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Introduction

Problem of interest

Problem of interest: distillation of entanglement of mixed states (as opposed to pure states) at
higher dimensional (d > 2) compound systems (here we care about bipartite systems)
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Introduction

PPT Criterion and Entanglement

@ The PPT criterion is generally a necessary condition for separability
@ PPT: A state pap is called PPT if pﬁ% > 0 (or equivalently, (p?;‘}‘g >0)

@ PPT criterion: Any state p4p with negative partial transpose (NPT), prB 20, is
entangled.
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Introduction

Local Operators and Classical Communications (LOCC)

@ A local (product) operation is performed on part of the system, and where the result of
that operation is "communicated" classically to another part where usually another local
operation is performed conditioned on the information received.

@ In general, all separable states (and only these) can be prepared from a product states
with LOCC operations alone.

@ While LOCC cannot generate entangled states out of product states, they can be used to
transform entangled states into other entangled states.
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Introduction

Entangled U ® U™ invariant states

p—=UeUp U Ut

Isotropic states have entanglement structures that are much easier to understand than that of
general bipartite density operators.

General isotropic state:

+04P+

Hu, Baltasar (University of lllinois, Urbana-Champaign) Bound entanglement December 4, 2025 6/26



Introduction

Maximally mixed and maximally entangled state

@ Maximally mixed state: piaz—mized = é[d.
o all pure states have equal probability
e no information about any preferred basis or correlations
e Maximally entangled state: Py = |¢4) (¢4] with ¢4 = \;—N SN @ i)
e each single qubit is locally maximally mixed
o ford= 2, PA = TT‘B(P+) = %127 PB = %IQ
e maximally entangled states are optimal resources, and they have strongest possible quantum
correlations.
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Introduction

Distillable states and LOCC for entanglement distillation

o Distillable state: a state from which you can asymptotically obtain maximally entangled
pairs at a nonzero rate using LOCC on many copies

e Distillable Entanglement: using LOCC (filters, XOR gates, post-selection, etc) to covert
many noisy pairs p into fewer but more entangled pairs, iteratively increasing fidelity to a
Bell (or maximally entangled) state.
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Bound entanglement

Can any entangled state be distilled?

@ Can any entangled state be distilled? Answer: No

@ As we know, PPT is only a necessary condition for separability, i.e., PPT states can be
entangled

@ In fact, entangled PPT states are non-distillable

@ Entangled states that are non-distillable are called bound entangled states ~ low
entanglement
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Bound entanglement

Entangled PPT states are non-distillable (Bound entanglement)
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Bound entanglement

Does there exist any NPT state that is bound entangled?

o If entangled PPT states are non-distillable, the question becomes: is there any NPT state
that is bound entangled, i.e., non-distillable?

@ Horodecki 1998 simplified the question by introducing a new criterion of separability
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CP maps and the Reduction Criterion (RC)

CP maps

@ CP maps are completely positive maps of density matrices

o Positive: If p>0 = A(p) >0
o Ay, Ap are Completely positive if they are Positive and A4 ® Ap is also Positive

o Equivalently: A is CP if A ® I is positive
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CP maps and the Reduction Criterion (RC)

CP maps

@ CP maps are completely positive maps of density matrices
o Positive: If p>0 = A(p) >0
o Ay, Ap are Completely positive if they are Positive and A4 ® Ap is also Positive
o Equivalently: A is CP if A ® I is positive

@ Positive but not-CP maps provide a necessary condition of separability. Indeed, for any
separable state p = 3", pi ply ® ph:

(T A)(p) = (@A) (Zpipi;@pé) =2 pira®App) 20 (1)

e Even though A is not CP, its mapping of separable states is always positive. Therefore,
operators violating the inequality must be entangled

@ We already know one such map: Transpose is a P but not-CP map — PPT criterion
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CP maps and the Reduction Criterion (RC)

The Reduction Criterion (RC) of separability

o Consider the map: Agc(p) =1Trp—0p

@ Apc is a positive map: the trace of p (even if p is not normalized) is greater than any
eigenvalue of p (because p > 0)

@ Agc can be written as: Agrc = AcpT — it is not CP — provides a criterion of
separability: (I ® Arc)(p) > 0 for any separable p

@ The criterion reads:

’PA@I—/)ZO,

where py = Trpp, V separable p.
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CP maps and the Reduction Criterion (RC)

PPT is an stronger criterion

Theorem
Violating Reduction Criterion = Violating PPT Criterion

Proof.

@ Let us prove the converse. Suppose p is a PPT state, i.e.,
p’B >0 <= o= (I®T)(p) > 0.

@ Recall: Agc = AcpT, and Agc is Positive but not-CP.

o Then, (I @ Arc)(p) = (I ® AcrT)(p) = [(1 & Acp)(T & T)] (o) =
(I@Acp)[(IRT)(p)] =(I®Acp)(c) >0, where the last inequality follows from the
definition of CP maps.

