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Werner states



Werner states

LetH, = Hg = €? be d-dimensional Hilbert spaces d 2 2. A quantum state Pyg ON
H, ® H, is called a Werner state [Wer89] if

(UeUp,(UeU) =p forallU e u,.
AB AB d

Schur-Weyl decomposition for n = 2:
(€)? =V eU e Ve ue,

Dimensions of the S, -irreps V- and VH:



Schur-Weyl duality for n = 2

The representation space Uﬁj is equal to the symmetric subspace
sym?(€?) = {Iv) € (€9)®% : F|v) = |v)}
. d(d +1
Mg = dimSym*(c?) = %

On the other hand, the representation space Ué is equal to the antisymmetric subspace

N(C%) = {|v) € (€9)®2 : Flv) = -|v)}

de = dimA?(CY) = d(dz_ 1).

Schur’'s lemma and (U ® U)-symmetry:
D & CDZI]ludDj ® CH]lUdH
for some ¢, cH > 0 with

d(d+1) d(d-1)
trp=1=¢p > +cH > 2




Structure of Werner states

Young symmetrizers for 11 and [, with standard Young tableaux and :

e=]l+[F e=]l—[F.

Projections:
P =la+p) to V— e U = U

1 d _,,d
PH = f(l_ F) onto VH®UE= UH

. _d(d+1) _ d(d-1)
with trP— = > and trPH- -

We have thus proved the following structure result for Werner states:

A Werner state has the form

_ 2 ~ 2
Pyp = X—d(d+1)PDj+(1 X)—d(d—1)PH for some x € [0, 1].



Structure of Werner states

There is an alternative parametrization of a Werner state using the visibility a := tr(p,F):
1
Pug = m [(d = a)]l +(d0(— 1)|F]

Recall the twirling operation

T(X) = fu dU (U e U)X(U ® U)',

d
where dU denotes the Haar measure on U,,.

Properties of Werner states

(i) Every Werner state is invariant under 7.
(ii) Let p,; be an arbitrary state. Then T(p,;) is a Werner state of visibility a = tr(Fp,,,).

Entanglement in Werner states

A Werner state p, ; is entangled iff tr(p,,F) < 0.

Proof just as in the qubit case (see lecture notes for details).



Multipartite Werner states



Multipartite Werner states

letH, = c?fori=1,..n. Astate P, is called a multipartite Werner state if

Ua"Pp s (U =0y .n forallU, etd.

Schur-Weyl duality: With Q_ = ¢(r) € End(A"),

Ppa, = Z c,Q, forsomec eC.

mesS,

Special case n = 2 (bipartite Werner states): Pan, al + BF.

However, these expressions for P, ..a, MY not always be useful since the Q, are in
n
general not positive semi-definite.



Structure of multipartite Werner states

Schur-Weyl decomposition: (€9)®" = @Mdn V,® Ug.

Schur’s lemma and U®"-invariance:

=D xp, @ _]1

A4n

with prob. dist. (XA)Mdn, quantum states p, on V, forAt-, n,and m, ; = dimU,‘\’.

If in addition [ is permutation-invariant, anA A, Qf =P, forallmes,, then

Pa,.a, @X/\ d mM]l vl = Z KTy

A4n

where T, = s ——T1, and M, is the isotypical projector onto V, ® Ud



Isotropic states




Isotropic states

A state p,, on systems AB with H, = H = €% is called isotropic [HH99] if

(U ®U)pAB (U ®U)T =p,s forallUeu,.

Isotropic states are important, since they are the Choi operators (see, e.g., [Led23]) of
depolarizing channels D(X) = (1-g)X + qtr(X)%]ld satisfying

D(UXUT) = UD(X)UT forall U e U,.

What operators are invariant under (U  U)?
(i) Identity 1, (trivially).
(ii) Maximally entangled state: (U ®U) [@) 15 = D) 15 forall U e U,.

(ii) follows from the “transpose trick” (X ® 1)|®*),; = (1 ® X")|®*),, (exercise).



Structure of isotropic states

;
Observe that a state p,, is isotropic iff pag is @ Werner state:
i — —f1’e T
UeUps(UT o U = |(UeT)pyp(Uel) | = pab.
where the first equality follows from the general identity

T, T,
[(X, 8Y,)Z,5 (X, 8Y,)]° = (X, ®Y])Zng (X, ® Y]).

. T . .
Expanding pag = al,, + BF 5, and using ()" = %[FAB, we have the following result:

Structure of isotropic states

- 1 d
Pag = (1-X)|D*ND |AB+Xﬁ1AB forxe[O,m].

p,p IS PSDiff x € [0, e ]



Entanglement in isotropic states

We can consider the following twirling operation:

T(X) = /;{ du (ueU)x(u oaU)T

Entanglement in isotropic states

Let pyg(X) = (1 - X)Dyp + xd1—2]lAB with x € [0, %] be an isotropic state.

(i) Let g, be arbitrary with B := tr(0,,®;;) = (®*|0,;|®*). Then

[ oD, oD = py),

2
where y = d‘;—_1(1 - B).

(ii) p,p is separable iff x 2 %.



Entanglement in isotropic states

10



Entanglement in isotropic states

m



Comparing Werner and isotropic states

For 2 qubits, Werner and isotropic states have an equivalent entanglement structure
(see exercises):

Two-qubit Werner and isotropic states

Any Werner state on €2 ® C? is local unitary equivalent to an isotropic state.

However, for local dimension d > 3 the two families of states are not even equivalent via
a global unitary except for the completely mixed state %JIAB, which obviously has both

(U ® U) and (U @ U)-symmetry.
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