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1. Let G and H be groups with irreducible representations (ϕ, V) and (ψ, W), respectively.
Show that the external product representation ϕ ⊗̂ψ : (g, h) 7−→ ϕ(g)⊗ ψ(h) on V⊗W is an
irreducible representation of the direct product group G× H.

2. Let A be an algebra over a field F, and let Z(A) = {a ∈ A : ab = ba for all b ∈ A} be its
center. Show that Z(A) is an F-subalgebra of A.

3. Let Md(C) be the algebra of (d× d)-matrices over C. Prove that

Z(Md(C)) ∼= C.

Hint: Either use Schur’s Lemma, or prove this directly using elementary matrices Eij.

4. Let V and W be vector spaces over the same field. Show that End(V ⊗W) ∼= End(V) ⊗
End(W).

5. Let (ϕ, V) and (ψ, W) be representations of a finite group G and let f ∈ hom(V, W) be an
arbitrary linear map. Define the linear map

fG =
1
|G| ∑

g∈G
ψ(g) ◦ f ◦ ϕ(g)−1 ∈ hom(V, W). (1)

Show the following statements using Schur’s Lemma:

(a) fG is an intertwiner, i.e., fG ◦ ϕ(h)−1 = ψ(h) ◦ fG for all h ∈ G.

(b) If ϕ and ψ are irreducible and inequivalent, then fG = 0.

(c) If (ϕ, V) = (ψ, W) is irreducible, then fG = tr f
dim V1V .

(d) Fix bases {|ei〉}dim V
i=1 for V and {| fi〉}dim W

i=1 for W, and denote by ϕij : G → C and
ψij : G → C the corresponding matrix coefficients. Use the previous results to show
that, if ϕ and ψ are irreducible,

1
|G| ∑

g∈G
ψij(g)ϕkl(g−1) =

0 for all i, j, k, l if ϕ � ψ;
1

dim V δilδjk if ϕ = ψ.

Hint: Expand the maps f and fG in (1) in terms of the bases {|ei〉}dim V
i=1 and {| fi〉}dim W

i=1 .
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