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Motivation: Entanglement in
Werner states



Symmetries reduce complexity

Previous section: There are efficient ways to detect entanglement (such as PPT
criterion), but these are generally only necessary and not sufficient (bound
entanglement).

In general, deciding whether a state is separably is NP-hard (believed to be impossible
using efficient algorithms assuming P # NP).

Central theme of this course: Symmetries reduce complexity of an object and make it
easier to study its properties!

Example in this section: Entanglement in Werner states.



Werner states

Werner states are a class of symmetric quantum states, initially introduced to study
hidden variable models [Wer89].

A bipartite quantum state p,, on C? ® €% is called Werner state if

P =UeU)p, (Uel) forallUeul,.

U, ={U € £(C%) : UTU = 1} is the group of unitaries on C°.

Operational interpretation: Werner states are invariant under coordinated local basis
transformations on each system.

In this section, we restrict our attention to two-qubit systems with d = 2.



Characterizing Werner states

Symmetry property of Werner states eliminates most degrees of freedom in the
two-qubit state p,,:

Two-qubit Werner states

Every quantum state p,, on C? ® C? satisfying P =(UeU)p,s(Ue U) forallU e U,
can be written in terms of a single parameter x € [-1,1] as

2-X 2x -1
Pas = ¢ I+ 6 Fag-

Proof sketch.

Best proved using representation theory... (see later sections).



Correlations in Werner states

In order to study correlations in Werner states, we want to have a means of imposing
the U ® U-symmetry on an arbitrary (unsymmetric) state.

Idea: Average (or twirl) a state with respect to a uniform probability measure on ¢/,
provided it exists!

Haar measure on //,

There exists a unique probability measure dU on U/, called Haar measure with the
following properties:

(i) Normalization: fud du =1.

(ii) Left- and right-invariance: For any function f and an arbitrary unitary V € /,,

fude(VU)=fu de(UV)=fu du f(U).



Twirling operation: 7(X,;) = f dU (U e U)X,z(U e U)".
uZ
For any X, the twirled operator 7(X,;) is a Werner state: For V € U,,
(VeV)T(X ) (Ve V) = [ dUu(VeV)UeU)X,,(UeU)(VeV)
MZ

= | dU(VU e VU)X, (VU ® VU)'
Z/{Z

= | du(UeUX,,(UeU)
UZ

= T(Xag)

where we used linearity of the integral in the first equality, and the left-invariance of the
Haar measure in the third equality.



Let p,; be a two-qubit density operator, then 7(p,;) is a Werner state:

2-X 2x -1
T(Pyp) = 6 Lg+ 6 Fag-

Goal: Determine x.

First step: Compute overlap of 7(p,;) with swap operator F ;.
tr[F s T(X,5)] = /L; dUtr[F,,(U e U)X,;(Ue U)T]  (linearity of trace)
2
= -/z; dutr [(U e U)'Fz(Ue U)XAB] (cyclicity of trace)
2
= [u du tr[[FABXAB] (invariance of F; see next slide)
2

=tr [[FABXAB]. (normalization of Haar measure)



We used the fact that [, is invariant under the unitary (U ® U)":
For all states |y), |¢) € €2, we have

(Ue U)'F (U U)(ly)e |9)) = (Ue U)'F,,(Uly)e Uld))
=(UTe UM)(U|$) e Uly))
=|¢) e |yp)
= Fg(lw) @ |9)),

and thus the invariance property follows.
Second step: Apply to Werner state and use linearity of trace:

2-X 2x-1, > 2-X 2x -1
tr[[FABPAB] = tr[IFABT(pAB)] 7% trkyg + 6 trkyg = 2+

Note that trF,, = 2 (eigenvalues +1,+1,+1,-1) and trF2; = trl ; = 4.



Entanglement of two-qubit Werner states

Entanglement of two-qubit Werner states

The Werner state p,, = X1, + 2Z'F,_ is entangled if and only if x < 0.
B~ 5 LaBT "6 TaB

Proof.
First step: Use PPT criterion to show that p,; is entangled for x € [-1,0).

