3.6. Let (ϕ1, V1) and (ϕ2, V2) be representations of a group G, and let f : V1 → V2 be a G-
equivariant map, that is, f ◦ϕ1(g) = ϕ2(g) ◦ f for all g ∈ G. Show that ker f ≤ V1 and im f ≤ V2 are
G-invariant subspaces.

Exercise 3.7. Let G be a finite group with representation (ψ, W ). Assume that there exists a w ∈W so
that {ψ(g)(w)}g∈G is a basis of W . Show that (ψ, W ) is isomorphic to the regular representation of G.

Exercise 3.8.

(i) Let P = {1, X , Y, Z} ∪ {±1,±i1} be the group of order 16 generated by three Pauli matrices

X =

�

0 1
1 0

�

Y =

�

0 −i
i 0

�

Z =

�

1 0
0 −1

�

. (3.119)

Show that C2 has no 1-dimensional P-invariant subspace, that is, the defining representation of P
on C2 is irreducible.

(ii) Use (i) (or a direct calculation) to show that, for any qubit density operator ρ,

1
4
(ρ + XρX + YρY + ZρZ) =

1
2
1. (3.120)

Exercise 3.9 (Standard representation of Sn). Let ϕ : Sn → GL(Cn) be the natural permutation repre-
sentation of Sn on Cn defined in (3.33). Show that Sn acts irreducibly on the subspace

W =

¨ n
∑

i=1

x i|i〉 : x1 + · · ·+ xn = 0

«

. (3.121)

(Hint: Take an arbitrary non-zero vector |v〉 ∈ Cn and consider the space spanned by {ϕ(π)|v〉 : π ∈ Sn}.)

Exercise 3.10 (Dual representation). Let (ψ, V ) be a representation of a group G and (ψ∗, V ∗) its dual
representation.
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(i) Show that ψ∗(g) =ψ(g−1)T for all g ∈ G.

(ii) Show that (ψ∗, V ∗) is irreducible if and only if (ψ, V ) is irreducible.

Exercise 3.11. Let (ψ, V ) and (ϕ, W ) be representations of a group G. Show that Hom(V, W )∼= V ∗⊗W
as representations of G.

Exercise 3.12. Let (ϕ,C3) be the natural permutation representation of S3 defined in Section 3.4.1,
and denote by (ϕtriv, Wtriv) and (ϕst, Wst) the trivial and standard representation, respectively, defined
via (3.58). Use Proposition 3.31 to show the following:

(i) V =Wtriv ⊕Wst.

(ii) (ϕst, Wst) is irreducible.

Exercise 3.13. Let CG := { f : G→ C} be the vector space of functions from a group G to C (with addi-
tion and scalar multiplication defined element-wise). Show that the mapϕ : G→ GL(CG), [ϕ(g)( f )](h) :=
f (g−1h) defines a representation of G on CG .

4 Schur-Weyl duality

In this chapter we explore the relationship between representations of the symmetric group Sn and the
unitary group Ud on the space (Cd)⊗n. We will learn that, in each isotypical decomposition, the irreps of
one group serve as the multiplicity spaces of the other one. This is known as Schur-Weyl duality and has
far-reaching consequences in quantum information theory that we explore in later sections. We mainly
follow the excellent and accessible treatment of this topic in [Chr06]. For a more modern treatment
using module theory, see [Eti+11].

4.1 Representations of direct product groups

Definition 4.1. Let G and H be groups. The direct product G × H of G and H is a group; the
underlying set is G×H = {(g, h) : g ∈ G, h ∈ H} with multiplication defined as (g1, h1) · (g2, h2) =
(g1 g2, h1h2) for all g1, g2 ∈ G and h1, h2 ∈ H.

Definition 4.2. Let (ϕ, V ) and (ψ, W ) be representations of groups G and H respectively. Then
V b⊗W affords the external product representation of the direct product G ×H by defining

(ϕb⊗ψ)(g, h) := ϕ(g)⊗ψ(h). (4.1)

The notation V b⊗W is used to distinguish it from the tensor representation V ⊗W from Section 3.5.

One can prove the following:

(i) If (ϕ, V ) and (ψ, W ) are irreducible, then so is (ϕb⊗ψ, V b⊗W ) (Exercise 4.1).

(ii) Every irreducible representation of G ×H arises this way.

4.2 Commutants of endomorphism algebras
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Definition 4.3. Let S be a subset of an algebra A. The commutant S ′ of S is the collection of those
elements in A commuting with all of S:

S ′ = {a ∈A : as = sa for all s ∈ S}.

For a vector space V , the set of operators End(V ) acting on V is an algebra with respect to addition,
scalar multiplication, and composition of operators.

Lemma 4.4. Let V and W be finite-dimensional complex vector spaces. The commutant of End(V )⊗
1W in End(V ⊗W )∼= End(V )⊗ End(W ) is 1W ⊗ End(W ).

Proof. Set A = End(V )⊗ 1W and B = 1V ⊗ End(W ). Clearly, an element 1V ⊗ b ∈ B commutes with
every element a⊗1W ∈A, and hence B ⊂A′.

Suppose now that a⊗1W ∈A and b ∈A′ are arbitrary. Let dim W = n and write

a⊗1W =









a 0 · · · 0
0 a · · · 0
...

. . . 0
0 0 · · · a









b =









b11 b12 · · · b1n
b21 b22 · · · b2n
...

. . .
...

bn1 bn2 · · · bnn









(4.2)

with bi j ∈ End(V ). Then (a⊗1W )b = b(a⊗1W ) is equivalent to









ab11 ab12 · · · ab1n
ab21 ab22 · · · ab2n

...
. . .

...
abn1 abn2 · · · abnn









=









b11a b12a · · · b1na
b21a b22a · · · b2na

...
. . .

...
bn1a bn2a · · · bnna









(4.3)

Hence, for fixed i, j, we have [a, bi j] = 0 for all a ∈ End(V ). This forces bi j to be a multiple of the
identity, bi j = λi j1A for some λi j ∈ C. Let eb ∈ End(W ) be defined by (eb)i j = λi j , then b = 1V ⊗ eb ∈
1V ⊗ End(W ) = B, and thus A′ ⊂ B.

We can now the prove the following duality theorem.

Proposition 4.5. Let (ϕ, V ) be a representation of a finite group G with isotypical decomposition

V =
⊕

α

Vα ⊗Cnα (4.4)

into pairwise inequivalent irreducible representations (ϕα, Vα)with multiplicity nα. LetA ⊂ End(V )
be the subalgebra generated by ϕ, and set B =A′. Then:

(i) A∼=
⊕

α End(Vα)⊗1Cnα

(ii) B ∼=
⊕

α1Vα ⊗ End(Cnα)

(iii) B′ = (A′)′ =A

Proof. Set dα = dim Vα.
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(i) An application of Schur’s lemma ([Ser77], Sec 2.2) shows that we have the following orthogo-
nality property for irreducible representations:

E(α)i j ⊗1Cnα = dα
∑

g∈G

ϕα(g)i jϕ(g) ∈A, (4.5)

where ϕα(g)i j is the (i, j)-coefficient of the irrep matrix ϕα(g), and E(α)i j is the (i, j)-elementary matrix

in End(Vα). Since the E(α)i j are a basis of End(Vα), we have

⊕

α

End(Vα)⊗1Cnα ⊂A. (4.6)

The reverse inclusion follows from the decomposition of V into isotypical components Vα ⊗ Cnα , and
hence we have equality.

(ii) First we show that B ⊂
⊕

α1Vα ⊗End(Cnα). To this end, let Pα be the projection onto Vα, that is,
PαA= Vα ⊗Cnα . Then every b ∈ B commutes with Pα by definition, and hence

b = 1Ab =
∑

α
Pαb =

∑

α
PαbPα =

∑

α
bα, (4.7)

where bα ∈ End(Vα⊗Cnα). By the preceding lemma, bα = 1Vα ⊗ b′α for some b′α ∈ End(Cnα), and hence
B ⊂

⊕

α1Vα⊗End(Cnα). The other inclusion holds since any
⊕

α1Vα⊗ bα with bα ∈ End(Cnα) commutes
with

⊕

α aα ⊗1Cnα ∈A by construction.
(iii) This follows by a similar argument as that in (ii) (Exercise 4.2).

4.3 The Schur-Weyl decomposition

We now focus on the following two groups:

• the symmetric group Sn, the set of bijections from {1, ..., n} to itself.

• the unitary group Ud = {U ∈ L(Cd) : U†U = UU† = 1d }.

The symmetric group has a representation on (Cd)⊗n by permuting tensor factors:

ϕ(π)(|ψ1〉 ⊗ · · · ⊗ |ψn〉) = |ψπ−1(1)〉 ⊗ · · · ⊗ |ψπ−1(n)〉. (4.8)

The unitary group also has a representation on (Cd)⊗n by acting diagonally:

ω(U)(|ψ1〉 ⊗ · · · ⊗ |ψn〉) = U |ψ1〉 ⊗ · · · ⊗ U |ψn〉. (4.9)

Definition 4.6. The symmetric subspace Symn(V ), also called the n-th symmetric power of V , is the
subspace invariant under the action (4.8):

Symn(V ) = (V⊗n)Sn = {|v〉 ∈ V⊗n : ϕ(π)|v〉= |v〉 for all π ∈ Sn}. (4.10)

With P = 1
n!

∑

π∈Sn
ϕ(π), we have Symn(V ) = PV⊗n by Proposition 3.32.
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Lemma 4.7. Symn(V ) = span{|v〉⊗n : |v〉 ∈ V}.

Proof. The inclusion span{|v〉⊗n : |v〉 ∈ V} ⊂ Symn(V ) follows from the observation that ϕ(π)|v〉⊗n =
|v〉⊗n for all v ∈ V and π ∈ Sn.

For the other inclusion, let {|ei〉}di=1 be an orthonormal basis for V , with d = dim V . By definition
Symn(V ) is spanned by the vectors

|vi1···in〉 :=
∑

π∈Sn

ϕ(π)(|ei1〉 ⊗ · · · ⊗ |ein〉) (4.11)

=
∑

π∈Sn

|eiπ−1(1)
〉 ⊗ · · · ⊗ |eiπ−1(n)

〉 (4.12)

for indices i j ∈ {1, ..., d} j = 1, ..., n.
Now rewrite the vectors |vi1···in〉 using partial derivatives as (see Exercise 4.3)

|vi1···in〉= ∂λ2
· · ·∂λn

 

|ei1〉+
n
∑

j=2

λ j|ei j
〉

!⊗n
�

�

�

λ2=···=λn=0
. (4.13)

This calculation involves a sequence of partial derivatives of the form

∂λ j
(|v〉+λ j|e j〉)⊗n

�

�

�

λ j=0
= lim
λ j→0

(|v〉+λ j|e j〉)⊗n − |v〉⊗n

λ j
. (4.14)

The |vi1···in〉 are thus limits of elements in W = span{|v〉⊗n : |v〉 ∈ V}. Since W is finite-dimensional and
closed in Symn(V ), we have |vi1···in〉 ∈W for all indices i1, ..., in, and thus Symn(V ) ⊂W .

Corollary 4.8. Let C ∈ End(V⊗n) be such that ϕ(π)Cϕ(π)† = C for all π ∈ Sn. Then C ∈
span{X⊗n : X ∈ End(V )}.

Proof. Let W = End(V⊗n)∼= End(V )⊗n and let {|ei〉}di=1 be a fixed basis of V . Consider the basis {Ei j}di, j=1
of End(V ), where Ei j : |ek〉 7→ δ jk|ei〉. Denote by ϕ : Sn −→ GL(V⊗n) the tensor representation of Sn on
V⊗n and by eϕ : Sn −→ GL(W ) the analogous tensor representation of Sn on W = End(V )⊗n. Then eϕ(π)
acting on X ∈ End(V⊗n) has the matrix representation ϕ(π)Xϕ(π)−1. The claim then follows from the
preceding lemma applied to ( eϕ, W ).

In what follows we viewω: X 7→ X⊗n as a representation of GL(V ) = {X ∈ End(V ) : X is invertible}.

Proposition 4.9. A representation of U(V ) is irreducible if and only if the corresponding represen-
tation of GL(V ) is irreducible.

Proof. For a proof, see [Alc18].

Proposition 4.10. Sn and GL(V ) span each other’s commutants in End(V⊗n).
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Proof. Consider the following subalgebras of End(V⊗n) spanned by the representations ϕ of Sn in (4.8)
and ω of GL(V ) in (4.9):

A := span{ϕ(π) : π ∈ Sn} ⊂ End(V⊗n) (4.15)

B := span{ω(g) : g ∈ GL(V )} ⊂ End(V⊗n). (4.16)

Since ϕ(π) and ω(U) commute for all π ∈ Sn, U ∈ Ud , we have B ⊂ A′. The previous corollary shows
that A′ = span{X⊗n : X ∈ End(V )}. Let X ∈ End(V ), then X + t1 is invertible for all but finitely many t,
and so (X + t1)⊗n ∈ B for all but finitely many t. But (X + t1)⊗n is a polynomial in t of degree n, and
by Lagrange’s interpolation theorem determined by any n + 1 distinct points. Hence, (X + t1)⊗n ∈ B
for all t, in particular for t = 0. It follows that A′ = span{X⊗n : X ∈ End(V )} ⊂ B, hence A′ = B. The
Double Commutant theorem now implies B′ =A, which concludes the proof.

