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1
Representations

1.1 Unitary evolution of closed quantum systems

Quantum mechanics

We start by stating some broadly-accepted facts or axioms about quan-
tum mechanics.

• quantum systems are represented using (in our case) finite dimen-
sional Hilbert spaces, denoted H.

• observables are measurable quantities represented by Hermitian op-
erators A ∈ B(H),1 satisfying A = A† and A = ∑i ai |ai⟩ ⟨ai|, where 1 B(H) is denotes the set of all bounded

linear operators acting on the Hilbert
space H. Results would need to be
modified or handled with care in the
infinite-dimensional case. Throughout
this course, we will assume dimH < ∞.

the |ai⟩ are orthonormal eigenvectors (⟨ai|aj⟩ = δij) corresponding
to real eigenvalues ai ∈ R.

• eigenvalues, ai ∈ R, are the possible measurement outcomes of the
observable A.

• quantum states on H are linear (ρ ∈ B(H)), positive semi-definite
(ρ ≥ 0), unit trace (tr ρ = 1) operators. They always have a spectral
decomposition ρ = ∑i λi |ψi⟩ ⟨ψi|, where ρ |ψi⟩ = λi |ψi⟩ and λ ∈
[0, 1].

• pure quantum states have rank one2, i.e. ∃ |ψ⟩ ∈ H s.t. ρ = |ψ⟩ ⟨ψ| 2 One λi in the spectral decomposition is
one, the rest are zero.

• given a state ρ and an observable A on the Hilbert space, H, the
probability of a specific outcome is given by pi = tr(ρ |ai⟩ ⟨ai|) =

⟨ai|ρ|ai⟩.3 3 The second equality follows from
cyclicity of the trace.

• expected outcomes of measurement: ⟨A⟩ρ = ∑i piai = tr(ρA)

Evolution of quantum systems

There are essentially three pictures of quantum evolution:

1. Schrödinger picture: states evolve
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2. Heisenberg picture: observables evolve

3. Interaction picture: both evolve

We primarily focus on the Schrödinger picture in this course. Now,
what do we require of a formalism that describes quantum evolution?
Well, any evolution operation must be linear and should preserve the
Hilbert space structure. Mathematically, we require the evolution map
T : B(H)→ B(H) to satisfy

tr(ψϕ) = tr(T(ψ)T(ϕ)) ∀ ψ, ϕ ∈ B(H) (1.1)

The above requirements lead to the following theorem of fundamental
importance in quantum mechanics.4 4 Though outside the scope of the lec-

ture, Wigner’s Theorem is worth reading
more about.

Wigner’s Theorem: The above requirements imply that T(X)

must be either unitary or anti-unitary. That is,

T(X) = UXU† or UXTU† (1.2)

for some unitary U.

1.2 Open systems and noisy evolution

Figure 1.1: The closed system
assumption is not realistic in
practice! Sadly, no matter how
hard we try to isolate them, sys-
tems interact with the environ-
ment.

Because interaction with the environment (some external, inacces-
sible system) is unavoidable, the closed system assumption is not re-
alistic. But given a quantum system S of interest, we may assume
the existence of an environment E that is sufficiently large so that the
closed system assumption does apply. In this case, our system S to-
gether with the inaccessible environment E evolve unitarily as5 5 Note that U (HS ⊗HE) denotes the uni-

tary group on the system and environ-
ment composite space.XSE 7→ UXSEU†, where U ∈ U (HS ⊗HE). (1.3)

We can then trace out the environment to recover the evolved system
of interest via

XS = trE(UXSEU†) (1.4)

https://www.ias.ac.in/article/fulltext/reso/019/10/0900-0916
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This partial trace over the environment generally leads to a noisy and
irreversible evolution of S.

Now, recall that we are focusing on the Schrodinger picture of quan-
tum mechanics. This means we evolve quantum states with maps
T : B(H1) → B(H2). Maps that evolve quantum states must satisfy
the following requirements:

1. Linearity

2. Map states to states, which involves:

(a) T should preserve trace: tr(T(X)) = tr X

(b) T should be positive: If X ≥ 0 then also T(X) ≥ 0.
(short-hand notation: T ≥ 0)

(b’) T should be completely positive: T ⊗ idn ≥ 0 for all n ∈N.
Here, idn denotes the identity map on the space B(Cn).