-
Recall: F,; = 2(®};)s = Fap = 20}, and ]1;'; =1,81] =1,,

Taking partial transpose of p,, and using linearity:

z .
Tg 2-X_Tg 2x-1_Tg 2-X 2x-1 _, o oo
Pas= g gt g Fas= gl T3P = T
y
in Bell basis with eigenvalues y = £X and z = X + 221,

We have z<0iffx<0 = p,, is entangled in this range. O]



Entanglement of two-qubit Werner states

Entanglement of two-qubit Werner states

The Werner state p,, = X1, + ZZ1F, - is entangled if and only if x < 0.

Proof.
Second step: p,, is separable for x > 0

For product states: Use swap trick tr[(X ® Y)F] = tr(XY) (exercise!) to show that
trf(w, ® 0p)F,;] = tr(w,0;) 2 0.

Generalize to separable states 7,, = 3, piw,; ®0y; = tr(F,5T,5) 2 0.

Twirling 7(-) = / dU (U ® U)(-)(U ® U)" maps separable states to separable states.
Thus, parameter x = tr(F,;7(1,5)) = tr(F,57,5) 2 0 for any twirled separable state.
For fixed x > 0 it is easy (exercise!) to construct states w, and o, such that

x=tr[F;T(w, ®0y)] = tr(w,0,) = claim follows! O

Assertion of the proposition (with different constants) holds for arbitrary d!



Representations



Very brief introduction to group theory and representation theory!

More details can be found e.g. in [Goo14] (group theory) or [Ser77; FH13; Eti+11; Tel05]
(representation theory).

Definition (Group)
A group (G, -) is a set G together with a binary operation - : G x G— G satisfying:

« Associativity: a-(b-c)=(a-b)-cforalla,b,c €G.
- Identity element: there exists an elemente € Gwithe-g=g-e=gforallg € G.

« Inverse: for all g € G, there exists h € G withg-h =h-g =e. Such an element h is
unique; it is called the inverse of g,and denoted by g~".

Note that the identity element e in a group is unique: If e’ is another identity element,
then e’ = e’'e = e, where the second equality follows since e is also an identity element.

Commutative groups (gh = hg for all g, h € G) are called abelian.

The cardinality |G| of a group is called its order. 10



Examples of groups

(i) Let V be a vector space with vector space addition denoted by ‘+. Then (V, +) is a
group.
(i) Let (K, +,-) be a field, then both (K, +) and (K\{0}, -) are groups.
(iii) The set of bijections from the set {1, 2, ..., n} to itself together with function
composition is a group called the symmetric group S,..

(iv) The set of invertible linear maps from a vector space V to itself together with
function composition forms the general linear group GL(V). If dimV = d, then this
group can be identified with the group of (d x d)-invertible matrices.

(v) The group U(V) = {U € GL(V) : U'U = 1} is the unitary group on V. If dimV = d, then
this group can be identified with ¢/, the group of (d x d)-unitary matrices.

m



Group homomorphisms

Group homomorphisms are functions between groups that respect the group structure:

Definition (Group homomorphism)

Let (G, -) and (H, *) be two groups. A group homomorphism ¢ : G - H is a function
satisfying, for all x, y € G,

©(x - y) = @(x) * o(y).

Let p: G — H be a group homomorphism between groups (G, -) and (H, *).

(i) p(e;) = e,: for any g € G we have @(g) = ¢(e; - g) = p(e;) * p(g), and the identity
element in H is unique.

(ii) ©(g™") = p(g)": forany g € G we have e, = p(eg) = p(g-g™") = p(g) * p(g™"), and the
inverse of (g) in H is unique.



Representations

Representation theory is the study of (abstract) groups via their linear action on
(concrete) vector spaces.

Definition (Representation of a group)

A representation (¢, V) of a group G on a vector space V over a field F is a group
homomorphism ¢ : G— GL(V).