Proposition 4.11. Let V = Cd and (ϕ, V⊗n) and (ω, V⊗) be the tensor representations of Sn and
GL(V ) defined in (4.8) and (4.9), respectively. As a representation of Sn × GL(V ), the space V⊗n

decomposes as

V⊗n =
⊕

λ

Vλ ⊗ Ud
λ , (4.17)

where (ϕλ, Vλ) and (ωλ, Ud
λ
) are inequivalent irreducible representations of Sn and GL(V ), respec-

tively, and

ϕ(π) =
⊕

λ

ϕλ(π)⊗1Ud
λ

for π ∈ Sn (4.18)

ω(g) =
⊕

λ

1Vλ ⊗ωλ(g) for g ∈ GL(V ). (4.19)

The same assertion holds when GL(V ) is replaced with Ud .

Proof. The decomposition of V⊗n follows from the Double Commutant Theorem and the fact that Sn
and GL(V ) span each other’s commutant. It remains to show that Ud

λ
∼= HomSn

(Vλ, V⊗n) is an irreducible
representation of GL(V ) (or Ud). By Schur’s lemma, this is equivalent to showing that

EndGL(V )(U
d
λ) := HomGL(V )(U

d
λ , Ud

λ)
∼= C. (4.20)

We have Z(End(Ud
λ
))∼= C. Schur’s lemma and the above decomposition show that

EndSn
(V⊗n)∼=

⊕

λ

End(Ud
λ) (4.21)

EndGL(V )×Sn
(V⊗n)∼=

⊕

λ

EndGL(V )(U
d
λ). (4.22)

Since EndSn
(V⊗n) = span{X⊗n : X ∈ GL(V )}, we have

EndGL(V )×Sn
(V⊗n) ⊂ Z(EndSn

(V⊗n)),

and hence also EndGL(V )(V⊗n) ⊂ Z(End(Ud
λ
))∼= C.
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In summary, Schur-Weyl duality states that

V⊗n ∼=
⊕

λ

Vλ ⊗ Ud
λ (4.23)

as a representation of Sn×Ud , with Vλ and Ud
λ

being irreps of Sn and Ud , respectively. In the next chapter
we discuss the index λ and the irreps Vλ and Ud

λ
.

4.4 Exercises

Exercise 4.1. Let G and H be groups. Show that if (ϕ, V ) and (ψ, W ) are irreducible, then so is
(ϕb⊗ψ, V b⊗W ).

Exercise 4.2. Let (ϕ, V ) be a representation of a finite group G with isotypical decomposition

V =
⊕

α

Vα ⊗Cnα (4.24)

into pairwise inequivalent irreducible representations (ϕα, Vα) with multiplicity nα. Let A ⊂ End(V ) be
the subalgebra generated by ϕ, and set B =A′. Show that B′ = (B′)′ =A.

Exercise 4.3. Verify (4.13) by direct calculation.

5 Irreps of symmetric and unitary groups

5.1 Minimal projections and irreducible representations

Recall that for a given finite group G, the group algebra C[G] was defined as the C-vector space with
basis {|g〉}g∈G and multiplication

�
∑

g∈G
cg |g〉

�

·
�∑

h∈G
dh|h〉

�

=
∑

g,h∈G
cg dh|gh〉. (5.1)

Definition 5.1. A projection in C[G] is an element p ∈ C[G] with p2 = p. A non-zero projection p
is called minimal, if there are no non-zero projections q, r such that p = q + r. Two projections p
and q are equivalent if there are invertible elements x , y ∈ C[G] such that x p y = q, and disjoint
if pzq = 0 for all z ∈ C[G].

Definition 5.2. A central projection in C[G] is a projection in

Z(C[G]) = {x ∈ C[G] : x y = y x for all y ∈ C[G]}. (5.2)

A non-zero central projection is called minimal if it cannot be written as a sum of non-zero central
projections.

Proposition 5.3. Let G be a finite group with group algebra A= C[G]. Irreducible representations
of G are in one-to-one correspondence with:

• equivalence classes of minimal projections in A.

• minimal central projections in A.
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Let (ϕα, Vα) be an irreducible representation of G with character χα(g) = trϕα(g). Then

Pα =
dim Vα
|G|

χα

is the minimal central projection corresponding to (φα, Vα).

Proof idea. Use the fact thatC[G]∼= ⊕α End(Cdα), whereα runs through the irreducible representations,
and that the centre End(Cdα) is 1-dimensional and spanned by χα.

Corollary 5.4. Let (ϕ, V ) be a representation of a finite group G with isotypical decomposition
V ∼= ⊕αVα and Vα =Wα⊕ · · · ⊕Wα for inequivalent irreducible representations Wα of G. Let χα be
the character of Wα. Then

πα =
dim Wα

|G|

∑

g∈G

χα(g)ϕ(g)

projects onto the isotypical component Vα of V .

5.2 Conjugacy classes of the symmetric group

Recall from character theory that for a finite group G, the number of irreducible representations of G is
equal to the number of conjugacy classes of G. Conjugacy classes form a partition of a finite group: The
relation ∼ on G defined as g ∼ h if and only if there exists s ∈ G such that g = shs−1 is an equivalence
relation. The conjugacy classes C1, ..., Ck of G are the equivalence classes with respect to this relation,
and hence form a partition of G.

We will need the following facts about permutations (see, e.g., [Goo14]):

Proposition 5.5.

(i) Every permutation π ∈ Sn can be written uniquely as a product of disjoint cycles, e.g., π =
(13)(2)(465) ∈ S6. The cycle type of a permutation π ∈ Sn is the tuple of cycle lengths in
non-increasing order. For example, π= (14)(236)(58)(7) has cycle type (3,2, 2,1).

(ii) Cycle types (λ1, ...,λd) of a permutation π ∈ Sn form an ordered partition of n:

λ1 ≥ λ2 ≥ · · · ≥ λd ≥ 0 and
d
∑

i=1

λi = n. (5.3)

We use the notation λ ⊢d n for an ordered partition of n into at most d parts. Note: If d < n
then not all possible partitions or cycle types appear.

(iii) Two permutations π,π′ ∈ Sn are conjugate iff they have the same cycle type.

To see (iii), let (i1, ..., ik) be a cycle of length k ≤ n and σ ∈ Sn be arbitrary. Then,

σ(i1, ..., ik)σ
−1 = (σ(i1), ...,σ(ik)). (5.4)

It follows from (i)-(iii) above that the conjugacy classes of Sn, and hence its irreducible representa-
tions, are indexed by the ordered partitions of n into n parts.
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5.3 Young diagrams and Young tableaux

There is a nice graphical representation of a partition of n:

Definition 5.6. Letλ ⊢d n be a partition of n into at most d parts. The Young diagram corresponding
to λ ⊢d n is an arrangement of n boxes into d rows such that the i-th row has length λi .

For example, the Young diagram associated with the partition λ= (3,2, 2,1) ⊢4 8 is

. (5.5)

Definition 5.7 (Young tableaux).

• A Young tableau is a Young diagram λ with boxes labeled with numbers {1, ..., N} (we can
have N ̸= n). We call λ the shape of the Young tableau T .

• A standard Young tableau is a Young tableau with N = n, and the labels are strictly increasing
along rows (left to right) and along columns (top to bottom).

• A semistandard Young tableau is a Young tableau whose labels are non-decreasing along rows
and strictly increasing along columns.

Example 5.8. The standard Young tableaux of shape λ= (3,2) are

1 2 3
4 5

1 2 4
3 5

1 2 5
3 4

1 3 4
2 5

1 3 5
2 4

. (5.6)

The semistandard Young tableaux of shape λ= (3,2) with numbering {1, 2} are

1 1 1
2 2

1 1 2
2 2

. (5.7)

Recall from Section 4 that Schur-Weyl duality gives a decomposition

�

Cd
�⊗n
=
⊕

λ⊢d n

Vλ ⊗ Ud
λ (5.8)

of the representation space
�

Cd
�⊗n

on which Sn acts by permuting tensor factors, and Ud (or alternatively
GL(d)) acts diagonally.

Proposition 5.9. In the decomposition (5.8),

• the index λ ⊢d n runs over the partitions of n into at most d parts, or alternatively the set of
Young diagrams of n boxes and at most d rows;

• the irrep Vλ of Sn has an orthonormal basis indexed by the set of standard Young tableaux
of shape λ ⊢d n.
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• the irrep Ud
λ

of Ud has an orthonormal basis indexed by the set of semistandard Young
tableaux of shape λ ⊢d n and numbering {1, ..., d}.

Proposition 5.9 says that the dimensions of the irreps Vλ and Ud
λ

are given by the number of standard
and semistandard Young tableaux, respectively. The following proposition gives combinatorial formulae
for these dimensions.

Proposition 5.10. Let d, n ∈ N.

(i) The number of standard Young tableaux of shape λ ⊢d n is equal to

dλ :=
n!

∏

(i, j)∈λ h(i, j)
, (5.9)

where for a box (i, j) in row i and column j of λ we define the hook length

h(i, j) = #{boxes to the right of (i, j)}+#{boxes below (i, j)}+ the box (i, j) itself. (5.10)

(ii) The number of semistandard Young tableaux of shape λ ⊢d n is equal to

mλ,d =
∏

1≤i< j≤d

λi −λ j + j − i

j − i
. (5.11)

Example 5.11. Let λ= (4, 2,1) be the Young diagram

6 4 2 1
3 1
1

, (5.12)

where we filled each box (i, j) with its hook length (i, j). The number of standard Young tableaux
of shape λ= (4,2, 1) is thus

dλ =
(4+ 2+ 1)!

6 · 4 · 2 · 1 · 3 · 1 · 1
=

7!
6 · 4 · 3 · 2

= 7 · 5= 35. (5.13)

On the other hand, the number of semistandard Young tableaux of shape λ = (4, 2,1) with num-
bering {1, 2,3} is

mλ,3 =
4− 2+ 2− 1

2− 1
·

4− 1+ 3− 1
3− 1

·
2− 1+ 3− 2

3− 2
=

3
1
·

5
2
·

2
1
= 15. (5.14)

The 15 semistandard Young tableaux of shape λ= (4, 2,1) with numbering {1, 2,3} are

1 1 1 1
2 2
3

, 1 1 1 2
2 2
3

, 1 1 1 3
2 2
3

, 1 1 2 2
2 2
3

, 1 1 2 3
2 2
3

, 1 1 3 3
2 2
3

1 1 1 1
2 3
3

, 1 1 1 2
2 3
3

, 1 1 1 3
2 3
3

, 1 1 2 2
2 3
3

, 1 1 2 3
2 3
3

, 1 1 3 3
2 3
3

1 2 2 2
2 3
3

, 1 2 2 3
2 3
3

, 1 2 3 3
2 3
3

. (5.15)
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5.4 Constructing the irreps of Sn and Ud

5.4.1 The irreps of Sn

Recall that every permutation π ∈ Sn can be written as a product of at most n− 1 transpositions ( jk)
with 1≤ j < k ≤ n.

Definition 5.12. Writeπ= τ1 · · ·τk ∈ Sn for transpositions τi . The sign ofπ is defined as sgn(π) =
(−1)k.

Let T be a standard Young tableau of shape λ ⊢d n. Define two subgroups RT , CT of Sn as

RT := {π ∈ Sn : π permutes integers within rows of T} (5.16)

CT := {π ∈ Sn : π permutes integers within columns of T}. (5.17)

Example 5.13. The table below lists standard Young tableaux T of shape λ ⊢3 6 and the corre-
sponding groups RT , CT .

T 1 2 3 1 2
3

1 3
2

1
2
3

RT S3 {e, (12)(3)} ∼= S2 {e, (13)(2)} ∼= S2 {e} ∼= S1

CT {e} ∼= S1 {e, (13)(2)} ∼= S2 {e, (12)(3)} ∼= S2 S3

We define two elements in C[Sn]:

rT :=
∑

π∈RT

π (5.18)

cT :=
∑

π∈CT

sgn(π)π. (5.19)

Definition 5.14. For a given standard Young tableau T of shape λ ⊢ n, the Young symmetrizer eT
is defined as eT := rT cT .

Example 5.15. (i) Let λ= (n) ⊢ n and T = 1 ... n . Then cT = {e}, RT = Sn and eT =
∑

π∈Sn
π.

(ii) Let λ= (1, ..., 1) and T = 1...
n

. Then eT =
∑

π∈Sn
sgn(π)π.