The condition (b’) ensures that a quantum channel maps states to states
also when they are only acting on part of a system. Obviously, (b’)
implies the weaker criterion (b) upon choosing n = 1. At the end of
this section we will see an example of a map that is positive but not
completely positive.

The requirements stated above lead us to our first definition.6 6 Quantum channels are often also re-
ferred to as CPTP maps or quantum op-
erations.

Definition 1. A quantum channel is a linear, completely positive
(CP), trace-preserving (TP) map T : B(H1)→ B(H2).

Given a map T : B(H1) → B(H2), the adjoint map is T† : B(H2) →
B(H1) defined via

⟨T†(X), Y⟩ = ⟨X, T(Y)⟩ (1.5)

for all X ∈ B(H2) and Y ∈ B(H1). Note that a map T : B(H1) →
B(H2) is:

Figure 1.2: If a map T takes
you from input space to output
space, the adjoint map takes you
from the output space to the in-
put space such that Eq. (1.5) is
satisfied.

• CP iff T† is CP.

• TP iff T† is unital, i.e., T†(12) = 11:

⟨T†(12), Y⟩ = ⟨12, T(Y)⟩ = tr(T(Y)) = tr Y = ⟨11, Y⟩, (1.6)

for all Y ∈ B(H1). This chain of equalities implies that T†(12) = 11.
Note that unital quantum channels are both TP and unital.

1.3 Choi–Jamiołkowski isomorphism

We now define a very useful tool for studying quantum channels.
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Definition 2. Let T : B(H1) → B(H2) be a linear map. The
Choi operator τ ∈ B(H1 ⊗H2) is defined as

τ := (id1⊗T)(γ) (1.7)

where γ := |γ⟩ ⟨γ| and |γ⟩ = ∑dimH1
i=1 |i⟩ ⊗ |i⟩ ∈ H1 ⊗H1. Note

that {|i⟩}dimH1
i=1 is an orthonormal basis for H1.

The explicit form of this operator is then

τ = ∑
i,j
|i⟩ ⟨j| ⊗ T(|i⟩ ⟨j|) (1.8)

Example. If H1 = H2 = C2, we can express the Choi operator
as the block matrix

τ =

(
T(|0⟩ ⟨0|) T(|1⟩ ⟨0|)
T(|0⟩ ⟨1|) T(|1⟩ ⟨1|)

)
(1.9)

where the elements of this matrix are themselves operators
T(|i⟩ ⟨j|).

Proposition 3. Let T : B(H1)→ B(H2). The map

T 7→ τ = (id1⊗T)(γ)

is a bijection between {T : B(H1)→ B(H2)} and B(H1 ⊗H2) with
inverse mapping

τ 7→ T(X) := tr1(τ(XT ⊗ 1))),

where the transpose is taken with respect to the basis used to define the
maximally entangled vector |γ⟩.

Figure 1.3: The Choi-
Jamiołkowski isomorphism
is a one-to-one mapping be-
tween the set of linear operators
acting from B(H1) to B(H2) and
the set of bounded operators on
H1 ⊗H2, denoted B(H1 ⊗H2).

Proof. Let τ = (id⊗T)(γ), where as usual γ = |γ⟩ ⟨γ|. Tracing over
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the first system, we have

tr1(τ(XT ⊗ 1)) = tr1

((
∑i,j |i⟩ ⟨j| ⊗ T(|i⟩ ⟨j|)

)
(XT ⊗ 1)

)
(1.10)

= ∑i,j tr(|i⟩ ⟨j|XT)T(|i⟩ ⟨j|) (1.11)

= ∑i,j

(
∑k ⟨k| (|i⟩ ⟨j|X

T) |k⟩ T(|i⟩ ⟨j|)
)

(1.12)

= ∑i,j ⟨j|X
T |i⟩ T(|i⟩ ⟨j|) (1.13)

= ∑i,j xijT(|i⟩ ⟨j|), (1.14)

= T
(
∑i,j xij |i⟩ ⟨j|

)
, by linearity of T (1.15)

= T(X), (1.16)

which shows that T 7→ (id⊗T)(γ) is injective.
It remains to be shown that T 7→ (id⊗T)(γ) is surjective. We note

that there exists |ψi⟩ , |ϕi⟩ such that τ = ∑i |ψi⟩ ⟨ϕi| ∈ B(H1 ⊗ H2)

where |ψi⟩ ̸= |ϕi⟩.