We always have @(e) = 1, and ¢(g™") = ¢(g)™".
The dimension or degree of a representation (¢, V) is the dimension of V.

Representation (¢, V) is called unitary, if ©(G) < U/(V) (every representation operator
©(g) is unitary).

Representations of finite groups (and compact groups, see later) over C can always be
chosen unitary.



Examples of representations

(i) Let V be any vector space, and let G be an arbitrary group. Setting ¢(g) = 1, for all
g € G defines the trivial representation.
(ii) Let G be a cyclic group of order d generated by g. Let V = C? with basis
|0), |1),..., |d = 1). Consider a linear operator X on V defined by X|i) = |i + 1 mod d)
for alli. Then the map g — X determines a representation (¢, V) of G.
(i) Another representation (¢’, V) of G is defined by the map g ~ Z, where Z|j) = w/|})
for a primitive d-th root of unity w.

The two representations in (ii) and (iii) are essentially the same:

Definition (Equivalent representations)

Let G be a group. Two representations (¢, V) and (@', V') of G are said to be isomorphic
or equivalent if there exists an isomorphism f: V— V' such that forallg € G

®'(g)=f-v(g)-f.

Shift matrix X : |i) = |[i - 11 mod d) has eigenvalues e2™*/d for0 < k< d - 1.
Diagonalizing unitary U satisfies @' = U - - U".



More representations

Representations that can be defined for any finite group G:

(i) Trivial representation: g ~ 1, for some vector space V.

(ii) Regular representation: Let n = |G| and V = C" with basis {19)}ye6-
Linear extension of the map ¢(g): |h) — |gh) is called the regular representation.
If (g, W) is any representation such that there exists w € W so that {g(g)(w)} _. is a
basis of W, then y is isomorphic to the regular representation (exercise).

gei

(iii) Permutation representation: Let X be a finite set and G be a group acting on X.
Consider free vector space generated by X: V = C" with m = |X| and basis {| x)}
Linear extension of the map ¢(g): |x) » |gx) defines the permutation
representation of G.

XeX*

Note that the regular representation of G is the permutation representation of G that
results from G acting on itself by left multiplication.



Irreducible representations and
decompositions



Invariant subspaces

Crucial concept in representation theory: decompose a representation into ‘building
blocks’ (later called irreducible representations).

Invariant subspaces and subrepresentations

Let (¢, V) be a representation of a group G. A subspace W c V is called G-invariant if

o(g)lw)ye W forall |[w) e W and g €G.

The restriction @], of ¢ onto W is called a subrepresentation.

Note that {0} and V are always invariant subspaces of any representation.

Example: Trivial representation inside regular representation
Let G be a finite group with n = |G| and (¢, C") be the regular representation. Define

W = span (dec |g)).

Then (@], W) is a subrepresentation of (¢, C") equivalent to the trivial representation.



Invariant subspaces

Let (¢, V) be a representation of a finite group G of degree m = dimV, and let W < V be a
G-invariant subspace of dimension k = dimW.

Choose a basis {w,, ..., W, W,,, 4, ...,w, } for V such that W = span(w,, ..., w,), and set
W’ = span(w,,,,...,w,) so thatV =W e W'.

Then every @(g) has the following representation matrix with respect to this basis:

w W

{w(g)lw * \W
w(g) =

Lo | e

We will see later that there always exist a basis for which the top-right block is also zero.



Irreducible representations

For irreducible representations (or irreps), {0} and V are the only invariant subspaces:

Irreducible representation

A representation (¢, V) of a group G is called irreducible if {0} and V are the only
G-invariant subspaces of V.

A one-dimensional representation is always irreducible, since one-dimensional vector
spaces have no non-trivial subspaces.

Example: one-dimensional subrepresentation W = span(deG |g)) of the regular
representation is irreducible.

A major goal of representation theory is to find all irreducible representations of a group
G over a given field F. This is always possible over C, and can be done efficiently [BR90].