Proposition 5.16. Let T be a Young tableau of shape λ ⊢ n, and let eT be the corresponding Young
symmetrizer. Then fT := dλ

n! eT is the minimal projection in C[Sn] corresponding to the irreducible
representation Vλ of Sn, that is, Vλ ∼= C[Sn]eT . The Vλ are called Specht modules. Every irreducible
representation of Sn is isomorphic to a Specht module Vλ for some λ ⊢ n, and Vλ ≇ Vλ′ for λ ̸= λ′.
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Proof. See [Chr06] or [Alc18].

Denote by SYT(λ) the set of all standard Young tableaux of shape λ. Consider the tensor repre-
sentation ϕ of Sn on (Cd)⊗n from Section 4, and recall the isotypical projection Πλ onto the isotypical
component Vλ⊗Ud

λ
corresponding to the irrep Vλ of Sn (which can be expressed in terms of the character

formula in Proposition 3.32). For a standard Young tableau T ∈ SYT(λ) define the projector

ΠT =
dλ
n!

∑

π∈RT ,σ∈CT

sgn(σ)ϕ(π)ϕ(σ). (5.20)

This is just the element fT from Proposition 5.16 realized on (Cd)⊗n via the representation ϕ. Then,

Πλ =
∑

T∈SYT(λ)

ΠT . (5.21)

5.4.2 The irreps of Ud

Recall the Schur-Weyl decomposition

(Cd)⊗n ∼=
⊕

λ⊢d n

Vλ ⊗ Ud
λ . (5.22)

We know from Section 5.3 that the dimension of the Sn-irrep Vλ is equal to the number dλ of standard
Young tableaux, a formula for which is given in Proposition 5.10.

Proposition 5.17. Let λ ⊢d n be a Young diagram. Then for each standard Young tableau T of
shape λ, the subspace eT (Cd)⊗n is an irreducible representation of Ud (or equivalently GL(Cd))
isomorphic to Ud

λ
.

To construct a basis for Ud
λ

, let {|i〉}di=1 be the standard basis of Cd , and consider the tensor product
basis B = {|i1〉 ⊗ . . .⊗ |in〉 : i j ∈ [d]} of (Cd)⊗n. For a fixed Young tableau T of shape λ and basis vector
|v〉 = |i1〉 ⊗ . . .⊗ |in〉 ∈ B, construct a Young tableau T|v〉 obtained from replacing j in T with the label
i j . Consider the following example for d = 2 and n= 4:

|v〉=
1
|1〉 ⊗

2
|2〉 ⊗

3
|1〉 ⊗

4
|1〉: S = 1 2 3

4
−→ S|v〉 =

1 2 1

1
(5.23)

T = 1 3 4

2
−→ T|v〉 =

1 1 1

2
. (5.24)

Note that T|v〉 is a semistandard Young tableau, while S|v〉 is not.
Observe that the Young symmetrizer eS defined in Definition 5.14 annihilates the basis vector |v〉,

since there is a repetition in S|v〉 in the first column, which is antisymmetrized by eS . A simple corollary of
this observation is the following: For any Young tableau T with more than d rows, any basis vector |v〉 ∈
B will lead to a tableau T|v〉 with some repetition in the first column, and hence the Young symmetrizer
eT annihilates |v〉. This is why only irreps corresponding to Young diagrams with at most d rows appear
in the Schur-Weyl decomposition.

This observation can be generalized as follows: For given |v〉 ∈ B let ν= (νi)di=1 be the vector where
νi is the number of times the basis vector |i〉 appears in |v〉, and denote by ν↓ the vector obtained from
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ν by sorting its components in non-increasing order. If the standard Young tableau T has shape λ, then
eT annihilates |v〉 whenever

k
∑

i=1

ν↓i >

k
∑

i=1

λi for some 1≤ k ≤ d − 1. (5.25)

This condition is the negation of the majorization relation, defined as ν↓ ≺ λ iff
∑k

i=1 ν
↓
i ≤

∑k
i=1λi for

all k = 1, . . . , d.
The images under eT of those basis vectors |v〉 ∈ B that are not annihilated by eT span the irrep

Ud
λ

, and the ones corresponding to semistandard Young tableaux T|v〉 form a basis. For a concrete way
of realizing the irreducible representation of a unitary U on Ud

λ
, we refer to [Mol06] (for an approach

using Lie theory) or [FH13, Ex. 15.57] and [Mul07, Sec. 2.1.1] (for a more direct approach).
In the special case of U2, the irreps U2

λ
for a partition λ= (λ1,λ2) have a particular nice form:

U2
λ
∼= L⊗λ2

det ⊗ Symm(C2), (5.26)

where m = λ1 − λ2, the symmetric subspace Symm(C2 has dimension m + 1, and Ldet is the one-
dimensional determinant representation Ldet : U 7→ det(U). For a unitary U =

�

a b
c d

�

, the corresponding
matrix representation is

qλ(U) = (det U)λ2Sm(U), (5.27)

where the entries of the (m+ 1)× (m+ 1) matrix Sm(U) are given by

[Sm(U)]k, j =

√

√k!(m− k)!
j!(m− j)!

min(k, j)
∑

p=max(0,k−m+ j)

�

j
p

��

m− j
k− p

�

apc j−p bk−pdm− j−k+p. (5.28)

The matrix indices k and j range from m down to 0. A proof of this formula can be found in [BL25,
App. B].

5.4.3 Summary

Proposition 5.18. Let d = dim V and |v〉 ∈ V⊗n be non-zero. For a standard Young tableau T of
shape λ ⊢ n, consider the Young symmetrizer eT . Let p be the number of parts of the partition λ
(or the number of non-zero rows of the Young diagram λ).

• If p ≤ d, then C[Sn]eT |v〉 is an irreducible representation of Sn isomorphic to the Specht
module Vλ.

• If p ≤ d, then eT V⊗n is an irreducible representation of GL(V ) (or Ud) on V⊗n. These are
inequivalent for Young tableaux of different shape.

• Using the above, we have the Schur-Weyl decomposition of V⊗n with d = dim V as an Sn×Ud
representation:

V⊗n =
⊕

λ⊢d n

Vλ ⊗ Ud
λ .

Proof. See [Chr06].
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Note that item (iii) of the proposition says that

dn =
∑

λ⊢d n

dλmλ,d , (5.29)

with dλ and mλ,d as in Proposition 5.10.

5.5 Quantum method of types

We close this chapter by collecting a few results about Young diagrams and the dimensions of the irreps
Vλ and Ud

λ
occurring in Schur-Weyl duality. We refer to [Har05, Sec. 6] for a more detailed discussion.

Fix n, d ∈ N and consider the Schur-Weyl decomposition

(Cd)⊗n =
⊕

λ⊢d n

Vλ ⊗ Ud
λ . (5.30)

How many terms are there in the direct sum? A simple counting argument shows that there are at
most polynomially many Young diagrams λ= (λ1, . . . ,λd) of n boxes and at most d rows: Ignoring the
constraint of non-decreasing row length (λi ≥ λ j for i ≤ j), we can put between 0 and n boxes in the
first row, then in the second row, etc, giving the simple (over-)estimate

|{λ ⊢d n}| ≤ (n+ 1)d . (5.31)

Hence, we only have polynomially many terms in (5.30).
We can also bound the dimensions of the irreps appearing in (5.30). For a given Young diagram

λ ⊢d n, we define a probability distribution λ̄ = (λ1/n, . . . ,λd/n). We then have the following useful
bounds on the dimension of the Sn-irrep Vλ:

exp
�

nH
�

λ̄
��

(n+ d)−d(d+1)/2 ≤ dim Vλ ≤ exp
�

nH
�

λ̄
��

, (5.32)

where H(p) = −
∑

i pi log pi denotes the Shannon entropy of a probability distribution p = (pi)i . This
shows that some of the Sn-irreps become exponentially large (in n). On the other hand, all Ud -irreps
only grow polynomially:

dim Ud
λ ≤ (n+ 1)d(d−1)/2. (5.33)

A useful consequence of these bounds is the following (see, e.g., [BL25]):5

Corollary 5.19. LetH = (Cd)⊗n andρ ∈ L(H) be a permutation-invariant operator,ϕ(π)ρϕ(π)† =
ρ for all π ∈ Sn. Then ρ is determined by poly(n) parameters, assuming that d is fixed.

Proof. Together with Schur’s Lemma and (5.30), the permutation invariance of ρ implies that there
exists a basis so that

ρ ∼=
⊕

λ⊢d n

1Vλ ⊗ρλ (5.34)

for some ρλ ∈ L(Ud
λ
). The estimates (5.31) and (5.33) now yield the claim.

5The setting of Corollary 5.19 with d fixed and n large is relevant in many applications where a growing number n of copies
of a system with a fixed local dimension d is considered.
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Another useful property for applications is the following concentration of measure effect: Let us
denote by Πλ the isotypical projection onto the summand Vλ ⊗ Ud

λ
in (5.30). Let ρ ∈ L(Cd) be a

quantum state of a d-dimensional system, and denote by s = (s1, . . . , sd) the spectrum of ρ ordered in
non-increasing order. The operator ρ⊗n is permutation-invariant by construction, and hence we can
write

ρ⊗n ∼=
⊕

λ⊢d n

1Vλ ⊗ωλ(ρ), (5.35)

where ωλ is defined through Proposition 4.11.
As before, for given λ ⊢d n we denote by λ̄ = (λ1/n, . . . ,λd/n) the corresponding probability dis-

tribution. Then we have the following bound on the relative weights of the operators 1Vλ ⊗ωλ(ρ) =
Πλρ

⊗nΠλ:

exp
�

−nD
�

λ̄∥s
��

(n+ d)−d(d+1)/2 ≤ tr(Πλρ
⊗n) = dim Vλ trωλ(ρ)≤ exp

�

−nD
�

λ̄∥s
��

(n+ d)d(d−1)/2,
(5.36)

where D(p∥q) =
∑

i pi log(pi/qi) is the relative entropy between the distributions p and q. Eq. (5.36)
says that the weight ofΠλρ

⊗nΠλ decays exponentially in n except for those irreps λ for which λ̄ is close
to the spectrum of ρ in relative entropy “distance”. This concentration of measure will be a crucial
ingredient for estimating the spectrum of a density operator, discussed in Section 9.

5.6 Exercises

Exercise 5.1. Let k ≤ n and (i1, . . . , ik) ∈ Sn be a k-cycle. Show that for an arbitrary permutation σ ∈ Sn
we have

σ(i1, ..., ik)σ
−1 = (σ(i1), ...,σ(ik)). (5.37)

Exercise 5.2. We denote by

Pa =
1
n!

∑

π∈Sn

sgn(π)π ∈ C[Sn] (5.38)

the projector onto the antisymmetric subspace. Show that, if d < n, then Pa(Cd)⊗n = 0.

Exercise 5.3.

(i) Compute the dimensions of the irreducible representations Vλ and Uλ of Sn and Ud for the following
Young diagrams λ ⊢d n:

(ii) Compute the dimensions of the irreducible representation Vλ of Sn for λ = (n, 0, . . . , 0) ⊢n n and
λ= (1, . . . , 1) ⊢n n.

(iii) Determine all Young diagrams whose associated irreps of Sn and Ud appear in the Schur-Weyl
decomposition (C3)⊗4. Compute the dimensions dλ and mλ,3 of these irreps, and verify that 81=
34 =

∑

λ⊢34 dλmλ,d .
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Exercise 5.4. Consider the following Young diagram λ and standard Young tableau T of shape λ.

λ= T = 1 2

3 4

5

(5.39)

of shape λ= (2,2, 1).

(i) Enumerate all semistandard Young tableaux of shape λ and numbering {1, 2,3}, and check this
number by computing mλ,3 via formula (5.11).

(ii) Compute the Young symmetrizer eT .

(iii) Determine all tensor basis vectors |v〉 = |i1〉 ⊗ . . .⊗ |i5〉 ∈ (C3)⊗5 with i j ∈ [3] such that T|v〉 is a
semistandard Young tableau, and compute the basis vectors eT |v〉 of U3

λ
.

Exercise 5.5. Consider the following Young diagram λ and standard Young tableau T of shape λ.

λ= T = 1 2

3

4

(5.40)

of shape λ= (2,1, 1).

(i) Enumerate all semistandard Young tableaux of shape λ and numbering {1, 2,3}, and check this
number by computing mλ,3 via formula (5.11).

(ii) Compute the Young symmetrizer eT .

(iii) Determine all tensor basis vectors |v〉 = |i1〉 ⊗ . . .⊗ |i4〉 ∈ (C3)⊗4 with i j ∈ [3] such that T|v〉 is a
semistandard Young tableau, and compute the basis vectors eT |v〉 of U3

λ
.

