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Exercise 1 (7 points): Basis change matrices
Let V = IR3, and consider the standard basis S = {ej, s, e3} and the bases B = {v1,v5,v3} and

B' = {w1, wp, w3} with

01 =(1,1,1)7 vy = (1,-1,0)" v3 =(1,0,1)"
wy = (1,0,1)T w, = (1,—-1,1)7 w3 = (1,1,0)T.
(i) (2 points) Compute A = M(Iy)g,s and B = M(Iy)s s and verify that B = A~L.
(ii) (2 points) Compute C = M(Iy)p s and D = M(Iy)s g and verify that D = C~1.
(iii) (2 points) Compute E = M(Iy)g s and F = M(Iy)p g and verify that F = E~L.
(iv) (1 point) What is the relationship between M(Iy)p 5, M(Iy)s p, and M(Iy)ps?

Exercise 2 (3 points): Linear maps as matrices
Let T: R® — RR3 be the linear map defined by

x 2x — 3y
yl—=|x+y+z]|,
z 3y —z

and let S, B, B’ be the bases from Exercise 1.

(i) (2 points) Determine M(T)s s and M(T)p s using the definition of the matrix representa-

tion of a linear map.
(ii) (1 point) Verify that M (T)B,B’ =M (IV)S,B/M (T)S,SM (IV)B,S-

Exercise 3 (2 points): Column span and surjectivity

Let V, W be finite-dimensional vector spaces over F with n = dimV and m = dimW. Let T €
Lg(V,W),and let A = M(T)p, 8, € Mmn(F) for bases By and By for V, W, respectively. Prove
that T is surjective if and only if the columns of A span [F".

Exercise 4 (3 points): Quotient spaces

Let U,W < V be subspaces of a finite-dimensional vector space V such that V = U @& W. Show
that W = V /U by finding an explicit isomorphism.

Hint: Let {wy, ..., wy} be a basis for W. Then show that {wy + U, ..., w, + U} is a basis for V /U and

use this fact to construct an isomorphism.