Direct sums of representations

Let (¢,,V,) and (p,, V,) be representations of a group G. Then the vector space direct
sum V, e V, affords the of G-representation

(@, @ ©,)(9))(v; @ V,) = [9,(9))(v;) @ [, (g)](V,).
This is called the direct sum of the representations (¢,,V,) and (¢,, V,).

The direct sum construction allows us to decompose representations. In finite
dimensions this process necessarily terminates.

Invariant complements

Let (¢, V) be a representation of a finite group G for which V is a vector space over a
field whose characteristic does not divide the order of G. Then every G-invariant
subspace W has a G-invariant complement W', i.e., V = W ® W’ (as vector spaces and as
representations).



Decomposing representations

Invariant complements

Let (¢, V) be a representation of a finite group G for which V is a vector space over a
field whose characteristic does not divide the order of G. Then every G-invariant
subspace W has a G-invariant complement W', i.e., V = W ® W’ (as vector spaces and as
representations).

Proof sketch
Let P, be the projection onto W and define

Qu = |G|Z‘P

geG

Then one can check that imQ,, = W and ¢(g)Q,, = Q,,¢(g) for all g € G. It then follows
that W’ := kerQ,, is the desired G-invariant complement (exercise!). O]



Decomposing representations

There's an alternative proof for representations over C that constructs the G-invariant
complement by redefining the Hilbert space structure:

Alternative proof using Weyl's unitarity trick.

Let (¢, V) be a representation over C and let (-|-}: V xV— C be an inner product on V.
Define a new inner product by

1
VI = 7 D (@(gVIp(w)
geG
Then for every G-invariant subspace W the orthogonal complement W+ taken
w.rt. (:|-)s is G-invariant as well, and V = W @ W™ as representations Moreover, (p, V) is
a unitary representation w.rt (-|-);, that is, ¢(G) c U(V) and @(g™") = ©(g)™" = ¢(g)".

For general unitary representations (¢, V) and an invariant subspace W c V, the
orthogonal complement W+ is again invariant.



Decomposing representations

A representation is called completely reducible if it is equivalent to a direct sum of
irreducible representations.

Maschke’s theorem

Every finite-dimensional representation of a finite group G over a field with
characteristic not dividing |G| is completely reducible.

Proof.
Use induction on dimV and the preceding proposition. O

Maschke’s theorem states that for a finite group G and a finite-dimensional
representation V of G over C we can always write V = V, @ --@V,_ with each V; irreducible.
Is this decomposition unique?

The following result called Schur’s lemma helps us answer this question. It is a basic
observation, but incredibly useful in representation theory and its applications.



Let (¢,,V,) and (¢,, V,) be irreducible representations of a group G, and let f: V, - V,
be a G-equivariant linear map, that is, f - @,(g) = ¢,(g) - f for all g € G. Then the
following hold:

(i) Either f isinvertible (and hence V, = V,) or f = 0.
(ii) If v, = V, is finite-dimensional over an algebraically closed field F (for example
F = C), then f = /\]lv1 for some A € F.

Proof.

(i) Suppose f # 0. Then kerf # V, is a G-invariant subspace of V, (see exercises), so
kerf = {0} by irreducibility of V,. Likewise, imf # {0} is a G-invariant subspace of V, (see
exercises), so imf = V, by irreducibility of V,. This proves that f is invertible.

(i) F being algebraically closed guarantees that the linear map f has an eigenvalue,
sayAeF. Themap f' = f —/\]lv1 is G-equivariant, and it is not invertible since its kernel

has a non-zero eigenvector of f. By (i), it follows that f* = 0,and so f = /\]1\,1. O]



Applications of Schur’s lemma

A consequence of Schur’s lemma is the following useful result.

Irreps of abelian groups are 1-dimensional

Let G be an abelian group. Then any complex irreducible representation of G is
one-dimensional.

