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Werner states



Werner states

Definition
Let H𝐴 = H𝐵 ≅ ℂ𝑑 be 𝑑-dimensional Hilbert spaces 𝑑 ≥ 2. A quantum state 𝜌𝐴𝐵 on
H𝐴 ⊗H𝐵 is called a Werner state [Wer89] if

(𝑈 ⊗ 𝑈)𝜌𝐴𝐵(𝑈 ⊗ 𝑈)† = 𝜌𝐴𝐵 for all 𝑈 ∈ U𝑑 .

Schur-Weyl decomposition for 𝑛 = 2:

(ℂ𝑑)⊗2 = 𝑉 ⊗ 𝑈𝑑 ⊕ 𝑉 ⊗ 𝑈𝑑 .

Dimensions of the 𝑆𝑛-irreps 𝑉 and 𝑉 :

𝑑 = 2!
2 ⋅ 1 = 1 𝑑 = 2!

2 ⋅ 1 = 1.

⟹ (ℂ𝑑)⊗2 = 𝑈𝑑 ⊕ 𝑈𝑑 .
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Schur-Weyl duality for 𝑛 = 2

The representation space 𝑈𝑑 is equal to the symmetric subspace
Sym2(ℂ𝑑) = {|𝑣⟩ ∈ (ℂ𝑑)⊗2 ∶ 𝔽|𝑣⟩ = |𝑣⟩}

𝑚 ,𝑑 = dimSym2(ℂ𝑑) = 𝑑(𝑑 + 1)2 .

On the other hand, the representation space 𝑈𝑑 is equal to the antisymmetric subspace

Λ2(ℂ𝑑) = {|𝑣⟩ ∈ (ℂ𝑑)⊗2 ∶ 𝔽|𝑣⟩ = −|𝑣⟩}

𝑚 ,𝑑 = dimΛ2(ℂ𝑑) =
𝑑(𝑑 − 1)

2 .

Schur’s lemma and (𝑈 ⊗ 𝑈)-symmetry:

𝜌𝐴𝐵 ≅ 𝑐 1𝑈𝑑 ⊕ 𝑐 1𝑈𝑑

for some 𝑐 , 𝑐 ≥ 0 with

tr𝜌 = 1 = 𝑐 𝑑(𝑑 + 1)
2 + 𝑐 𝑑(𝑑 − 1)
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Structure of Werner states

Young symmetrizers for and , with standard Young tableaux 1 2 and 1
2
:

𝑒 1 2 = 1 + 𝔽 𝑒 1
2
= 1 − 𝔽.

Projections:

𝑃 = 12(1 + 𝔽) onto 𝑉 ⊗ 𝑈𝑑 ≡ 𝑈𝑑

𝑃 = 12(1 − 𝔽) onto 𝑉 ⊗ 𝑈𝑑 ≡ 𝑈𝑑

with tr𝑃 = 𝑑(𝑑+1)
2 and tr𝑃 = 𝑑(𝑑−1)

2 .

We have thus proved the following structure result for Werner states:
Werner states
A Werner state has the form

𝜌𝐴𝐵 = 𝑥
2

𝑑(𝑑 + 1)𝑃 + (1 − 𝑥) 2
𝑑(𝑑 − 1)𝑃 for some 𝑥 ∈ [0, 1].
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Structure of Werner states

There is an alternative parametrization of a Werner state using the visibility 𝛼 ≔ tr(𝜌𝐴𝐵𝔽):

𝜌𝐴𝐵 =
1

𝑑(𝑑2 − 1) [(𝑑 − 𝛼)1 + (𝑑𝛼 − 1)𝔽] .

Recall the twirling operation

T (𝑋) = ∫
U𝑑

d𝑈 (𝑈 ⊗ 𝑈)𝑋(𝑈 ⊗ 𝑈)†,

where d𝑈 denotes the Haar measure on U𝑑 .

Properties of Werner states
(i) Every Werner state is invariant under T .
(ii) Let 𝜌𝐴𝐵 be an arbitrary state. Then T (𝜌𝐴𝐵) is a Werner state of visibility 𝛼 = tr(𝔽𝜌𝐴𝐵).