6 Families of invariant states

6.1 Werner states

Definition 6.1. Let HA = HB
∼= Cd be d-dimensional Hilbert spaces d ≥ 2. A quantum state ρAB

on HA⊗HB is called a Werner state if

(U ⊗ U)ρAB(U ⊗ U)† = ρAB for all U ∈ Ud . (6.1)

Recall that Schur-Weyl duality gives a decomposition
�

Cd
�⊗n
=
⊕

λ⊢d n

Vλ ⊗ Ud
λ , (6.2)

where

• the irrep Vλ of Sn has an orthonormal basis index by the set of standard Young tableaux of shape
λ ⊢d n, and

dim Vλ = dλ =
n!

∏

(i, j)∈λ h(i, j)
. (6.3)
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• the irrep Ud
λ

of Ud has an orthonormal basis indexed by the set of semistandard Young tableaux
of shape λ ⊢d n and numbering {1, ..., d}, and

dim Ud
λ = mλ,d =

∏

1≤i< j≤d

λi −λ j + j − i

j − i
. (6.4)

There are only two partitions of n= 2:

λ1 = (2, 0) = λ2 = (1,1) = (6.5)

The dimension of the corresponding irreducible representations V(2,0) and V(1,1) of S2 is 1 in each case:

d =
2!

2 · 1
= 1 d =

2!
2 · 1

= 1. (6.6)

The Schur-Weyl decomposition of (Cd)⊗2 therefore becomes
�

Cd
�⊗2 ∼= Ud ⊕ Ud . (6.7)

The representation space Ud is equal to the symmetric subspace

Sym2(Cd) =
�

|v〉 ∈ (Cd)⊗2 : F|v〉= |v〉
	

(6.8)

of dimension

m ,d = dimSym2(Cd) =
d(d + 1)

2
. (6.9)

On the other hand, the representation space Ud is equal to the antisymmetric subspace

Λ2(Cd) =
�

|v〉 ∈ (Cd)⊗2 : F|v〉= −|v〉
	

(6.10)

of dimension

m ,d = dimΛ2(Cd) =
d(d − 1)

2
. (6.11)

By Schur’s lemma and the symmetry relation (U ⊗ U)ρAB(U ⊗ U)† = ρAB, the operator ρ is block-
diagonal with respect to (6.7):

ρAB
∼= c 1Ud ⊕ c 1Ud (6.12)

for some c , c ≥ 0 with

trρ = 1= c
d(d + 1)

2
+ c

d(d − 1)
2

. (6.13)

The operators 1Ud are the Young symmetrizers for and introduced in Section 5.4.1. There is

exactly one standard Young tableau for each shape, 1 2 and 1
2

, and thus the Young symmetrizers are

given by

e 1 2 = 1+ F e 1
2
= 1− F. (6.14)
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Each Sn-irrep is 1-dimensional (see (6.6)), and hence we have projections

P =
1
2
(1+ F) onto V ⊗ Ud ≡ Ud (6.15)

P =
1
2
(1− F) onto V ⊗ Ud ≡ Ud (6.16)

with tr P = d(d+1)
2 and tr P = d(d−1)

2 .

We have thus proved the following structure result for Werner states:

Proposition 6.2. A Werner state has the form

ρAB = x
2

d(d + 1)
P + (1− x)

2
d(d − 1)

P for some x ∈ [0,1]. (6.17)

There is an alternative parametrization of a Werner state using the visibility α := tr(ρABF):

ρAB =
1

d(d2 − 1)
[(d −α)1+ (dα− 1)F] . (6.18)

Recall the twirling operation

T (X ) =
∫

Ud

dU (U ⊗ U)X (U ⊗ U)†, (6.19)

where dU denotes the Haar measure on Ud . The following proposition generalizes the developments
of Section 3.1 to arbitrary local dimension d:

Proposition 6.3. Properties of Werner states:

(i) Every Werner state is invariant under T .

(ii) Let ρAB be an arbitrary state. Then T (ρAB) is a Werner state of visibility α= tr(FρAB).

Proof. (i) If (U ⊗ U)ρAB(U ⊗ U)† = ρAB for all U ∈ Ud , then

T (ρAB) =

∫

Ud

dU (U ⊗ U)ρAB(U ⊗ U)† =

∫

Ud

dU ρAB = ρAB, (6.20)

by normalization of the Haar measure.
(ii) We compute:

(U ⊗ U)T (ρAB)(U ⊗ U)† = (U ⊗ U)

�

∫

Ud

dV (V ⊗ V )ρAB(V ⊗ V )†
�

(U ⊗ U)† (6.21)

=

∫

Ud

dV (UV ⊗ UV )ρAB(UV ⊗ UV )† (6.22)

= T (ρAB), (6.23)

by left invariance of the Haar measure. Hence, T (ρAB) is a Werner state of visibility

α= tr(T (ρAB)F) (6.24)
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=

∫

Ud

dU tr
�

(U ⊗ U)ρAB(U ⊗ U)†F
�

(6.25)

=

∫

Ud

dU tr
�

ρAB(U ⊗ U)†F(U ⊗ U)
�

(6.26)

= tr(ρABF), (6.27)

where we used the invariance property (U ⊗ U)†F(U ⊗ U) = F for all U in the last equality.

We now show that a Werner state ρAB is entangled iff α = tr(ρABF) < 0. First, we show the follow-
ing:

Lemma 6.4. (i) Let σAB be a separable state. Then T (σAB) is separable as well, and

tr(T (σABF))≥ 0. (6.28)

(ii) Every Werner state with visibility α≥ 0 is separable.

Proof. (i) IfσAB is separable, that is, σAB =
∑

i piσ
(i)
A ⊗σ

(i)
B , then clearly (U⊗U)σAB(U⊗U)† is separable

for all U ∈ Ud , and a suitable approximation of the Haar integral using Riemann sums shows that
T (σAB) =

∫

Ud
dU (U ⊗ U)σAB(U ⊗ U)† is a limit of a convex combination of separable states and hence

itself separable. For a product stateρA⊗χB the ‘swap trick’ (see Exercise 3.1) shows that tr((ρA⊗χB)F) =
tr(ρAχB)≥ 0, since ρA,χB ≥ 0. Hence,

tr(σABFAB) =
∑

i

pi tr
�

(σ(i)A ⊗σ
(i)
B )F

�

≥ 0. (6.29)

(ii) Let α ∈ [0,1] be arbitrary, and set |ϕ〉=
p
α|0〉+

p
1−α|1〉 for some orthonormal basis |0〉, |1〉 ∈

Cd . Then

tr [(ϕA⊗ |0〉〈0|B)F] = tr(|ϕ〉〈ϕ|A|0〉〈0|A) = |〈ϕ|0〉|2 = α, (6.30)

and hence T (ϕA⊗ |0〉〈0|B) is a separable Werner state of visibility α.

We now show that every Werner state ρAB with tr(ρABF) < 0 is entangled. To this end, recall the
partial transpose operation

(·)TB := idA⊗(·)T , (6.31)

and the positive partial transpose (PPT) criterion: Every separable state σAB satisfies σTB
AB ≥ 0. Hence,

any state ρAB with negative partial transpose, ρTB
AB ≱ 0, is entangled.

Lemma 6.5. A Werner state ρAB is entangled if tr(ρABF)< 0.

Proof. We can parametrize ρAB with α= tr(ρABF)< 0 as

ρAB =
1

d(d2 − 1)
[(d −α)1+ (dα− 1)F] . (6.32)
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We have 1TB
AB = 1AB, and fixing an orthonormal basis {|i〉}di=1 of Cd we can write

FAB =
d
∑

i, j=1

|i〉〈 j|A⊗ | j〉〈i|B. (6.33)

We then obtain

FTB
AB =

d
∑

i, j=1

|i〉〈 j|A⊗ (| j〉〈i|B)
T (6.34)

=
d
∑

i, j=1

|i〉〈 j|A⊗ |i〉〈 j|B (6.35)

= d|Φ+〉〈Φ+|AB (6.36)

where |Φ+〉 = 1p
d

∑d
i=1 |i〉A|i〉B is a maximally entangled state. Since the partial transpose is linear,

ρ
TB
AB∝ (d −α)1+ d(dα− 1)|Φ+〉〈Φ+|=: XAB. This operator has two distinct eigenvalues

λ1 = d −α+ d2α− d = α(d2 − 1) (6.37)

λ2 = d −α. (6.38)

We have d ≥ 2 and thus λ1 = α(d2 − 1)< 0 whenever α < 0, concluding the proof.

The following proposition summarizes this discussion:

Proposition 6.6. A Werner state ρAB is entangled iff tr(ρABF)< 0.

6.1.1 Multipartite Werner states

We can generalize Werner states to the multipartite setting: Let HAi
= Cd for i = 1, ..., n. A state ρA1···An

is called a multipartite Werner state if

U⊗n
A ρA1···An

(U†
A)
⊗n = ρA1···An

(6.39)

for all UA ∈ Ud .
Let A = span{U⊗n : U ∈ Ud} and B = span{Qπ : π ∈ Sn}, where Qπ := ϕ(π) is a shortcut for the

action of Sn on (Cd)⊗n. Then U⊗nρA1···An
(U†)⊗n = ρA1···An

for all U ∈ Ud implies that ρA1···An
∈ A′ = B,

and thus

ρA1···An
=
∑

π∈Sn

cπQπ for some cπ ∈ C. (6.40)

In the n= 2 case we had the special case ρA1A2
= α1+βF. However, these expressions for ρA1···An

may
not always be useful since the Qπ are in general not positive semi-definite.

Alternatively, one can consider the decomposition

(Cd)⊗n ∼=
⊕

λ⊢d n

Vλ ⊗ Ud
λ . (6.41)
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Using Schur’s lemma, U⊗n-invariance forces ρA1···An
to be a scalar multiple of the identity 1Ud

λ
on Ud

λ
.

Thus,

ρA1···An
=
⊕

λ⊢d n

xλρλ ⊗
1Ud

λ

mλ,d
(6.42)

where (xλ)λ⊢d n is a probability distribution, ρλ is a quantum state on Vλ for λ ⊢d n, and mλ,d = dim Ud
λ

.
If in addition ρA1···An

is permutation-invariant, QπρA1···An
Q†
π = ρA1···An

for all π ∈ Sn, then

ρA1···An
=
⊕

λ⊢d n

xλ
1
dλ
1Vλ ⊗

1
mλ,d

1Ud
λ
=
∑

λ⊢d n

xλτλ, (6.43)

where τλ =
1

dλmλ,d
Πλ and Πλ is the isotypical projector onto Vλ ⊗ Ud

λ
.

6.2 Isotropic states

Definition 6.7. Isotropic states A state ρAB on systems AB with HA
∼=HB

∼= Cd is called isotropic if

�

U ⊗ U
�

ρAB

�

U ⊗ U
�†
= ρAB for all U ∈ Ud . (6.44)

Isotropic states are important, since they are the Choi operators of depolarizing channels D(X ) =
(1− q)X + q tr(X ) 1

d1d (see [Led23] for a discussion of quantum channels).
Observe that a state ρAB is isotropic iff ρTB

AB is a Werner state:

(U ⊗ U)ρTB
AB(U

† ⊗ U†) =
�

�

U ⊗ U
�

ρAB

�

U ⊗ U
�†�TB

= ρTB
AB, (6.45)

where the first equality follows from the general identity

[(X1 ⊗ Y1)ZAB(X2 ⊗ Y2)]
TB = (X1 ⊗ Y T

2 )Z
TB
AB (X2 ⊗ Y T

1 ). (6.46)

Expanding ρTB
AB = α1AB +βFAB, and using (Φ+AB)

TB = 1
dFAB, Schur-Weyl duality shows the following:

Proposition 6.8. An isotropic state ρAB can be written as

ρAB = (1− x)|Φ+〉〈Φ+|AB + x
1
d2
1AB for x ∈

�

0,
d2

d2 − 1

�

. (6.47)

The range of the parameter x becomes clear with Exercise 6.2. Similar arguments as in Section 6.1
(see Exercise 6.3) can be used to show the following:

Proposition 6.9. Let ρAB(x) := (1− x)Φ+AB + x 1
d21AB with x ∈ [0, d2

d2−1] be an isotropic state.

(i) Let σAB be arbitrary with β := tr(σABΦ
+
AB) = 〈Φ

+|σAB|Φ+〉. Then

∫

Ud

(U ⊗ U)σAB(U ⊗ U)† = ρAB(y), (6.48)

where y = d2

d2−1(1− β).
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(ii) ρAB is separable iff x ≥ d
d+1 .

6.3 Exercises

Exercise 6.1 (Transpose trick). Let |Φ+〉AB =
1p
d

∑d
i=1 |i〉A ⊗ |i〉B be a maximally entangled state on

Cd ⊗Cd . Show that (XA⊗ 1B)|Φ+〉AB = (1A⊗ X T
B )|Φ

+〉AB for every X ∈ L(Cd). Conclude that |Φ+〉AB is
invariant under any unitary of the form U ⊗ U for U ∈ Ud .

Exercise 6.2. Show that the state ρAB(x) := (1− x)Φ+AB+
x

d21AB is positive semidefinite iff 0≤ x ≤ d2

d2−1 .

