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. Let G and H be groups with irreducible representations (¢, V) and (¢, W), respectively.
Show that the external product representation ¢ @ ¥: (g,h) — ¢(g) @ p(h) on V ® W is an
irreducible representation of the direct product group G x H.

. Let A be an algebra over a field F, and let Z(A) = {a € A: ab = ba forall b € A} be its
center. Show that Z(.A) is an F-subalgebra of A.

. Let M;(C) be the algebra of (d x d)-matrices over C. Prove that

Z(My(C)) =C.

Hint: Either use Schur’s Lemma, or prove this directly using elementary matrices Ej;.

. Let V and W be vector spaces over the same field. Show that End(V ® W) = End(V) ®
End(W).

. Let (¢, V) and (i, W) be representations of a finite group G and let f € hom(V, W) be an
arbitrary linear map. Define the linear map

fo = Y (g (¢)7! € hom(V, W). (1)
|G| gcG

Show the following statements using Schur’s Lemma:

(a) fg isan intertwiner, i.e., fg o @(h)~! =(h) o fg forallh € G.

(b) If ¢ and 1 are irreducible and inequivalent, then f; = 0.

(c) If (¢, V) = (3, W) is irreducible, then f; = %]lv.

(d) Fix bases {|e;) }imV for V and {|f;)}{m"™ for W, and denote by ¢;;: G — C and

$ij: G — C the corresponding matrix coefficients. Use the previous results to show
that, if ¢ and ¥ are irreducible,

)_ {Oforalli kD if @ 2y

Yii(@on(e ) =
\GI L i Tk 0ud if g = ¢.

g€G

Hint: Expand the maps f and fg in (1) in terms of the bases {|e;) }imV and {|f;) }HmW.