Entanglement in Werner states
A Werner state 𝜌𝐴𝐵 is entangled iff tr(𝜌𝐴𝐵𝔽) < 0.

Proof just as in the qubit case (see lecture notes for details).
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Multipartite Werner states

Definition
Let H𝐴𝑖 = ℂ

𝑑 for 𝑖 = 1, ..., 𝑛. A state 𝜌𝐴1⋯𝐴𝑛 is called a multipartite Werner state if

𝑈⊗𝑛𝐴 𝜌𝐴1⋯𝐴𝑛 (𝑈
†
𝐴)⊗𝑛 = 𝜌𝐴1⋯𝐴𝑛 for all 𝑈𝐴 ∈ U𝑑 .

Schur-Weyl duality: With 𝑄𝜋 ≔ 𝜑(𝜋) ∈ End(𝐴𝑛),

𝜌𝐴1⋯𝐴𝑛 = ∑𝜋∈𝑆𝑛
𝑐𝜋𝑄𝜋 for some 𝑐𝜋 ∈ ℂ.

Special case 𝑛 = 2 (bipartite Werner states): 𝜌𝐴1𝐴2 = 𝛼1 + 𝛽𝔽.
However, these expressions for 𝜌𝐴1⋯𝐴𝑛 may not always be useful since the 𝑄𝜋 are in
general not positive semi-definite.
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Structure of multipartite Werner states

Schur-Weyl decomposition: (ℂ𝑑)⊗𝑛 ≅ ⨁𝜆⊢𝑑𝑛
𝑉𝜆 ⊗ 𝑈𝑑𝜆 .

Schur’s lemma and 𝑈⊗𝑛-invariance:

𝜌𝐴1⋯𝐴𝑛 = ⨁
𝜆⊢𝑑𝑛

𝑥𝜆𝜌𝜆 ⊗
1

𝑚𝜆,𝑑
1𝑈𝑑𝜆

with prob. dist. (𝑥𝜆)𝜆⊢𝑑𝑛, quantum states 𝜌𝜆 on 𝑉𝜆 for 𝜆 ⊢𝑑 𝑛, and 𝑚𝜆,𝑑 = dim𝑈𝑑𝜆 .

If in addition 𝜌𝐴1⋯𝐴𝑛 is permutation-invariant, 𝑄𝜋𝜌𝐴1⋯𝐴𝑛𝑄
†
𝜋 = 𝜌𝐴1⋯𝐴𝑛 for all 𝜋 ∈ 𝑆𝑛, then

𝜌𝐴1⋯𝐴𝑛 = ⨁
𝜆⊢𝑑𝑛

𝑥𝜆
1
𝑑𝜆
1𝑉𝜆

⊗ 1
𝑚𝜆,𝑑

1𝑈𝑑𝜆
= ∑
𝜆⊢𝑑𝑛

𝑥𝜆𝜏𝜆,

where 𝜏𝜆 =
1

𝑑𝜆𝑚𝜆,𝑑
Π𝜆 and Π𝜆 is the isotypical projector onto 𝑉𝜆 ⊗ 𝑈𝑑𝜆 .
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Isotropic states

Definition
A state 𝜌𝐴𝐵 on systems 𝐴𝐵 with H𝐴 ≅ H𝐵 ≅ ℂ𝑑 is called isotropic [HH99] if

(𝑈 ⊗ 𝑈) 𝜌𝐴𝐵 (𝑈 ⊗ 𝑈)
†
= 𝜌𝐴𝐵 for all 𝑈 ∈ U𝑑 .

Isotropic states are important, since they are the Choi operators (see, e.g., [Led23]) of
depolarizing channels D(𝑋) = (1 − 𝑞)𝑋 + 𝑞tr(𝑋) 1𝑑1𝑑 satisfying

D(𝑈𝑋𝑈†) = 𝑈D(𝑋)𝑈† for all 𝑈 ∈ U𝑑 .

