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1. Let V = Cd. Determine bases and the dimensions of the symmetric subspace Sym2(V) and
the antisymmetric subspace Alt2(V).

2. Let (ϕ, V) be a representation of a group G, and recall that the dual representation (ϕ∗, V∗)
is defined for g ∈ G and L ∈ V∗ = { f : V → C linear} as ϕ∗(g)(L) := L ◦ ϕ(g−1). Show that:

(a) ϕ∗(g) = ϕ(g−1)T

(b) (ϕ∗(g)〈w|)(ϕ(g)|v〉) = 〈w|v〉 for all 〈w| ∈ V∗ and |v〉 ∈ V.

(c) (ϕ∗, V∗) is irreducible if and only if (ϕ, V) is.

3. Let (ϕ, V) and (ψ, W) be representations of a group G. Show that the map sending f ∈
hom(V, W) to ψ(g) ◦ f ◦ ϕ(g−1) defines a representation of G on hom(V, W) = { f : V →
W linear}.

4. Let (ϕ, V) and (ψ, W) be representations of a group G, and consider the representation of
G on hom(V, W) defined in Ex. 3 above. Show that hom(V, W) ∼= V∗ ⊗W as vector spaces
and representations.

5. Let V and W be representations of a group G with characters χV and χW , respectively. Show
that χV⊕W = χV + χW and χV⊗W = χVχW .

6. Denote byR(G) the regular representation of a finite group G. Show that its character χR(G)

satisfies
χR(G)(g) = |G|δe,g

for g ∈ G, where e denotes the neutral element in G.

7. Show that the multiplicity of any irreducible representation in the regular representation
equals its dimension.

8. Let (ϕ, V) be a representation of a finite group G, where V is a vector space over a field
whose characteristic does not divide |G|. Show that the operator

P =
1
|G| ∑

g∈G
ϕ(g)

is a projection, i.e., P2 = P. What is im P if P 6= 0?
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