Exercise 6.3 (Entanglement in isotropic states). Let HA,HB
∼= Cd and ρAB(x) := (1− x)Φ+AB+

x
d21AB for

x ∈ [0, d2/(d2 − 1)] be an isotropic state.

(i) Let σAB be an arbitrary state, and set f = tr(σABΦ
+
AB). Show that

σAB =

∫

Ud

dU (U ⊗ Ū)σAB(U ⊗ Ū)† (6.49)

is an isotropic state ρAB(x) with x = d2

d2−1(1− f ).

(ii) Show that ρAB(x) is entangled if x < d/(d + 1).
Hint: Use the PPT-criterion.

(iii) Show that for every x ∈ [d/(d + 1), d2/(d2 − 1)] the isotropic state ρAB(x) is separable.
Hint: Show this by constructing for every x ∈ [d/(d+1), d2/(d2−1)] a product state σAB = χA⊗ωB
such that σAB as defined in (6.49) is a separable isotropic state with parameter x.

(iv) Conclude that ρAB(x) is separable if and only if x ∈ [d/(d + 1), d2/(d2 − 1)].

Exercise 6.4 (Local unitary equivalence of 2-qubit Werner and isotropic states).

(i) Let |Φ+〉AB =
1p
2
(|00〉+ |11〉) be a maximally entangled state on C2 ⊗C2. Show that

(1A⊗ YB)Φ
+
AB(1A⊗ YB)

† = P =
1
2
(1AB − FAB). (6.50)

(ii) Show that every 2-qubit Werner state ρAB = x 1
3 P + (1− x)P with x ∈ [0, 1] can be written as

ρAB = (1A⊗ YB)σAB(1A⊗ YB)
†, (6.51)

where σAB is an isotropic state with (UA⊗ UB)σAB(UA⊗ UB)† = σAB.

Hint: Use (i) and Proposition 6.8.

(iii) Let now d ≥ 3 and HA =HB = Cd . Let ρAB be a Werner state and σAB be an isotropic state. Show
that ρAB and σAB are not unitarily equivalent unless ρAB = σAB =

1
d21AB.

Hint: Consider the spectra of ρAB and σAB.
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7 The de Finetti theorem

7.1 Extendibility of quantum states

We call a bipartite state ρAB k-extendible if there exists a state ρAB1···Bk
(called k-extension) where each

Bi
∼= B is a copy of the B-system and

ρABi
= trB1···Bi−1Bi+1···Bk

ρAB1···Bk
= ρAB for all i = 1, ..., k. (7.1)

Intuitively, in the k-extension ρAB1···Bk
of a k-extendible state ρAB the A system is simultaneously entan-

gled to the same degree with each of the Bi-systems. For a pure bipartite entangled state |ψ〉AB this
is not possible, since any state ρABB′ satisfying trB′ ρABB′ = ψAB is of the form ρABB′ = ψAB ⊗ωB′ for
some state ωB′ (see Exercise 7.3). If ψAB is entangled, then clearly trB ρABB′ = ψA⊗ωB′ ̸= ψAB. Thus,
extendibility can be understood as an obstruction to entanglement.

In fact, extendibility creates a hierarchy states, since every k-extendible state is also k′-extendible
for k′ ≤ k (just discard the extra (k − k′) systems from the extension). Denoting by Extk(A : B) the set
of k-extendible states on AB (with Ext1(A : B) equal to the set of all density matrices), we thus have

Ext1(A : B) ⊃ Ext2(A : B) ⊃ Ext3(A : B) ⊃ · · · ⊃ Ext∞(A : B) = SEP(A : B). (7.2)

The inclusion Ext∞(A : B) ⊃ SEP(A : B) is the content of the following statement:

Lemma 7.1. Separable states are∞-extendible.

Proof. Let σAB =
∑

i piσ
(i)
A ⊗ σ

(i)
B be separable, then σAB1···Bk

=
∑

i piσ
(i)
A ⊗ σ

(i)
B1
⊗ · · · ⊗ σ(i)Bk

defines a
k-extension for arbitrary k ∈ N.

One can also show that every∞-extendible state is separable [DPS04]. Furthermore, for every entan-
gled state ρAB there exists a k0 such that ρAB has no k-extension for k ≥ k0. An example of an entangled
2-extendible state is the following two-qubit isotropic state (see Section 6.2):

ρAB(1/2) =
1
2
Φ+AB +

1
2

1
4
1AB. (7.3)

Since x = 1/2 < 2/3, this state is entangled by Proposition 6.9. The following state is a 2-extension of
the isotropic state ρAB:

ρABB′ =
1
4
Φ+AB ⊗1B′ +

1
4
Φ+AB′ ⊗1B. (7.4)

Example 7.2 (Extendibility of Werner and isotropic states). The extendibility of d-dimensional
Werner and isotropic states was determined analytically in [JV13] using their symmetries:

• The Werner state ρW
AB =

1
d(d2−1) [(d −α)1+ (dα− 1)F] is k-extendible iff

α≥
1− d

k
. (7.5)

Recall that α ∈ [−1,1]. The k-extendibility condition (7.5) then implies that for d ≥ 3 every
Werner state is at least 2-extendible.
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(a) The two-qubit Werner state ρW
AB is k-extendible

iff α≥ − 1
k .

(b) The two-qubit isotropic state ρ I
AB is k-extendible

iff x ≥ 2
3

�

1− 1
k

�

.

Figure 1: k-extendibility of Werner and isotropic states for d = 2.

• The isotropic state ρ I
AB = (1− x)Φ+AB + x 1

d21 is k-extendible iff

x ≥
d

d + 1

�

1−
1
k

�

. (7.6)

We proved in Proposition 6.6 that the Werner state ρW
AB is separable iff α ≥ 0. Similarly, in Propo-

sition 6.9 we showed that ρ I
AB is separable iff x ≥ d

d+1 . Both results also follow from taking the
limit k→∞ in (7.5) and (7.6). Figure 1 shows the k-extendibility regions for two-qubit Werner
and isotropic states.

The above results say that quantum systems cannot be simultaneously entangled with too many
systems, which is sometimes referred to as monogamy of entanglement. De Finetti theorems provide a
quantitative version of this observation.

7.2 A de Finetti theorem for pure symmetric states

We will focus on pure states in the symmetric subspace

Symn
�

Cd
�

=
�

|ψ〉 ∈ (Cd)⊗n : ϕ(π)|ψ〉= |ψ〉
	

(7.7)

= span
�

|φ〉⊗n : |φ〉 ∈ Cd
	

. (7.8)

Note that dimSymn(Cd) =
�n+d−1

n

�

by Weyl’s dimension formula.
Let Πsym =

1
n!

∑

π∈Sn
ϕ(π) be the projector onto Symn

�

Cd
�

. There is a different formula for Πsym
that will be useful for proving de Finetti theorems. To this end, let us first introduce the Haar measure
dψ on pure states in Cd induced by the Haar measure on the unitary group: Parametrizing |φ〉= U |φ0〉
for some fixed state |φ0〉 and unitary U ∈ Ud , the Haar measure on U d induces a normalized measure
dφ on pure states D1(Cd) := {ρ is a quantum state of rank 1}.

Lemma 7.3. We have

Πsym =
�

n+ d − 1
n

�

∫

D1(Cd )
dφ |φ〉〈φ|⊗n. (7.9)

Proof. Let us first consider the operator X =
∫

D1(Cd ) dφ |φ〉〈φ|
⊗n. The vectors |φ〉⊗n span the symmetric

subspace Symn
�

Cd
�

(see (7.8), which is proved in Lemma 4.7), and thus any |φ〉〈φ|⊗n annihilates any
vector orthogonal to Symn(Cd). It follows that X is fully supported on the symmetric subspace. In
addition, the operator X is invariant under the diagonal action U⊗n for U ∈ Ud :

U⊗nX (U†)⊗n =

∫

D1(Cd )
dφ (U |φ〉〈φ|U†)⊗n (7.10)
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=

∫

Ud

dV (UV |φ0〉〈φ0|V †U†)⊗n (7.11)

=

∫

Ud

dV (V |φ0〉〈φ0|V †)⊗n (7.12)

= X , (7.13)

where we used the definition of the pure-state measure dφ in the second equality, and the left-invariance
of the Haar measure dU in the third equality.

Since Symn(Cd) is irreducible under the representation U⊗n, it follows from Schur’s Lemma that X
is proportional to Πsym, the identity on Symn(Cd):

cX =Πsym for some c ≥ 0. (7.14)

Taking traces on both sides of (7.14), we have tr X =
∫

D1(Cd ) dφ tr |φ〉〈φ|⊗n =
∫

D1(Cd ) dφ = 1 by

normalization of dψ and thus c = trΠsym = dimSymn(Cd) =
�n+d−1

n

�

, which concludes the proof.

We can now prove the following de Finetti theorem:

Proposition 7.4 (de Finetti theorem for pure symmetric states). Let HAi
∼= Cd and |ψ〉A1···An

∈
Symn(Cd). Then for any k < n,

D

�

ψA1···Ak
,

∫

dφ pψ(φ)|φ〉〈φ|⊗k

�

≤

√

√ dk
n− k

, (7.15)

where pψ(φ) is a probability density that depends on |ψ〉.

Proof. The main idea is the following: We set m= n− k and interpret the operator

Πm =
�

m+ d + 1
m

�

∫

dφ |φ〉〈φ|⊗m (7.16)

as a continuous POVM with elements
�m+d+1

m

�

|φ〉〈φ|⊗m, used to measuring the last m systems that we
trace out in the proposition statement. We interpret a specific outcome |φ〉 ∈ Cd of this measurement as
the first k untraced systems also being in the state |φ〉⊗k on average, due to the permutation invariance
of |ψ〉A1···An

.
Let us make this intuition exact: Recall from Lemma 7.3 that Πm is equal to the projector onto the

symmetric subspace Symm(Cd), and hence

Πm =
1

m!

∑

π∈Sm

ϕ(π). (7.17)

Since |ψ〉A1···An
is invariant under arbitrary permutations, it is in particular invariant under permutations

of the form 1k ⊗ϕ(π), where we used the shortcut 1k ≡ 1A1...Ak
, and the permutation ϕ(π) acts on the

m systems Ak+1 . . . An. Therefore,

|ψ〉A1···An
= (1k ⊗Πm)|ψ〉A1···An

, (7.18)

which implies that

ψA1...Ak
= trAk+1...An

|ψ〉〈ψ|A1···An
(7.19)
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= trAk+1...An

�

(1k ⊗Πm)|ψ〉〈ψ|A1···An

�

(7.20)

=
�

m+ d − 1
m

�

∫

dφ (1k ⊗ 〈φ|⊗m)|ψ〉〈ψ|(1k ⊗ |φ〉⊗m). (7.21)

The last equality uses the the partial cyclicity property tr2((1⊗ X2)Y12) = tr2(Y12(1⊗ X2)).
We implicitly define a vector |eφ〉 via

q

pψ(φ)|eφ〉=
�

m+ d − 1
m

�
1
2

(1k ⊗ 〈φ|⊗m)|ψ〉A1···An
∈ (Cd)⊗k, (7.22)

where pψ(φ)≥ 0 is chosen so that 〈eφ |eφ〉= 1. Note that pψ(φ) is a probability density by construction,
that is,

∫

dφ pψ(φ) = 1. Eqs. (7.21) and (7.22) together say that

ψA1···Ak
=

∫

dφ pψ(φ)|eφ〉〈eφ |. (7.23)

Our goal is to show that
∫

dφ pψ(φ)|eφ〉〈eφ | ≈
∫

dφ pψ(φ)|φ〉〈φ|⊗k, (7.24)

which is the statement of the proposition. To this end, we first compute the average (squared) fidelity
of |eφ〉 and |φ〉⊗k. Recall that the fidelity of two pure states |α〉, |β〉 is given by F(α,β) = |〈α|β〉|.