Claim: For every vector |ψ⟩ ∈ H1 ⊗H2 there exists V ∈ B(H1,H2)

such that

|ψ⟩ = (11 ⊗V) |γ⟩ . (1.17)

To see this, let |ψ⟩ = ∑i,j pij |i⟩ ⊗ |ej⟩ where {|i⟩} is γ’s basis and
{ej} is an arbitrary basis. Then we can construct V as

V = ∑
i,j

pij |ej⟩ ⟨i| , (1.18)

which proves the claim.
We can write τ = ∑i |ψi⟩ ⟨ϕi| ∈ B(H1 ⊗ H2). The claim proved

above shows that there exist Li, Ki such that

|ψi⟩ = (1⊗ Ki) |γ⟩ , (1.19)

|ϕi⟩ = (1⊗ Li) |γ⟩ . (1.20)

This implies

τ = ∑
i
|ψi⟩ ⟨ϕi| (1.21)

= ∑
i
(1⊗ Ki) |γ⟩ ⟨γ| (1⊗ Li)

† (1.22)

= (id⊗T)(γ), (1.23)

where we have identified

T(X) = ∑
i

KiXL†
i (1.24)

as the linear map we sought. This completes the proof of the proposi-
tion.
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Remark 4. The first part of the above proof shows that the mapping
T 7→ (1 ⊗ T)(γ) is injective. Noting that {T : B(H1) → B(H2) and
B(H1 ⊗H2) have the same dimension d2d′2 (where d = dimH1 and
d′ = dimH2) then shows that it is also surjective, hence an isomor-
phism.

Proposition 5. Let T : B(H1) → B(H2) be a linear map with asso-
ciated Choi operator τ = (id⊗T)(γ), where |γ⟩ = ∑i |i⟩ ⊗ |i⟩. Then
the following hold:

1. T(X)† = T(X†) iff τ = τ†.

2. T is CP iff τ ≥ 0.

3. T is TP iff tr2 τ = 11.

4. T is unital iff tr1 τ = 12.

Proof. 1. (⇒) First we prove if T(X)† = T(X†), then τ = τ†.

τ† =

(
∑
i,j
|i⟩ ⟨j| ⊗ T(|i⟩ ⟨j|)

)†

(1.25)

= ∑
i,j
|j⟩ ⟨i| ⊗ T(|i⟩ ⟨j|)† (1.26)

= ∑
i,j
|j⟩ ⟨i| ⊗ T(|i⟩ ⟨j|†) (1.27)

= ∑
i,j
|j⟩ ⟨i| ⊗ T(|j⟩ ⟨i|) (1.28)

= τ (1.29)

(⇐) The other way, if τ = τ†, then T(X)† = T(X†). We know that
τ = ∑i,j |i⟩ ⟨j| ⊗ T(|i⟩ ⟨j|) so τ = τ† allows us to write(

∑
ij
|i⟩ ⟨j| ⊗ T(|i⟩ ⟨j|)

)
=

(
∑
ij
|i⟩ ⟨j| ⊗ T(|i⟩ ⟨j|)

)†

(1.30)

= ∑
ij
|j⟩ ⟨i| ⊗ T(|i⟩ ⟨j|)†. (1.31)

This is a matrix equality, so each element must be the same. Sand-
wiching ⟨l| ⊗12 · |k⟩ ⊗12 around both sides of the expression above
yields

T(|l⟩ ⟨k|) = T(|k⟩ ⟨l|)† ∀ l, k, (1.32)

which implies

T(|l⟩ ⟨k|)† = T(|k⟩ ⟨l|) ∀ l, k. (1.33)
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Finally, due to the linearity of T and the fact that all bounded oper-
ators can be expanded in the form X = ∑l,k xlk |l⟩ ⟨k|, we have

T(X)† = T(X†) ∀ X ∈ B(H1), (1.34)

as desired.

2. (⇒) First we prove that if T is CP, then τ ≥ 0. By definition of the
Choi operator, if γ ≥ 0, then τ ≥ 0.