Let (¢, V) be an irreducible representation of G. Since G is abelian, we have
®(g)p(h) = p(gh) = p(hg) = p(h)p(g)

for all g, h € G. It follows from Schur’s Lemma that ¢(g) = Ag]lv for every g € G, and so
e(g)v = Av forallv eV, that is, every non-zero v € V spans a one-dimensional
G-invariant subspace of V. Since @ is irreducible, V must be one-dimensional itself. [J



Isotypical decomposition

Schur’'s lemma lets us decompose a representation into groups of inequivalent irreps:

Definition (Isotypical decomposition)

Let (¢, V) be a finite-dimensional representation of a finite group G over C. Consider a
decomposition V =, V, and ¢ = P, ¢, with the following properties:

* Each (¢, V,) is the direct sum of n, copies of an irrep (g, W,) of G:
V=W, ®-eW, =W, " =W,eC"
O =W, ® .., =Y, ®iden,.

* The different W, are inequivalent, that is, W, # W,, for k # k'.

Then V, is called an isotypical component, and

V=EP, V=P, W =D, W,eC

(with ¢ = B, @,) is called isotypical decomposition.



Isotypical decomposition

An application of Schur’s lemma shows (see [Ser77; Tel05] for a proof):

Uniqueness of isotypical decomposition

The decomposition V = B, V, of a representation V into isotypical components V,
exists by Maschke'’s theorem and is unique, and so are the multiplicities n, of W, in V,.

Another application of Schur's Lemma: symmetrizing an arbitrary operator.

Symmetrizing a representation

Let (¢, V) be a representation of a finite group G with isotypical decomposition

V=D, W,eCm.

Then for an arbitrary operator X € £(V), we have

= w(gXp(e)" - D, 1w, X

16l &

where the X, € £(C") are suitable operators acting on the multiplicity spaces C".
26



Applications of Schur's Lemma




Symmetrizing with respect to an irrep

Pauli group
Let p be a qubit density matrix. Then

%(p +XpX +YpY +ZpZ) = %1_

Check explicitly or better, check that Pauli matrices 1, X, Y, Z generate an irreducible
representation of the Pauli group, and use Schur’'s Lemma (exercise!).

Full unitary group

Same idea for the full unitary group: J, dU UpU" = %]1.
2

For every (unitary) irrep (¢, C%) of a finite group G,

1

G| > wlg)Xp(g) = | duuxut= X,

geG Uy d



Natural permutation representation

Fix an orthonormal basis {|1), ..., |n)} of C".

Let S, act by permuting basis vectors:
®:S, > GLC"), me (p(m): |i)— [m(i).

Representation matrices () are unitary permutation matrices.

Vector |v) = 3, |i) spans 1-dimensional subspace W, < C" on which S acts trivially:

@(m)|v) =|v) foreverymes,.

W, is an irrep, and the permutation representation decomposes as:
"= Wtriv © Wst
P = QPyiy © Py

How to determine W,?

28



Determining invariant complement

Let PWtriv = |v){v| be the (orthogonal) projection onto W, .
Since |v) is S, -invariant, this is already an S_-invariant projection:

e(mP, _@m'=P, forallmes,.

Invariant complement

L
We define W, = kerP,, = (PWtriv) , Which is given by

triv

n .
W, = {Zm X |0} 2 Xy b X, = 0}.

Standard representation

Wy, is called the standard representation of S, . It is an irreducible representation of
degree dimW,, =n - 1.

Proof: Exercise.



S, ={0, (12)} with representation matrices

17 0 0 1
w(())—(o 1) (p((12))-(1 0).
Decomposition of representation spaces:
V=W, W, where W, =span(|1)+(2))

W, = span(|1) - |2)).

Transposition (12) acts on W, by multiplying with sgn((12)) = -1:
P(2))(11) - 12)) = =(|1) - [2)).