∫

dφ pψ(φ)F(eφ ,φ⊗k)2 (7.25)

=

∫

dφ pψ(φ)〈eφ |φ⊗k|eφ〉 (7.26)

=
�

m+ d − 1
m

�

∫

dφ 〈ψ|φ⊗k+m|ψ〉 since |eφ〉 ∝ (1k ⊗ 〈φ|⊗m)|ψ〉 (7.27)

=
�

m+ d − 1
m

�

·
�

n+ d − 1
n

�−1

〈ψ|Πk+m|ψ〉 since Πk+m∝
∫

dφφ⊗k+m (7.28)

=
�

m+ d − 1
m

�

·
�

k+m+ d − 1
k+m

�−1

since Πk+m|ψ〉= |ψ〉 (7.29)

=
(m+ d − 1) · · · (m+ 1)

(k+m+ d − 1) · · · (k+m+ 1)
(7.30)

≥
�

m+ 1
k+m+ 1

�d−1

(7.31)

=
�

1−
k

k+m+ 1

�d−1

(7.32)

≥ 1−
k(d − 1)
k+m+ 1

(7.33)

≥ 1−
kd
m

. (7.34)

We are now prepared to finish the proof. Recall the Fuchs-van-de-Graaf inequality from Proposi-
tion 2.18:

D(ρ,σ)≤
Æ

1− F(ρ,σ)2 (7.35)
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It is straightforward to check that this is in fact an equality for pure states. We use this inequality to
bound the trace distance in the proposition statement as follows:

D

�

ψA1···Ak
,

∫

dφ pψ(φ)|φ〉〈φ|⊗k

�

(7.36)

= D

�∫

dφ pψ(φ)|eφ〉〈eφ |,
∫

dφ pψ(φ)|φ〉〈φ|⊗k

�

by (7.23) (7.37)

≤
∫

dφ pψ(φ)D
�

|eφ〉〈eφ |, |φ〉〈φ|⊗k
�

by convexity of norms (7.38)

≤
∫

dφ pψ(φ)
r

1− F
�

eφ ,φ⊗k
�2

by (7.35) (7.39)

≤
�∫

dφ pψ(φ)
�

1− F
�

eφ ,φ⊗k
�2�
�

1
2

by Jensen’s inequality (7.40)

=

�

1−
∫

dφ pψ(φ)F
�

eφ ,φ⊗k
�2
�

1
2

by

∫

dφ pψ(φ) = 1 (7.41)

≤

√

√

1−
�

1−
kd
m

�

by (7.34) (7.42)

=

√

√ kd
n− k

, (7.43)

which concludes the proof.

7.3 Extension to permutation-invariant mixed states

For this section, we introduce a new notation for permutation operators that can be useful in proofs.
Let HA

∼= Cd be a d-dimensional quantum system, and consider n copies of A with state space HAn =
HA1...An

= H⊗n
A , on which the symmetric group Sn acts via the system permutation representation ϕ

defined in (4.8). For a permutation π ∈ Sn we then denote by πA = ϕ(π) ∈ End(HAn) the corresponding
permutation operator.

Recall that a state ρA1···An
on HAn is called permutation-invariant if

πAρA1···An
π†

A = ρA1···An
for all π ∈ Sn. (7.44)

In this section we generalize the de Finetti theorem in Proposition 7.4 for pure symmetric states to arbi-
trary permutation-invariant states. To prepare this generalization, we first relate permutation-invariant
states to pure states in Symn(Cd) as follows:

Lemma 7.5. Let HAi
= Cd for i = 1, ..., n and ρA1···An

be permutation invariant. Then ρA1···An
has a

purification |ψρ〉 ∈ Symn(Cd ⊗Cd).

Proof. Let ρA1···An
=
∑

λ∈Spec(ρ)λPλ be a spectral decomposition, where Spec(ρ) is the set of distinct

eigenvalues of ρ with corresponding orthogonal projector Pλ onto the eigenspace Hλ. Since ρ = πAρπ
†
A

for all π ∈ Sn, we have for any λ ∈ Spec(ρ) and |ϕ〉 ∈Hλ that

λ|ϕ〉= ρ|ϕ〉= πAρπ
†
A|ϕ〉, (7.45)
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and hence also π†
A|ϕ〉 ∈ Hλ for all π ∈ Sn. In other words, the eigenspaces Hλ are permutation-

invariant too, and PλπA = πAPλ for all π ∈ Sn, λ ∈ Spec(ρ). Defining M =
∑

λ∈Spec(ρ)

p
λPλ, we also

have πAM = MπA for all π ∈ Sn.
Let {|x〉}d

n

x=1 be some basis for HAn = (Cd)⊗n and consider the (unnormalized) maximally entangled
state

|ϕ〉A1···AnR1···Rn
:=

dn
∑

x=1

|x〉An ⊗ |x〉Rn . (7.46)

The vector |ψρ〉= (M ⊗1Rn)|ϕ〉 is a purification of ρAn:

trRnψ
ρ
AnRn = M(trRn ϕAnRn)M† (7.47)

= M M† (7.48)

=
∑

λ,λ′

p

λλ′PλPλ′ (7.49)

= ρAn , (7.50)

where the last equality follows from the orthogonality of the projectors Pλ.
It remains to show that |ψρ〉 ∈ Symn(Cd⊗Cd). Note that the symmetric group Sn acts on the system

(A1R1) . . . (AnRn)∼= A1 . . . AnR1 . . . Rn via πAR = πA⊗πR. We then have the following for all π ∈ Sn:

(πA⊗πR)|ψρ〉= (πA⊗πR)(M ⊗1)|ϕ〉 (7.51)

= (πAM ⊗1)(1⊗πR)|ϕ〉 (7.52)

= (πAMπT
A ⊗1)|ϕ〉 by the transpose trick (7.53)

= (MπAπ
T
A ⊗1)|ϕ〉 since [M ,πA] = 0 (7.54)

= (M ⊗1)|ϕ〉 since πAπ
T
A = πAπ

†
A = 1 (7.55)

= |ψρ〉, (7.56)

which concludes the proof.

We can now prove the following general de Finetti theorem:

Proposition 7.6. Let HAi
= Cd for i = 1, ..., n and ρA1···An

be a permutation-invariant state. Then
for any k < n,

D

�

ρA1···Ak
,

∫

dµρ(σ)σ
⊗k
A

�

≤

√

√ d2k
n− k

, (7.57)

where dµρ(σ) is a measure on the space of mixed states on Cd that depends on ρ.

Proof. Let |ψρ〉AnRn ∈ Symn(Cd ⊗Cd) be a symmetric purification of the permutation-invariant state ρ,
which exists by Lemma 7.5. Applying the pure-state de Finetti theorem (Proposition 7.4) to |ψρ〉 gives
us the bound

D

�

ψ
ρ
A1R1···AkRk

,

∫

dφ pψρ(φ)|φ〉〈φ|⊗k
AR

�

≤

√

√ d2k
n− k

(7.58)
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with the probability density pψρ(ϕ) as constructed in the proof of Proposition 7.4. The claim now
follows from the monotonicity of D(·, ·) under the partial trace trRk :

D

�

ρA1···Ak
,

∫

dφ pψρ(φ) trRk φ⊗k
AR

�

≤ D

�

ψ
ρ
A1R1···AkRk

,

∫

dφ pψρ(φ)|φ〉〈φ|⊗k
AR

�

≤

√

√ d2k
n− k

, (7.59)

which concludes the proof.

7.4 Exercises

Exercise 7.1. Show that every k-extendible state is also k′-extendible for k′ ≤ k.

Exercise 7.2.

(i) Let ρAB be k-extendible, and let N : B→ B′ be a quantum channel.6 Show that

σAB′ := (idA⊗N )(ρAB) (7.60)

is also k-extendible.

(ii) Show that the converse of (i) is not true by finding an explicit counterexample.
Hint: Consider the family of isotropic states ρAB(x) = (1− x)Φ+AB + x 1

d21AB, and recall that they can
be written as ρAB(x) = (idA⊗Dx)(Φ+AB), where we defined the depolarizing channel

Dx(ρ) = (1− x)ρ + x tr(ρ)
1
d
1. (7.61)

Now use Equation (7.6).

Exercise 7.3. Let |ψ〉AB be an arbitrary pure bipartite state. Show that any state ρABB′ satisfying
trB′ ρABB′ =ψAB is of the form ρABB′ =ψAB ⊗ωB′ for some ωB′ .
Hint: Consider a purification |ϕρ〉ABB′C , where C is a suitable purifying system, and use Schmidt decompo-
sition with respect to the bipartition AB : B′C.

8 Approximate cloning

Classical and quantum information are fundamentally different. Classical information can be cloned
and thus replicated arbitrarily. This is impossible for quantum information, as the main theorem of the
next section shows.

8.1 The no-cloning theorem

Theorem 8.1 (No-cloning theorem, [WZ82; Die82]). Let A, B be d-dimensional quantum systems.
There is no unitary U ∈ Ud that achieves the transformation

U : |ψ〉A⊗ |0〉B 7→ |ψ〉A⊗ |ψ〉B (8.1)

for arbitrary |ψ〉 ∈HA. Here |0〉B is some reference state.

6A quantum channel N : Q→Q′ is a linear map from End(HQ) to End(HQ′) such that for any quantum state ρRQ the output
state σRQ′ := (idR⊗N )(ρQR) is also a quantum state.
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Proof. Let |ψ〉, |ϕ〉 ∈HA be such that

U(|ψ〉A⊗ |0〉B) = |ψ〉A⊗ |ψ〉B (8.2)

U(|ϕ〉A⊗ |0〉B) = |ϕ〉A⊗ |ϕ〉B. (8.3)

Then,

〈ψ|ϕ〉2 = (〈ψ| ⊗ 〈ψ|)(|ϕ〉 ⊗ |ϕ〉) (8.4)

= (〈ψ| ⊗ 〈0|)U†U(|ϕ〉 ⊗ |0〉) (8.5)

= 〈ψ|ϕ〉, (8.6)

which shows that 〈ψ|ϕ〉must be either 0 and 1. Hence, there is no unitary U that achieves U(|ψ〉⊗|0〉) =
|ψ〉⊗2 for all |ψ〉.

There is a generalization of the no-cloning theorem to mixed states and general quantum channels,
commonly called the “no-broadcasting theorem” [Bar+96].

8.2 Approximate cloning machines

Exact cloning is forbidden by the no-cloning theorem, but what about approximate cloning? We consider
the scenario where we are given a Hilbert space H of dimension d and N copies of a pure state |ψ〉 ∈H.
The goal is to produce an approximation of M copies of |ψ〉〈ψ| for some M > N . The figure of merit for
this scenario is defined as follows. Let T be the approximate cloning map

T : L(H⊗N ) −→ L(H⊗M ). (8.7)

We require T to be a completely positive and trace-preserving linear map. We define the worst case
fidelity of T by

F(T ) = inf
|ψ〉

F
�

ψ⊗M , T (ψ⊗N )
�2
= inf
|ψ〉

tr(ψ⊗M T (ψ⊗n)), (8.8)

where we used the fact that F(|φ〉〈φ|,ρ)2 = 〈φ|ρ|φ〉 = tr (|φ〉〈φ|ρ). The next lemma gives an upper
bound for the worst case fidelity.

Proposition 8.2. Define dN := dim SymN (H) =
�d+N−1

N

�

. For any approximate cloning map T : L(H⊗N ) −→
L(H⊗M ), we necessarily have

F(T )≤
dN

dM
=
�

d + N − 1
N

��

d +M − 1
M

�−1

. (8.9)

Proof. For a given T : L(H⊗N ) −→ L(H⊗M ) define a twirled version

T (X ) :=

∫

Ud

(U†)⊗M T
�

U⊗N X (U†)⊗N
�

U⊗M dU (8.10)

which satisfies T (U⊗N X (U†)⊗N ) = U⊗M T (X )(U†)⊗M for all U ∈ Ud by construction. For arbitrary |ϕ〉 ∈
H, we then have

tr
�

ϕ⊗M T (ϕ⊗N )
�

=

∫

dU tr
�

ϕ⊗M (U†)⊗M T
�

U⊗Nϕ⊗N (U†)⊗N
�

U⊗M
�

(8.11)
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=

∫

dU tr
�

(UϕU†)⊗M T
�

(UϕU†)⊗N
��

(8.12)

≥
∫

dU F(T ) (8.13)

= F(T ), (8.14)

where the last inequality uses

tr
�

(UϕU†)⊗M T ((UϕU†)⊗N )
�

≥ inf
|ψ〉

tr
�

ψ⊗M T (ψ⊗N )
�

= F(T ). (8.15)

Taking the infimum over |ϕ〉 ∈H on both sides of (8.14) gives F(T )≥ F(T ).
Now let τN := 1

dN
ΠN where ΠN is the projector onto SymN (H). Using that U⊗NΠN (U†)⊗N = ΠN

for all U ∈ Ud , we get

U⊗M T (τN )(U
†)⊗M = T

�

U⊗NτN (U
†)⊗N

�

= T (τN ) for all U ∈ Ud . (8.16)

Because of the U⊗M -invariance of T (τN ), Schur-Weyl duality implies that we can write T (τN ) = λτM +
(1−λ)σ where σ ⊥ SymM (H) and λ ∈ [0,1]. We also have for every |ϕ〉 ∈H that ΠN − |ϕ〉〈ϕ|⊗N ≥ 0,
since |ϕ〉〈ϕ|⊗N is fully supported on SymN (H). The quantum channel T preserves the positivity of
ΠN − |ϕ〉〈ϕ|⊗N . Therefore,

0≤ T
�

ΠN − |ϕ〉〈ϕ|⊗N
�

(8.17)

= T (ΠN )− T (ϕ⊗N ) (8.18)

= dNλτM + dN (1−λ)σ− T (ϕ⊗N ). (8.19)

Taking the trace of (8.19) against ϕ⊗M , we obtain

0≤ tr
�

ϕ⊗M T (ΠN − |ϕ〉〈ϕ|⊗N )
�

(8.20)

= dNλ tr(ϕ⊗MτM )
︸ ︷︷ ︸

(∗)

+dN (1−λ) tr(ϕ⊗Mσ)
︸ ︷︷ ︸

(∗∗)

− tr
�

ϕ⊗M T (ϕ⊗N )
�

. (8.21)

The quantities (∗) and (∗∗) can be simplified:

(∗) = tr
�

ϕ⊗MΠM d−1
M

�

=
1

dM
tr
�

ΠMϕ
⊗MΠM

�

=
1

dM
tr
�

ϕ⊗M
�

=
1

dM
(8.22)

(∗∗) = tr
�

ΠMϕ
⊗MΠMσ

�

= tr
�

ϕ⊗MΠMσΠM

�

= 0. (8.23)

Using (8.22) and (8.23) in (8.21) and rearranging terms gives the bound

tr
�

ϕ⊗M T (ϕ⊗N )
�

≤
dN

dM
λ≤

dN

dM
. (8.24)

Moreover, F(T ) ≤ tr
�

ϕ⊗M T (ϕ⊗N )
�

by definition, and the bound F(T ) ≤ F(T ) proved in (8.14) con-
cludes the proof.