What operators are invariant under (𝑈 ⊗ 𝑈)?
(i) Identity 1𝐴𝐵 (trivially).

(ii) Maximally entangled state: (𝑈 ⊗ 𝑈) |Φ+⟩𝐴𝐵 = |Φ+⟩𝐴𝐵 for all 𝑈 ∈ U𝑑 .

(ii) follows from the “transpose trick” (𝑋 ⊗ 1)|Φ+⟩𝐴𝐵 = (1 ⊗ 𝑋𝑇 )|Φ+⟩𝐴𝐵 (exercise).
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Structure of isotropic states

Observe that a state 𝜌𝐴𝐵 is isotropic iff 𝜌𝑇𝐵𝐴𝐵 is a Werner state:

(𝑈 ⊗ 𝑈)𝜌𝑇𝐵𝐴𝐵(𝑈† ⊗ 𝑈†) = [(𝑈 ⊗ 𝑈) 𝜌𝐴𝐵 (𝑈 ⊗ 𝑈)
†
]
𝑇𝐵 = 𝜌𝑇𝐵𝐴𝐵.

where the first equality follows from the general identity

[(𝑋1 ⊗ 𝑌1) 𝑍𝐴𝐵 (𝑋2 ⊗ 𝑌2)]
𝑇𝐵 = (𝑋1 ⊗ 𝑌𝑇2 ) 𝑍

𝑇𝐵
𝐴𝐵 (𝑋2 ⊗ 𝑌𝑇1 ).

Expanding 𝜌𝑇𝐵𝐴𝐵 = 𝛼1𝐴𝐵 + 𝛽𝔽𝐴𝐵, and using (Φ+
𝐴𝐵)𝑇𝐵 =

1
𝑑𝔽𝐴𝐵, we have the following result:

Structure of isotropic states

𝜌𝐴𝐵 = (1 − 𝑥)|Φ+⟩⟨Φ+|𝐴𝐵 + 𝑥
1
𝑑21𝐴𝐵 for 𝑥 ∈ [0, 𝑑2

𝑑2 − 1].

𝜌𝐴𝐵 is PSD iff 𝑥 ∈ [0, 𝑑2
𝑑2−1 ].
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Entanglement in isotropic states

We can consider the following twirling operation:

T (𝑋) = ∫
U𝑑

d𝑈 (𝑈 ⊗ 𝑈) 𝑋 (𝑈 ⊗ 𝑈)
†

Entanglement in isotropic states
Let 𝜌𝐴𝐵(𝑥) ≔ (1 − 𝑥)Φ+

𝐴𝐵 + 𝑥
1
𝑑21𝐴𝐵 with 𝑥 ∈ [0, 𝑑2

𝑑2−1 ] be an isotropic state.

(i) Let 𝜎𝐴𝐵 be arbitrary with 𝛽 ≔ tr(𝜎𝐴𝐵Φ+
𝐴𝐵) = ⟨Φ+|𝜎𝐴𝐵|Φ+⟩. Then

∫
U𝑑
(𝑈 ⊗ 𝑈)𝜎𝐴𝐵(𝑈 ⊗ 𝑈)† = 𝜌𝐴𝐵(𝑦),

where 𝑦 = 𝑑2
𝑑2−1 (1 − 𝛽).

(ii) 𝜌𝐴𝐵 is separable iff 𝑥 ≥ 𝑑
𝑑+1 .
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Entanglement in isotropic states
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Entanglement in isotropic states
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Comparing Werner and isotropic states

For 2 qubits, Werner and isotropic states have an equivalent entanglement structure
(see exercises):

Two-qubit Werner and isotropic states
Any Werner state on ℂ2 ⊗ ℂ2 is local unitary equivalent to an isotropic state.

However, for local dimension 𝑑 ≥ 3 the two families of states are not even equivalent via
a global unitary except for the completely mixed state 1

𝑑21𝐴𝐵, which obviously has both
(𝑈 ⊗ 𝑈) and (𝑈 ⊗ 𝑈)-symmetry.
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