Decomposition of representations:

o= (517 o) = (55

30



Symmetrizing operators
- 110 110
Decomposition V = W, . ® W, and ¢(()) = (T’T)’ P((12)) = ( o1 )

In the basis ﬁ(ﬂ) +12)), %(H) - 12)), an arbitrary operator O € £(C?) can be written as

0=

0]
Wst_) Wtriv

(0]
Wtriv - Wst ‘ Wst - Wst

0]
Wtriv_) Wtriv
0]

Symmetrizing an operator X = (? Z) gives:

%1 n_1fard bec) 1farbrced| o0
X-2(X+(p((12))X(p((12)))—2(b+c a+d)'2( 0 la-b-c+d

] (a+b+c+d)]th, 0

"2 0 ‘(a—b—c+d)]lwt

31



We choose the orthonormal basis
vi)= 2N +12)+13) )= Z@IN-12)-13)  Iv3)= £(12)-13)),

so that W,

v = SPan(|v,)) and W, = span(|v,), |v,)).

Symmetrization of an arbitrary operator X:

. zyy z+2y O 0
X=§ztp(rr)X(p(rr)T= y z yls| 0 z-y 0
BUESH y y z 0 0 z-y
(z+2 y)]lWtriv 0 0
= 0
0 (Z - y)]let
_ XWtrivﬁWtriv XWstﬁWtriv
XWtriv - Wst XWst - Wst

32



Limitations of Schur’'s Lemma: Multiplicities

Recall tensor representation of S, on €% ® €% (where F = ((12))):
F(liY e [j) = 1j} @ [i).

Orthonormal eigenbasis of F is given by the four Bell states:

+\ _ 1 o +\ _ 1

|®*) = =(100) + [11)) |W*) = =(101) + [10))
-y L - ™) 5 b

|®7) = =(100) - [11)) |W7) = =(101) - [10)).

These span the following irreducible representations:

W, . =span(|®*)) = span(|®7)) = span(|¥*))

triv

Wy, = span(|¥7)).

Isotypical decomposition:
CeC?zV

= 3
triv - Wtrlv ®C

o W,

triv

o W,

triv

=W

® ngn where V, triv @

triv

ngn = ngn

33



Limitations of Schur’'s Lemma: Multiplicities

Symmetrizing an operator with respect to tensor representation:

X 0
= V.. =V, .
X = %(x +FXF) = | —
0 ‘ ngn]lwsgn
= (]lwtriv ® Xtriv) ® ngn]lwsgn'

Note that dimW,

eriv = 1 and hence1,, =1.

triv
In the above, the top-left block of the symmetrized operator is not proportional to the
identity, since it is not just a map from an irrep into itself.

34



Tensor and dual representations,
hom spaces




Tensor representation

We now discuss how to produce new representations from given ones.

Let (¢, V) and (y, W) be representations of a group G. Then (¢ ® w)(g) := ©(g) ® Y(g)
defines a representation on V ® W called the tensor representation.

V @ W is in general reducible, even for irreducible v, W:

Symmetric and antisymmetric square

Let (¢, V) be a representation of a group G and consider the tensor representation
(p®, @,V ® V). The swap operator F commutes with the action of p ® y, and we thus
have the decomposition V @ V = Sym?(V) @ A%(V), where

Sym3(V)={|z) e VeV : F|z) = |2)}
NV)={lzyeVeV:F|z)=-|z2)}



Symmetric and antisymmetric square

If dimV =d and {|e,.)}f':1 is a basis for V, then these two subspaces can be constructed as

Sym?(V) = span{|e;) ® lejy+le)ele): 1sisjsd)
N*(V) = span{|e;) ® le;)-leele) s 1si<jsd}

In fact, these two sets of spanning vectors form bases for Sym?(V) and A?(V), and hence

dd +1) . d(d - 1)
== dim(A2(V)) = >

dim(Sym?(V))

Sym?(V) and A%(V) are both G-invariant subspaces, and thus representations of G, called
the symmetric and antisymmetric square, respectively.
Setting V = €2, this construction gives the symmetric and antisymmetric subspaces.

This example shows that V @ V is reducible whenever V has degree at least 2.