Can the bound in the lemma be achieved? The answer is yes, using the following map: Define

T (X ) =
dN

dM
ΠM

�

X⊗1⊗M−N
d

�

ΠM . (8.25)
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The action of this map on X ∈ L(H⊗N ) can be understood as consisting of the following three steps:

Step 1. Extend state trivially from H⊗N to H⊗M .
Step 2. Project down to symmetric subspace SymM (H).
Step 3. Normalize to get a quantum state.

To compute the fidelity F(T ) of this map, we have for arbitrary |ϕ〉 ∈H,

tr
�

ϕ⊗M T (ϕ⊗N )
�

=
dN

dM
tr
�

ϕ⊗MΠM (ϕ
⊗N ⊗1)ΠM

�

(8.26)

=
dN

dM
tr
�

ΠMϕ
⊗MΠM (ϕ

⊗N ⊗1)
�

(8.27)

=
dN

dM
tr
�

ϕ⊗M (ϕ⊗N ⊗1)
�

(8.28)

=
dN

dM
. (8.29)

Therefore, with K = M − N , we have

F(T ) =
dN

dM
≥ 1−

Kd
N

(8.30)

by a similar calculation as in Section 7. This bound shows that, for N , M →∞ with K = M − N fixed,
approximate cloning becomes possible with the worst-case fidelity F(T ) arbitrarily close to 1. These
results of this section are due to [Wer98].

Remark 8.3. We chose the worst-case fidelity

F(T ) = inf
|ψ〉

F(ψ⊗M , T (ψ⊗N ))2 (8.31)

for our analysis of approximate cloning in this section. An alternative is the average fidelity

Favg(T ) =

∫

dψ F(ψ⊗n, T (ψ⊗N ))2, (8.32)

where dψ denotes the measure on pure states induced by the Haar measure on Ud . Evidently, we
have

F(T )≤ Favg(T ) (8.33)

for every map T , and hence the worst-case fidelity is a stronger approximation criterion than the
average fidelity.

However, a similar proof as in Proposition 8.2 shows that we also have Favg(T ) ≤ dN/dM for
every map T : L(H⊗N ) −→ L(H⊗M ) (see Exercise 8.6), and hence the map (8.25) is also optimal for
the weaker average fidelity criterion.

8.3 Further results on approximate cloning

1. The approximate cloning map

T (ρ) =
dN

dM
πM (ρ ⊗1⊗M−N )πM (8.34)
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is actually the unique cloning map achieving F(T ) = dN
dM
[Wer98].

2. The worst-case fidelity F(T ) = inf|ψ〉 F(ψ⊗M , T (ψ⊗N ))2 measures the quality of the full output
state, which includes correlations between different systems. However, in applications we might
only be interested in comparing single copies; can we find a better map in this case? Interestingly,
the answer is no. As proved in [KW99], the cloning map in (8.34) is also optimal for the single-copy
worst-case fidelity

FS(T ) = inf
|ψ〉

F
�

ψ, tr2...M T (ψ⊗N )
�

. (8.35)

3. There are asymmetric cloning machines for which the single-copy fidelities on different sites are
not necessarily equal. Because of the generality of this setting it is hard to obtain optimality results
as in [Wer98; KW99].

4. There are also state-dependent approximate cloning protocols that exploit some known structure
in the state to be cloned; see for example [KC22].

5. An important application of approximate cloning is in quantum cryptography, specifically quan-
tum key distribution (QKD). Here, a set of eavesdropping attacks can be described and analyzed
using the approximate cloning framework, which can be used to obtain security proofs for QKD.
This connection between cryptography and approximate cloning is explained further in the com-
prehensive review article [Sca+05] on quantum cloning.

8.4 Exercises

Exercise 8.1. Let Hd = {X ∈ L(H} : X † = X } be the set of Hermitian operators on the d-dimensional
Hilbert space H. For X , Y ∈ Hd we write X ≤ Y :⇔ Y − X ≥ 0. Show that this defines a partial order
on Hd :

(i) X ≤ X for all X ∈ Hd .

(ii) X ≤ Y and Y ≤ X implies that X = Y .

(iii) X ≤ Y and Y ≤ Z implies X ≤ Z .

Exercise 8.2. Prove the following properties for the partial order on Hd defined in Exercise 8.1:

(i) If X ≤ Y , then X + Z ≤ Y + Z for all Z ∈ Hd .

(ii) If X ≤ Y , then V X V † ≤ V Y V † for every linear operator V ∈ L(H).

(iii) For every X ∈ Hd we have X ≤ λmax(X )I, where λmax(X ) denotes the largest eigenvalue of X . In
particular, ρ ≤ I for every quantum state ρ.

(iv) If X ≤ Y , then also tr(X ) ≤ tr(Y ). More generally, for any positive map Φ (i.e., mapping PSD
operators to PSD operators), we have Φ(X )≤ Φ(Y ) if X ≤ Y .

(v) If X ≤ Y and Z ≥ 0, then tr(ZX )≤ tr(ZY ).
Hint: Use the fact that Z has a square root together with (ii) and (iv).
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Exercise 8.3. Let A be a d-dimensional quantum system with state space HA, and let ρ be an arbitrary
quantum state on An. Denote by ρ̄ = 1

n!

∑

π∈Sn
πAρπ

†
A the symmetrized, permutation-invariant state.

Denoting by Πn the projector onto the symmetric subspace Symn(HA), show that

Πnρ̄Πn =ΠnρΠn. (8.36)

Hint: First, compute ΠnπA for an arbitrary permutation π ∈ Sn using the character formula for Πn.

Exercise 8.4. Let T : L(H⊗N ) −→ L(H⊗M ) be a quantum channel, and define the twirled channel

T (X ) :=

∫

Ud

dU (U†)⊗M T
�

U⊗N X (U†)⊗N
�

U⊗M . (8.37)

Use the left-invariance of the Haar measure to show that T has the following covariance property:

T
�

U⊗N · (U†)⊗N
�

= U⊗M T (·)(U†)⊗M for all U ∈ Ud . (8.38)

Exercise 8.5. Let T (X ) = dN
dM
ΠM

�

X⊗1⊗M−N
d

�

ΠM be the approximate cloning map from the lecture.

(i) Show that T (X ) is completely positive and trace-non-increasing.

(ii) Define the map

eT (X ) = T (X ) + tr ((I−ΠN )X )σ (8.39)

for some fixed state σ ∈ L(H⊗M ). Show that T (ρ) = eT (ρ) for any state of the form ρ =
∑

j x j|φ j〉〈φ j|⊗N , where the |φ j ∈ H are normalized pure states and (x j) j is a probability dis-
tribution.

Exercise 8.6. Show that Favg(T ) ≤ dN/dM for every map T : L(H⊗N ) −→ L(H⊗M ). Conclude that the
map in (8.25) is also optimal for this weaker approximation criterion.

9 Spectrum estimation

9.1 Problem setup

Density operators describe the state of a quantum system. Mathematically, ρ is a quantum state iff ρ
is positive semidefinite and trρ = 1. As a positive semidefinite operator it is in particular Hermitian
(ρ = ρ†) and normal (ρρ† = ρ2 = ρ†ρ), and thus has a spectral decompositionρ =

∑d
i=1λi|ei〉〈ei|with

eigenvalues (λi)di=1 satisfying λi ≥ 0 and
∑d

i=1λi = 1, and eigenvectors {|ei〉}di=1 satisfying 〈ei|e j〉= δi j .
In this section we are interested in the task of estimating the spectrum (i.e., the set of eigenvalues)

of an unknown density operator ρ of a quantum system. We make the following two assumptions:

1. We have access to an experiment that prepares the system (exactly) in the state ρ.

2. We can run this experiment n times and perform joint measurements on all n copies at the same
time. The goal is to estimate the spectrum of ρ by making a suitable measurement on ρ⊗n.

The goal is to devise a strategy that correctly estimates the true spectrum of ρ with probability ap-
proaching 1 as n −→∞.
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9.2 Symmetries of spectrum estimation

We will solve the problem of spectrum estimation using an ansatz that exploits the symmetries of this
problem. First, we observe that the state ρ⊗n supplied to us in the framework of Section 9.1 is per-
mutation invariant, Qπρ

⊗nQ†
π = ρ

⊗n for all π ∈ Sn. This symmetry allows us to impose permutation-
invariance on any measurement as well: For any P ≥ 0 (for which we have one of the effect operators
of a POVM modeling our measurement in mind), we have, for all π ∈ Sn,

tr(Pρ⊗n) = tr(PQπρ
⊗nQ†

π) = tr(Q†
πPQπρ

⊗n), (9.1)

and so tr(Pρ⊗n) = tr(Pρ⊗n) for the symmetrized effect operator P defined as

P =
1
n!

∑

π∈Sn

QπPQ†
π. (9.2)

We also know that ρ and UρU† have the same eigenvalues for any unitary U ∈ Ud , and thus any
measurement performed on ρ⊗n that is supposed to estimate the spectrum of ρ should be invariant
under U⊗n as well. Let us therefore assume for the time being this U⊗n-invariance for the measurement.
This additional assumption will help us in finding an elegant solution to spectrum estimation, but it turns
out that we can actually make this assumption without loss of generality [MW16, Lem. 20], similarly to
the permutation invariance of the measurement operators, which follows from (9.1).

We thus restrict our attention to measurements whose effect operators are both permutation- and
U⊗n-invariant. We should thus turn to Schur-Weyl duality to describe this measurement. Recall the
state space decomposition

(Cd)⊗n =
⊕

λ⊢d n

Vλ
︸︷︷︸

Sn irrep

⊗ Ud
λ

︸︷︷︸

Ud irrep

. (9.3)

For λ ⊢d n denote by Pλ the projection onto the λ-isotypical component Vλ ⊗ Ud
λ

, then Pλ ≥ 0 and
∑

λ⊢d n Pλ = 1. In other words, {Pλ}λ⊢d n is a bona fide measurement.
Furthermore, this measurement has the two desired symmetries:

[Pλ,Qπ] = 0 for all π ∈ Sn; (9.4)

[Pλ, U⊗n] = 0 for all U ∈ Ud . (9.5)

Hence, this is is a good candidate for our spectrum measurement.7

When using {Pλ}λ⊢d n as the measurement, we need to interpret the outcome ‘λ ⊢d n’. We observe

that a partition λ = (λ1, ...,λd) ⊢d n satisfies λ1 ≥ · · · ≥ λd ≥ 0 and
∑d

i=1λi = n. Therefore, the
normalized partition

λ=
1
n
λ= (λ1/n, . . . ,λd/n) (9.6)

satisfies λi ≥ 0 and
∑d

i=1λi = 1, and is thus a valid (ordered) spectrum.
We put forth the following protocol:

7In fact, by the results of [MW16, Lem. 20] any spectrum estimation measurement can be implemented by first measuring
with respect to {Pλ}λ⊢d n and then classically post-processing the outcome.
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Algorithm 9.1 (Spectrum estimation protocol). Let ρ have spectrum r = (r1, ..., rd), and assume
w.l.o.g. that r1 ≥ r2 ≥ · · · ≥ rd ≥ 0.

(i) Measure ρ⊗n using the measurement {Pλ}λ⊢d n.

(ii) Upon obtaining outcome λ ⊢d n, we use the estimator r̂ = λ
n .

We will prove that Pr(r̂ ̸= r) −→ 0 as n −→∞. The measurement in step (i) above is often called weak
Schur sampling.