O]
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CP maps and the Reduction Criterion (RC)

PPT is an stronger criterion
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Main result: Violate RC == Distillability

Violate RC = Distillability—Outline

e Final goal: recover a maximally entangled state (Py = |¢4) (¢4])
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Main result: Violate RC == Distillability

Violate RC = Distillability—Outline

e Final goal: recover a maximally entangled state (Py = |¢4) (¢4])
o Filtering: If p violates RC =
1
dp — p’ s.t. (Overlap with Py) = Tr(p'Py) = Fidelity = F > N
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Main result: Violate RC == Distillability

Violate RC = Distillability—Outline

e Final goal: recover a maximally entangled state (Py = |¢4) (¢4])
o Filtering: If p violates RC =
1
dp — p’ s.t. (Overlap with Py) = Tr(p'Py) = Fidelity = F > N

e Twirling: Want to write p in terms of P, keeping the fidelity constant

o Naturally arises the twirling operator given by U @ U*
o The output is an isotropic state, (1 — &) % + Py, with fidelity F > 1/N
o Isotropic states are entangled precisely <— F > 1/N
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Main result: Violate RC == Distillability

Violate RC = Distillability—Outline

e Final goal: recover a maximally entangled state (Py = |¢4) (¢4])
o Filtering: If p violates RC =
1
dp — p’ s.t. (Overlap with Py) = Tr(p'Py) = Fidelity = F > N

e Twirling: Want to write p in terms of P, keeping the fidelity constant
o Naturally arises the twirling operator given by U @ U*
o The output is an isotropic state, (1 — &) % + Py, with fidelity F > 1/N
o Isotropic states are entangled precisely <— F > 1/N

o Distill entanglement — Recover P,

e lIsotropic states are very convenient: all that is needed is to increase «
e Use a distillation protocol that increases «
o Apply recursively: a« — 1 as N — oo (number of copies)

o QED: Violate RC = Distillability
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Main result: Violate RC == Distillability

Violate RC = Distillability—Filtering

@ Equivalent criterion to RC: Vp separable:

pAaRI —p>0 < (Ylpa@I—plp) >0V
Tr[(pa @ I) [XYl] = Te(p[Y)e]) > 0 <= Tr(pPy) < Tr(pApﬁ)
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Main result: Violate RC == Distillability

Violate RC = Distillability—Filtering

@ Equivalent criterion to RC: Vp separable:

pAaRI —p>0 < (Ylpa@I—plp) >0V
Tr[(pa @ I) [XYl] = Te(p[Y)e]) > 0 <= Tr(pPy) < Tr(pApﬁ)

@ Suppose p violates this criterion = :

Tr(p Py) > Tr (pA pﬁ) , for some [)) =Y apmp |m) @ |n)

o Note [¢)) = (A®I) |hy) with (m| A|n) = apmpV'N
o ol = Ten(l) () = Trs [(A® 1)) (4] (Al @ D] = Aat
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Main result: Violate RC == Distillability

Violate RC = Distillability—Filtering

1

o Recall: Tr(pPy) > Tt (paph) |0) = (A@D)|ws) ol = AATS

Al Dp(Aa I AT Dp(Aa I
o Consider the new filtered state: p' = (Tr [Q,j(A)fl(T ®§i_)}) = A )g( @)

@ Then:

1
Te(p'Py) > N
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Main result: Violate RC == Distillability

Violate RC = Distillability—Distillation protocol overview

@ Distillation:
o generalized twirling procedure which would leave the state P, unchanged. (which is the
entangled part)
e Twirling operator fU® UpUT @U T =p,=(1— @)% + Py, with 5 <a < 1.
o after twirling the fidelity is the same

o XOR gates: if target outcomes are equal, we obtain it in state p/, where o/ > a — the
entanglement fraction increases if the initial fraction was greater than 1/N. i.e., a nonzero
asymptotic yiled of distilled pure entanglement

@ Recurrence protocol: get many copies of p,, use LOCC on the ones that we keep, then
/
o > .
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Main result: Violate RC == Distillability

Violate RC = Distillability—Recurrence protocol for Entanglement
Distillation

Uxorn k) |1) = [k) |l © k)
where k@1 = (k+1) mod N. |k) and |l) states describe the source and target systems.

@ Two input pairs are twirled i.e. each of them is subjected to random bilateral rotation of
type U @ U*

@ The pairs are subjected to the transformation Uy npyv @ Uxpn

@ The target pair is measured in the basis |i) ® |j)

@ If the outcomes are equal, the source pair is kept, otherwise it is discarded.
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Main result: Violate RC == Distillability

Recurrence protocol for Entanglement Distillation (lllustration)

Vi) ap = \/> Z |B) 4 |B) gy Py = |ty) (]

Source: AgBg; Target: ArBr

1
|¢+>ASBS ® W’+>ATBT = ﬁ |i>AS U>AT WBS |j>BT

AcA . . . .
Alice: Ué(%];v ) ag 17 Ay =10 ag i ®5)
Bob: U 8ok 1) g 1) g, = 1) 1 ® J) g,

Apply Bilateral XOR:
1
Py =—=Y |) o i ®j)a, 1) p, i D1 p
x/jV: 7 S T s T
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Main result: Violate RC == Distillability

Recurrence protocol for Entanglement Distillation (lllustration)

Measure in the computational basis [m): P, = lagps ® [m) (m|,, @ [m) (m|g_
N—1

1
N . |Z BS |m>AT |m>BT
1=

p,(éln;)BS X Trap By (|Pm) (Pmt]) = N2 Z |ig) ( i |

Recall that Py = |14) (4] with ¢4 = \F SN L) @ [4).

Up to normalization, p(AS)BS is the projector onto |14 ).

Py sector stays invariant under the recurrence step.
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Main result: Violate RC == Distillability

Recurrence protocol in Distillation

For identical outcomes, do twirling operator to the resulting source pair (note that general

twirling procedure leaves Py unchanged). The nontrivial change — /-
(N(N+1)—2)a+2

(N+1)(1+ (N —1)a?)

d(a) =a

0/(04)>04f0r04>NLJrl
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Conclusion

Conclusion

@ Initial question: Is there any NPT state that is non-distillable?
@ Corollary from Violating RC = distillability:
e The question reduces to find NPT states that satisfy RC and are non-distillable

n s\‘ ‘\\A\q\ (

W PP

@ Can be seen that for N > 3 entangled Werner states satisfy RC while they are NPT
@ Therefore, the question amounts to finding an NPT Werner state that is non-distillable
@ This is currently an open problem
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Conclusion
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Conclusion

Questions?

Thank you
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