36



Dual and hom-space representations

Let (¢, V) be a representation of G. Let V* be the dual space of V consisting of the
vector space of linear maps from V to C. The dual representation (¢, V*) is defined as

©*(g)L)=L-p(g) 'forge Gand L € V*.

The dual representation satisfies for all g € G, |v) € V, and (w| € V* that ¢*(g) = p(g™")".
Moreover, (p*,V*) is irreducible iff (¢, V) is.

If (p, V) is unitary, then @*(g) = ©(g), that is, ©*(g) is the complex conjugate of ¢(g).

Definition (Hom-space representation)

Let (¢, V) and (@, W) be two representations of a group G. Then G acts on Hom(V, W) by
sending f: V = Wto w(g)-f-v(g)™", which turns Hom(V, W) into a representation of G.

Note that setting W = C and y the trivial representation of G in the definition above
recovers the dual representation of G.



Properties of the hom-space representation

1. Hom(V, W) = V* @ W as vector spaces and representations (exercise).
2. The set of vectors in V invariant under the action of G is denoted as

Ve = {lv) eV : p(g)|v) = |v) forall g € G}.

With this notation we have Hom(V, W) := Hom(V, W)° = (V* ® W)°.
An element f: V — W of Hom,(V, W) is called an intertwiner of the representations
(9,V) and (w, W), satisfying f - ¢(g) = w(g) - f forall g € G.

3. If V = P, V; is an isotypical decomposition of a representation V of G with

components V, = W,~ni for pairwise inequivalent irreducible representations W; of G,
then

n; = dimHom(W,, V) = dim(W; e V)°.

See [Ser77, Ex. 2.8] for a proof.
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Group algebra and characters




Group algebra

Regular representation (¢, V) of a group G: vector space V generated by {|g)}
together with group action @,(g)|h) = [gh).

geG

The group multiplication endows V with the structure of an algebra:

[deg C9|g>] ’ [ZhEG dhlh)] = Zg,hEG nghlgh) = de(_; fg |g) with fg - Z Cgh'1 dh'

heG

This multiplication on V is associative, has the group identity element e as the
multiplicative identity, and satisfies distributivity over addition.

Group algebra

C[G] = (V, +,") is called the group algebra.



Class functions and characters

Elements 2, |g) of C[G] can be understood as functions f: G— Cviag - Cg

eG cg
A function f: G - Cis called a class function if it is constant on conjugacy classes of G:

f(g) = f(hgh™") forallg,h € G.

Character of a representation

Let (@, V) be a representation of G. The character x = x,, of (¢, V) is the class function
defined by x(g) = tr(y(g)).

A character is indeed a class function: for all g, h € G,

X(hgh™) = tr[(hgh™)]
= tr[(h)p(g)p(h) "] since @(xy) = p(x)@(y)
=tr[p(g)] = x(9) by cyclicity of the trace.
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Properties of characters

Let (¢, V) and (y, W) be representations of a group G with identity element e, and
denote by x, and x,, the associated characters.

(i) x,(e) =tr(1,) = dimV is the degree of the representation (¢, V).

(i) If (g, V) is unitary, then x(g™") = x(g).
(i) Xyow =Xy * Xu-
(V) Xyew = XyXw-

The group algebra C[G] has a natural inner product structure: For x = deG xglg) and
Y = Zge6 Y19 in C[G], we define

(xy): |G| Z gyg

geG
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Character theory

Orthogonality of characters

Let W, fori = 1,..,k be pairwise inequivalent irreducible representations of a group G,

and denote by x; the corresponding characters. Then (x,.,xj) = 6,.j, and {x,.},fi1 is an
orthonormal basis of the set of class functions.

Proof in [Ser77; Tel05].

Properties of characters

Let (¢, V) be an arbitrary representation of a group G, and let (y, W) be an irreducible
representation of G.