9.3 Weak Schur sampling

Our goal is to bound the probability of obtaining outcome “λ” in weak Schur sampling, where λ ⊢d n is
a Young diagram. That is, denoting by Pλ the projector onto Vλ ⊗Ud

λ
in the Schur-Weyl decomposition,

we want to bound tr(Pλρ⊗n), with ρ the unknown quantum state whose spectrum we want to estimate.
Since Qπρ

⊗nQ†
π = ρ

⊗n, it follows from Schur-Weyl duality that

ρ⊗n =
⊕

λ⊢d n

1Vλ ⊗ρλ (9.7)

for some positive semidefinite operators ρλ ∈ End(Ud
λ
). Recall that Ud

λ
= eT (Cd)⊗n, where T is a

standard Young tableau of shape λ ⊢d n. The first step is to characterize Ud
λ

so that we understand the
effect of Pλ on ρ⊗n. We will use the concept of majorization [MOA11] for this.

Definition 9.2. Let x , y ∈ Rd , and denote by x↓, y↓ the vectors of components of x , y sorted in
non-increasing order (e.g. x↓1 ≥ · · · ≥ x↓d). Then y is said to majorize x , in symbols x ≺ y if

q
∑

i=1

x↓i ≤
q
∑

i=1

y↓i for all q = 1, ..., d − 1, and (9.8)

d
∑

i=1

x i =
d
∑

i=1

yi . (9.9)

Now consider the spectral decomposition ρ =
∑d

i=1 ri|ei〉〈ei|, and form the tensor product basis

B =
¦⊗n

j=1
|ei j
〉 : i j ∈ [d]

©

(9.10)

of (Cd)⊗n. For |v〉 ∈ B let f = ( f1, ..., fd) be the frequency distribution of |v〉, where fi is the number of
times |ei〉 appears in |v〉. Note that f is an (ordered) partition of n.

Lemma 9.3. Let |v〉 ∈ B with frequency distribution f , and let T be the standard Young tableau of
shape λ ⊢d n. Then eT |v〉= 0 unless f ≺ λ.

Proof. We first observe that, if T has a column with indices j and k such that |ei j
〉 = |eik〉 in |v〉, then

eT |v〉= 0. This is because eT antisymmetrizes over columns and thus annihilates such |v〉.
Now assume w.l.o.g. that f1 ≥ f2 ≥ · · · ≥ fd . If eT |v〉 ≠ 0, then f1 ≤ λ1 (where λ1 is the length of

the first row of λ), because otherwise some column would have two indices j and k with |ei j
〉= |eik〉 in
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|v〉 (where i j = ik has frequency f1), in which case eT |v〉 = 0. In other words, the basis elements |ei j
〉

“spill over” into the second row.
Likewise, if f1 + f2 > λ1 + λ2, then the same thing happens in row 3 or further down, and hence

f1 + f2 ≤ λ1 +λ2 if eT |v〉 ̸= 0. Continuing in this manner, we get

q
∑

i=1

fi ≤
q
∑

i=1

λi for all q = 1, ..., d − 1, (9.11)

and
∑d

i=1 fi = n=
∑d

i=1λi if eT |v〉 ̸= 0, which is exactly the definition of λ majorizing f .

We can now prove the desired bound on the outcome probabilities of weak Schur sampling. We will
phrase these bounds in terms of the relative entropy (also called Kullback-Leibler divergence) between
two probability distributions p, q over the same alphabet, defined as

D(p∥q) =







∑

i

pi log
pi

qi
if supp p := {i : pi ̸= 0} ⊆ supp q;

∞ otherwise.
(9.12)

The relative entropy satisfies D(p∥q) ≥ 0 and D(p∥q) = 0 if and only if p = q, and hence we can view
it as a non-symmetric “distance measure” on probability distributions.

The following result states that the probability of obtaining outcome “λ” in weak Schur sampling is
exponentially small if λ is far from the spectrum of ρ in relative entropy distance.

Proposition 9.4 ([ARS88; KW01; HM02; CM06]). Let ρ be a density operator with spectrum
r = (r1, ..., rd) where r1 ≥ r2 ≥ · · · ≥ rd ≥ 0. Let λ= (λ1, ...,λd) ⊢d n and set λ= λ

n . Then,

tr(Pλρ
⊗n)≤ (n+ 1)

d(d−1)
2 exp(−nD(λ∥r)). (9.13)

Proof. Recall that for λ ⊢d n we denote by SYT(λ) the set of standard Young tableau of shape λ. Then

Pλ =
∑

T∈SYT(λ)

pT , (9.14)

where pT is the Young projector associated to T ∈ SYT(λ). Note that

|SYT(λ)|= dim Vλ =
n!

∏

(i, j)∈λ h(i, j)
≤

n!
∏d

i=1λi!
=:
�

n
λ

�

, (9.15)

where the inequality is Exercise 9.3. For λ ⊢d n, we thus have

tr(Pλρ
⊗n) =

∑

T∈SYT(λ)

tr(pTρ
⊗n). (9.16)

We will bound each summand in (9.16) individually, and then use (9.15) to obtain a bound on the
sum. To this end, fix some T ∈ SYT(λ), and recall that ρ⊗n has eigenvectors |v〉 ∈ B (with B the tensor
product basis of eigenvectors of ρ defined in (9.10)) with eigenvalues

∏

i r fi
i , where f ≡ f v = ( f1, ..., fd)

is the unordered frequency distribution of |v〉. We can thus write

ρ⊗n =
∑

|v〉∈B

d
∏

i=1

r fi
i |v〉〈v|. (9.17)
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Tracing this against pT , we get

tr(pTρ
⊗n) =

∑

|v〉∈B

d
∏

i=1

r fi
i tr(pT |v〉〈v|) =

∑

|v〉∈B s.t. f≺λ

d
∏

i=1

r fi
i tr(pT |v〉〈v|), (9.18)

since those |v〉 ∈ B with f ⊀ λ are annihilated by pT by Lemma 9.3.
To further bound this expression, we use the following two facts from majorization theory (see, e.g.,

[Bha97, Sec. II]):

• Let x = (x1, . . . , xd) with x1 ≥ · · · ≥ xd ≥ 0 and ν = (ν1, . . . ,νd) with νi ≥ 0 but not necessarily
in non-increasing order. Then

d
∏

j=1

x
ν j

j ≤
d
∏

j=1

x
ν
↓
j

j . (9.19)

Proof: Let k < m be such that νk ≤ νm, then we have xνk
k xνm

m ≤ xνm
k xνk

m , and thus (9.19) follows
from sorting the exponents νi in non-increasing order with a sequence of flips.

• For x , y ∈ Rd with x ≺ y and u ∈ Rd arbitrary,

〈x↓, u↓〉 ≤ 〈y↓, u↓〉. (9.20)

Proof: Exercise 9.2.

Choosing x = f , y = λ and u= (log r1, ..., log rd), we get from (9.20) that

〈 f ↓, u〉=
d
∑

i=1

f ↓i log ri ≤
d
∑

i=1

λi log ri = 〈λ, u〉. (9.21)

Exponentiating this and using (9.19) with x = r and ν= f yields the inequality8

d
∏

i=1

r fi
i ≤

d
∏

i=1

r
f ↓i
i ≤

d
∏

i=1

rλi
i , (9.22)

and hence we can bound tr(pTρ
⊗n) as follows:

tr(pTρ
⊗n) =

∑

|v〉∈B s.t. f≺λ

d
∏

i=1

r fi
i tr(pT |v〉〈v|) (9.23)

≤
d
∏

i=1

rλi
i tr



pT

∑

|v〉∈B s.t. f≺λ

|v〉〈v|



 (using (9.22) and exchanging
∏

and
∑

) (9.24)

≤
d
∏

i=1

rλi
i tr pT (since

∑

|v〉∈B s.t. f≺λ |v〉〈v| ≤ 1) (9.25)

=
d
∏

i=1

rλi
i dim Ud

λ (since pT projects onto Ud
λ) (9.26)

8One could also directly use [Bha97, Cor. II.4.4] for (9.22).
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≤
d
∏

i=1

rλi
i (n+ 1)

d(d−1)
2 , (9.27)

where we used the dimension bound dim Ud
λ
≤ (n + 1)

d(d−1)
2 from (5.33). Using this bound for each

summand in (9.16), we obtain

tr(Pλρ
⊗n) =

∑

T∈SYT(λ)

tr(pTρ
⊗n) (9.28)

≤ (n+ 1)
d(d−1)

2

∑

T∈SYT(λ)

d
∏

i=1

rλi
i (9.29)

≤ (n+ 1)
d(d−1)

2
n!

∏

i λi!

d
∏

i=1

rλi
i (9.30)

≤ (n+ 1)
d(d−1)

2

d
∏

i=1

�

nri

λi

�λi

, (9.31)

where we used (9.15) in the second inequality, and n!
λ1!···λd ! ≤

∏d
i=1

�

n
λi

�λi
in the third inequality. The

final form of the bound on tr(Pλρ⊗n) follows from the following identity for the relative entropy,

−nD(λ∥r) = −n
d
∑

i=1

λi

n
log

�

λi

nri

�

=
d
∑

i=1

−λi log
�

λi

nri

�

=
d
∑

i=1

log
�

nri

λi

�λi

, (9.32)

so that exp(−nD(λ∥r)) =
∏d

i=1(
nri
λi
)λi . This concludes the proof.

9.4 Asymptotics of spectrum estimation

We have proved that, for a quantum state ρ with spectrum r = (r1, ..., rd) (ordered so that ri ≥ ri+1)
and λ ⊢d n,

tr(Pλρ
⊗n)≤ (n+ 1)

d(d−1)
2 exp(−nD(λ∥r)), (9.33)

where λ = λ
n and D(·∥·) is the relative entropy defined in (9.12). We can extend this bound to a set S

of possible spectra as follows. Set

PS =
∑

λ⊢n,
λ∈S

Pλ, (9.34)

and note that

tr(PSρ
⊗n)≤ (n+ 1)

d(d−1)
2 exp

�

−n min
¦

D(λ∥r) : λ ⊢ n,λ ∈ S
©�

. (9.35)

This bound follows from picking the λ with the slowest convergence in S, or equivalently the minimum
relative entropy distance D(λ∥r) from the true spectrum, and using the (rough, but sufficient) bound

|S| ≤ |{λ ⊢d n}| ≤ (n+ 1)d . (9.36)

Finally, for fixed ϵ > 0 we consider the ϵ−ball

Bϵ(r) =
¦

r ′ :
∑

i
|ri − r ′i |< ϵ

©

(9.37)

around the true spectrum r. Choosing S = (Bϵ(r))c , the complement of Bϵ(r), we obtain:
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Proposition 9.5. Let ρ be a quantum state with (ordered) spectrum r = (r1, ..., rd), and for given
ϵ > 0 let

PX =
∑

λ⊢n
λ∈Bϵ(r)

Pλ. (9.38)

Then for any δ > 0 there exists n0 such that for all n≥ n0 we have

tr(PXρ
⊗n)≥ 1−δ. (9.39)

We can turn this into a statement about the sample complexity of spectrum estimation. To this end,
recall the total variation distance of two probability vectors p, q ∈ Rd defined as

dTV(p, q) :=
1
2

d
∑

j=1

|p j − q j|. (9.40)

Pinsker’s inequality bounds the relative entropy from below in terms of the total variation distance:

dTV(p, q)≤

√

√1
2

D(p∥q). (9.41)

Applying this inequality in (9.35) with S = {λ ⊢d n : dTV(λ, r)> ϵ} gives the following statement:

Corollary 9.6 ([OW15]). For a mixed state ρ with ordered spectrum r = (r1, . . . , rd), we have for
any ϵ > 0 that

Pr
�

dTV(λ, r)> ϵ
�

≤ (n+ 1)d(d+1)/2 exp(−2nϵ2). (9.42)

Hence, O(d2/ϵ2) log(d/ϵ) log(1/δ) samples are sufficient to output an estimate λ for the spectrum
of ρ satisfying dTV(λ, r)≤ ϵ with probability at least 1−δ.

One can further improve the sample complexity to O(d2/ϵ2), and it is known that Ω(d/ϵ2) copies
are needed for spectrum estimation [OW15; Wri16]. Interestingly, O(d2/ϵ2) has the same scaling as
full state tomography, where one learns not just the spectrum of the state but the eigenbasis as well, so
that a full classical description of the quantum state is obtained. This is evidently a much harder task,
and it is an open question whether spectrum estimation requires the same number of samples as full
tomography [Wri16]. Recently, Pelecanos et al. [Pel+25] proved a separation when only unentangled
measurements are considered.

9.5 Exercises

Exercise 9.1. Let X be some finite alphabet and denote by τ= (|X |−1, . . . , |X |−1) the uniform distribu-
tion, and by δx for some x ∈ X the deterministic distribution (δx)y = δx y . Show that τ ≺ p ≺ δx for
any probability distribution p on X .

Exercise 9.2. Let x , y ∈ Rd with x ≺ y , and u ∈ Rd be arbitrary. Show that 〈x↓, u↓〉 ≤ 〈y↓, u↓〉.

Exercise 9.3. Let λ ⊢d n. Show that

dim Vλ =
n!

∏

(i, j)∈λ h(i, j)
≤

n!
∏d

i=1λi

=:
�

n
λ

�

. (9.43)
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