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Classical Consensus (Definition)

● Consider     subsystems with states       
○ The joint state is   

● Consensus state: all subsystems (agents) share the same state

● Average consensus: given initial states        , they converge to
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Classical Consensus

Centralized Approach:

● All nodes send their initial values to a central node C
● C computes, and sends back to all nodes.

Issues:

1. High Communication Overhead
2. Single point of failure
3. Poor Adaptability to Dynamic Networks

Distributed Approach: 

● Compute the average in a distributed way. I.e., gossip protocol.
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Locality: Quasi-Local operators

● A quasi-local operator:
○ Dynamics with local coupling can be written as:
○ leaves all other agents unchanged

● Dynamics with local coupling can be written as:

where each                            is quasi-local on
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Distributed computation and Locality

● Each agent     has a state
● First–order integrator dynamics: discrete time case in this paper

                                                                                                                    

● Control input           :
○ may have different forms
○ is based only on local information

● Locality modeled by a graph              :
○ Vertices                  represent the agents
○ Edge                    means agents    and    are neighbors
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Distributed computation and Locality

● For each    input          depends only on:
○ its own state
○ states          of neighboring agents    with      

● Often written as a sum of contributions from edges:
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Timing of operations: how to select edges

In classical consensus, the interaction graph may change over time and edges 
may be active or inactive at different time steps.

● Synchronous update: all edges are active at every time
● Asynchronous update: only one edge, or a subset of edges, is active at each 

time
● The active edges can be chosen:

○ by a predefined time-varying schedule, or
○ by random selection of edges
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Randomized gossip protocol

● At each iteration:
○ Randomly pick one edge based some predefined probability distribution          
○ all others stay the same

● Update rule: move towards each other / their mean

where
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Alternative view of the interaction

● interacting agents take a weighted average between [keep st] and [swap st]
● The “keep / swap’’ viewpoint has a natural quantum counterpart
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Convergence state:



“Quantum Consensus”

● A classical consensus state for a multipartite system is one in which all the 
states of all subsystems are the same.

● For a quantum network, we try to draw analogies from the classical case.
● However, as quantum measurement outcomes are inherently stochastic, we 

must consider probabilistic consensus situations.
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We need a few fundamental things

● How to define consensus?
● How do subsystems interact (gossip) with each other?
● What is locality?
● How does the system evolve over time?
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When is a Quantum Network in Consensus?

● Consider a multipartite quantum system composed of 3 qubits
● Associated Hilbert space 
● 3 observables 

where the Pauli matrix

● Condition for consensus:
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σ-Expectation Consensus

More generally, observables, 
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A few examples
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Reduced State Consensus

● We want to be able to ascertain consensus using any observable
● Replacing  with 
● This is equivalent to imposing that the reduced states for the three 

subsystems are the same.
● All expect  satisfy this requirement
● More generally
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Symmetric State Consensus

● Classical consensus is invariant under any permutations of the subsystems
● As a consequence, another potential definition of quantum consensus would 

require the state to be symmetric
● Out of the examples, only are permutation invariant.
● Permutations of quantum subsystems are expressed by

● More generally,
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Overview 

The following chain of implication holds while the 
converse implications are not true in general.
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Evolution in Quantum Network

● According to Schrodinger’s equation, closed quantum systems evolve 
unitarily.

● However, unitary dynamics are not enough when studying convergence.
● We need a more general framework that includes open system evolutions. 
● Quantum channels (linear, completely positive (CP) and trace preserving (TP) 

maps)
● It can be shown that such maps admit an operator sum representation (OSR), 

also known as Kraus decomposition.
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Locality in Quantum Network

● We also need locality notions for the quantum network.
● We say that an operator is quasi-local if it acts non-trivially only on one 

neighborhood
● We say that an operator in  is quasi-local if it satisfies the following 

definition.
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Gossip Interactions

● The interacting agents take a weighted average between two discrete 
operations

○ Keep your state
○ Swap your state

● Quantum gossip interaction implementing the quantum channel
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Asymptotic consensus The convex set of density operators

Same def holds for RSC and SSC with 
corresponding state sets. 22



Quantum gossip: identity and swap: generate entire Sn 

?
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- The channel is self-adjoint
- Diagonalizable : eigenvectors form orthogonal basis
- Any initial state can be expressed in the basis

- Different modes evolve independently according to the eigenvalues

self-adjoint

24



             Example: two qubits system with SWAP channel 

      If converge, the limit state is a fixed point of the channel. 

Will show:

-              for all CPTP maps

-             exists for all CPTP maps

- If                then            for our quantum gossip channel: converge. 25



Eigenvalues of a CPTP map: 

1.              : Trace norm contraction of CPTP maps       

s_i: Singular values

Quantum channel cannot 
improve distinguishability 

Set B = 0

A: Eigenstate
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λ=1 is an eigenvalue for any CPTP map

2. Every CPTP map has at least one fixed point: Trace-preserving

- Schrödinger Picture (State Evolution): operator is static

- Heisenberg Picture (Operator Evolution): state is static 

-   

-

λ=1
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Example: two-qubit system

Quantum gossip:  
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Proof: further limit the possible values of eigenvalues 

1.      Eigenvalues       : within closed unit disk.

2. Construct another CPTP map       with       : again, unit circle 

3.  

4.       touches the unit circle only at 1

Quantum gossip protocol converges. 29



What are fixed points of QGP?

Quantum gossip: identity and swap: 
- unital
- generate entire Sn 

Fixed points of quantum gossip: 
- permutation-invariant operators 30



QGC: Preserves the expectation value of permutation invariant observables

S: permutation invariant observable

Def of permutation 
invariant ob

Evolve S: Permutation invariant observables 
are fixed points of the dual map 

Evolve state, 
apply S

Evolve S,
Equals to S

Preserves the 
expectation value of S 31



Q: arbitrary observable

        Permutation invariant
Cyclic + U is self-adjoint;
Constructed a X

Cyclic + U self-adjoint
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Locally accessible global info: S-average consensus
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local global global
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Claim:



Claim: 

To show : 
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A toy example:
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