(i) The multiplicity of W in the isotypical decomposition V is (x,, X, )-
(i) V is irreducible iff (x,.x,) = 1.
(iii) Two representations are isomorphic iff they have the same character.
(iv) The number of distinct (i.e., pairwise inequivalent) irreducible representations of a
finite group G is equal to the number of conjugacy classes of G.
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More character theory

(i) The multiplicity of any irreducible representation in the regular representation of a
group G is equal to its dimension.

(i) Let W,,..., W, be a complete list of irreducible representations of G. Then every W,
appears in the regular representation, and Zfﬂ(dimW,.)2 = |G]|.

Projection formula

Let (¢, V) be a representation of G, and let W be a fixed irreducible representation of G
with character x,,. Then the projection onto the isotypical component of W in V is
given by the formula

dimw
W - |G| geZGXW

In particular, let x,,,: g = 1forall g € G be the character of the trivial representation.
Then P = |1?| dec ©(g) projects onto V® = {|v) € V : ¢(g)|v) = |v) for all g € G}
consisting of (x,,;,»X,)-many copies of the trivial representation.
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Finite and compact groups




Topological groups

Goal: Extend some of the results for representations of finite groups (decompositions,
character theory) to certain infinite groups that “behave” like finite groups.

Definition |
A topological group is a group G endowed with a topology such that group
multiplication and inversion are continuous. A compact group is a topological group
that is compact, that is, every open cover of G has a finite subcover. Closed subgroups
of a compact group are also compact groups.

A representation (¢, V) of a topological group G on a normed, finite-dimensional vector
space V is a continuous group homomorphism ¢ : G— GL(V).



Haar measure

Crucial ingredient for representation theory of finite groups so far:

. . 1
averaging operation — b
ging op |G|QZGJ°(9)

This can be understood as integrating f against the uniform “point measure” ﬁﬁg.
For compact groups a (unique) uniform probability measure also exists:

Haar measure

Let G be a compact group. There exists a unique measure dg on G, called the Haar
measure, satisfying the following properties:

1. Invariance: for every continuous function f: G— C and every h € G,

fG f(g)dg = fG f(gh)dg = fG f(hg)dg.

2. Normalization: [, 1dg =1.
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Haar measure

Finite groups are compact

Every finite group with the discrete topology is a compact group. In this setting, the
Haar measure is equal to the counting measure, and we have fG dg =

1
|G| deG °

Haar measure on U1

The circle group U, =T ={z € C: |z| = 1} = {exp(iB) : 8 € [0, 2m)} has Haar measure
dg = --d6.
2n

General formulas for Haar integration are typically cumbersome:
“It is not practical to give an explicit formula for integrating a general function
on a group such as U,, for there are no convenient coordinates to use.”
— G. Segal, [CSM95, Lie Groups, Ch. 7]

In applications, one typically avoids explicit calculations involving Haar integrals, and
instead uses the invariance property together with Schur’'s Lemma.



Representation theory of compact groups

Using the Haar measure, one can prove analogous statements about finite-dimensional
representations of compact groups, e.g.:

1. Every G-invariant subspace has a G-invariant complement.
2. Every representation over C decomposes as a sum of irreducible representations.

3. Most aspects of character theory also carry over to the compact case (note however
that if G is an infinite compact group, then expressions involving |G| may no longer
be valid).

The regular representation of a compact group G is defined as the Hilbert space L?(G) of
square integrable functions on G, with the action of G given by

@(g)(f): h » f(g"h).

If |G| = oo, then dimL?(G) = oo.
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Regular representation of compact groups

We have the following theorem about the decomposition of the regular representation
for compact groups.

Regular representation of compact groups

Let G be a compact group.

(i) The linear span of all matrix coefficients of the irreducible unitary representations
of G is dense in L?(G).
(ii) Every irreducible unitary representation of G is finite-dimensional.

(iii) The regular representation (which has infinite dimension if G is not finite) L?(G)
decomposes into a direct sum of the irreducible unitary representations of G, each
occurring with multiplicity equal to its dimension. The matrix coefficients of the
complete set of irreps form an orthonormal basis of L%(G).

See [Kna16, Thm. 1.12] for a proof.
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