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Overview

• Introduction to Unitary 𝑘 -designs
• Unitary 2-designs and fidelity estimation
• Clifford group is unitary 3-design
• Unitary designs in nearly optimal depth 



Introduction

• Generating random states and random unitary operators is an 
important resource in quantum information processing

• Generating Haar-random unitary operators is inefficient: the 
number of gates grows exponentially with the number of qubits.

• Useful to identify subsets of the unitary group that can adequately 
simulate the Haar-measure



Unitary 𝑘-designs

• 𝑝𝑖 , 𝑉𝑖 𝑖=1
𝑀 is called a unitary 𝑘-design

• Unitary 𝑘-design implies unitary 𝑘 − 1-design

(choose 𝑋 = 𝑌 ⊗
𝐼

𝑑
and apply partial trace)



Equivalent Definitions

Mele, A. A. (2024). Introduction to Haar measure tools in quantum information: A beginner's 
tutorial. Quantum, 8, 1340.



For unitary 2-designs
• For a super operator Λ (quantum channel)

Approximate unitary 2-design

Gross, D., Audenaert, K., & Eisert, J. (2007). Evenly distributed unitaries: On the structure of unitary designs. Journal of mathematical physics, 48(5).

Diamond distance of two channels:

Dankert, C., Cleve, R., Emerson, J., & Livine, E. (2009). Exact and Approximate Unitary 2-Designs and their Application to Fidelity Estimation.
Physical Review A—Atomic, Molecular, and Optical Physics, 80(1), 012304.



Clifford Group

• Normalizer of the Pauli group under conjugation, it takes one Pauli 
operator to another.

• Can be constructed by circuits of size 𝑂(𝑛2)

Approximate unitary 2-design

Dankert, C., Cleve, R., Emerson, J., & Livine, E. (2009). Exact and Approximate Unitary 2-Designs and their Application to Fidelity Estimation.
Physical Review A—Atomic, Molecular, and Optical Physics, 80(1), 012304.



Unitary 2-designs and  fidelity estimation

• Average fidelity of a channel (Haar –average)

• It is a polynomial function of homogeneous degree 2
• Sampling from unitary 2-design is sufficient
• Can be used estimate entanglement fidelity



• A proof  idea for:

• Two channel fidelities are invariant under twirling wrt. the unitary group
• The equality holds for the depolarizing channel
• Twirling a channel wrt. the unitary group gives the depolarizing channel
• So, the inequality holds for all channels

Nielsen, M. A. (2002). A simple formula for the average gate fidelity of a quantum dynamical operation.
Physics Letters A, 303(4), 249-252.

Horodecki, M., Horodecki, P., & Horodecki, R. (1999). General teleportation channel, singlet 
fraction, and quasidistillation. Physical Review A, 60(3), 1888.



Fidelity Estimation Protocol

• By sampling from Clifford group
• Apply random unitary to the input state to 0 state
• Apply the channel 
• Apply unitary conjugate to the output state 
• Measure in the computational basis
• Repeating this process



The Clifford Group is a Unitary 3-design



Pauli Group Notation



Generalized Pauli Group



Clifford Group Notation



Clifford Group Notation



Ensembles



Pauli Invariance



Pauli Mixing



Pauli 2-Mixing



Clifford Group is Pauli Invariant + 2-Mixing



Clifford Group is a 3-design



Unitary designs in nearly optimal depth

Cui–Schuster–Brandão–Huang (2025)



Main result
• What is the minimum circuit depth required to generate a unitary 

that is indistinguishable from a Haar-random unitary?

• This work constructs unitary k-designs with depth O(log log n).

Random Circuit



Preliminaries

• K-th moment channel of an ensemble

• Additive error condition

• Relative error condition



LRFC unitary

• LRFC circuits are highly structured:

• Each function is uniformly random.



Error decays

• Lemma techniques:
oDecompose the k-th moment channel into Haar/error parts

▪ Write
▪     is the k-th moment channel for Haar
▪     is the error channel, orthogonal to Haar

oSpectral decomposition of a Hermitian operator to positive/negative parts
o Triangle inequality for the trace norm

• Lemma statement:
o If     has additive error   , then        has additive error at most    .



Comparing additive and relative error

• This relationship comes from applying the results of [cite]



Tiny additive error implies small relative error

• 1) If        has additive error    , then               has additive error at 
most 
o Therefore, the                      ensemble is a unitary k-design with additive error 

• 2) 

o Therefore, the                     ensemble is a unitary k-design with relative error 



Relative error gluing theorem

• This theorem is from Schuster, Haferkamp & Huang (2025)

• Fact: block amplified LFRC circuit can be implemented in depth 
O(p log(k) log(ξ) )

• Hence, taking p = 8k + 1 and the required local patch size, we can 
achieve approximate unitary k-designs in depth 
O(k log(k) log log(nk/ε)). Note, this closely matches lower bounds.



Block amplified LRFC circuit

• Hence, the following highly structured and nearly optimally 
shallow circuit approximately simulates a random unitary up to 
the k-th moment.



Other main result: blocked LRFC circuit
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