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1. Let ρ be a mixed state of rank r, and consider a spectral decomposition ρ = ∑r
i=1 λi|vi〉〈vi|,

where λi > 0 are the non-zero eigenvalues of ρ with corresponding eigenvector |vi〉. Further,
for some k ≥ r let V : Cr → Ck be an isometry, i.e., V†V = 1Ck , and denote by V ∈ Mr,k(C)

its matrix representation with respect to fixed ONBs on Cr and Ck. Define the unnormalized
states

|ψ̃i〉 =
k

∑
j=1

Vij

√
λj|vj〉 for i = 1, . . . , k. (1)

Show that

ρ =
k

∑
i=1
|ψ̃i〉〈ψ̃i| =

k

∑
i=1

pj|ψi〉〈ψi|, (2)

where we defined pi = 〈ψ̃i|ψ̃i〉 and |ψi〉 = p−1/2
i |ψ̃i〉.

2. Show that the following operators form a POVM on C2 with ONB {|0〉, |1〉}:

E1 =

√
2

1 +
√

2
|1〉〈1| E2 =

√
2

2 + 2
√

2
(|0〉 − |1〉)(〈0| − 〈1|) E3 = 1− E1 − E2. (3)

Suppose that Alice gives Bob a system prepared in either

|ψ1〉 = |0〉 or |ψ2〉 =
1√
2
(|0〉+ |1〉). (4)

Discuss the possible measurement outcomes and conclude that Bob never makes the error
of misidentifying the state when using the POVM {E1, E2, E3}.

3. Let H be a Hilbert space of dimension dimH = d. Show that a collection of d vectors
|v1〉, . . . , |vd〉 is an orthonormal basis if and only if ∑d

j=1 |vj〉〈vj| = 1H.

4. Let HA and HB be Hilbert spaces with orthonormal bases {|ai〉A}|A|i=1 and {|bi〉B}|B|i=1, respec-
tively. Let |ψ〉AB = ∑|A|i=1 ∑|B|j=1 xij|ai〉A ⊗ |bj〉B with xij ∈ C satisfying ∑i,j |xij|2 = 1 be an
arbitrary pure bipartite state. Define the matrix X ∈ Mn(C) (n = |A||B|) with components
(X)ij = xij. Use the singular value decomposition of X to prove the Schmidt decomposition
theorem from the lecture.

5. Use the Schmidt decomposition theorem to show that any two purifications of a mixed state
are related by an isometry acting on the purifying system.
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