(⇐) Going the other way, we want to prove that if τ ≥ 0, then T is
CP. To do so, we need to show

(idn⊗T)(ρ) ≥ 0 ∀ρ ∈ B(Cn ⊗H2), ρ ≥ 0. (1.35)

We can write ρ = ∑i λi |ψi⟩ ⟨ψi| with λi ≥ 0. The above claim then
follows from the fact that each state in the decomposition satisfies

(idn⊗T)(ψi) ≥ 0 ∀i, (1.36)

where ψi = |ψi⟩ ⟨ψi| is defined via the steering inequality. That is,
there exists Ki ∈ B(H1, Cn) such that

|ψi⟩ = (Ki ⊗ 1) |γ⟩ . (1.37)

Using this, we can write

(idn⊗T)(ψi) = (idn⊗T)
(
(Ki ⊗ 1) |γ⟩ ⟨γ| (Ki ⊗ 1)†

)
, (1.38)

= (Ki ⊗ 1) (idn⊗T(|γ⟩ ⟨γ|)) (Ki ⊗ 1)†, (1.39)

= (Ki ⊗ 1)τ(Ki ⊗ 1)†, (1.40)

≥ 0, (1.41)

because τ ≥ 0 and because X ≥ 0 implies CXC† ≥ 0 for all C7. As 7 Remember that C ≥ 0 means
⟨x|C |x⟩ ≥ 0∀x ∈ H.this holds for all ψi, it also holds for all ρ = ∑i λiψi. Thus, we have

(idn⊗T)(ρ) ≥ 0 ∀ρ ∈ B(Cn ⊗H2), (1.42)

as desired.

3. (⇒) If T is TP, then tr2 τ = 11.

tr2 τ = tr2

(
∑
i,j
|i⟩ ⟨j| ⊗ T(|i⟩ ⟨j|)

)
(1.43)

= ∑
i,j
|i⟩ ⟨j| tr(T(|i⟩ ⟨j|)) (1.44)

= ∑
i,j
|i⟩ ⟨j| T(tr(|i⟩ ⟨j|)) (1.45)

= ∑
i,j
|i⟩ ⟨j| δij (1.46)

= ∑
i
|i⟩ ⟨i|1 (1.47)

= 11 (1.48)
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(⇐) If tr2 τ = 11, then tr T(X) = tr X:

tr T(X) = tr
[
tr1(τ(XT ⊗ 1))

]
(1.49)

= tr(τ(XT ⊗ 1)) (1.50)

= tr
(

tr2(τ)XT
)

(1.51)

= tr XT (1.52)

= tr X, (1.53)

where the first equality holds by Prop. 3 and the second by the
definition of partial trace: tr(tri(·)) = tr(·).

4. (⇒) T is unital if tr1 τ = 12.

tr1 τ = ∑
i,j

tr(|i⟩ ⟨j|1)T(|i⟩ ⟨j|1) (1.54)

= ∑
i

T(|i⟩ ⟨i|1) (1.55)

= T(11) (1.56)

= 12 (1.57)

(⇐) If tr1 τ = 12, then T is unital:

T(11) = tr1

(
τ(1T

1 ⊗ 12)
)

(1.58)

= tr1 τ (1.59)

= 12, (1.60)

which finishes the proof.

Examples of CP maps

1. Unitary maps of the form T(X) = UXU† for any unitary U ∈ U (H)

are CP and also TP:

• Clearly, tr T(X) = tr(UXU†) = tr(XU†U) = tr(X), so T is TP.

• We have T ⊗ idn = (U ⊗ 1n) · (U ⊗ 1n)†, where 1n denotes the
identity operator acting on Cn. This is clearly a positive map for
all n ∈N, and hence T is CP.

2. More generally, isometries are also CPTP.8 8 A linear map V : H1 → H2 is an isom-
etry if V†V = 1H1 , or equivalently
⟨φ|V†V |ψ⟩ = ⟨φ|ψ⟩ for all |φ⟩ , |ψ⟩ ∈
H1. Note that we necessarily have
dimH1 ≤ dimH2 whenever there exists
an isometry V : H1 → H2.

3. The trace tr : H → C is CPTP, since

(id1⊗ tr)(γ) = ∑
i,j
|i⟩ ⟨j| tr(|i⟩ ⟨j|) = 1H1 ≥ 0.

Note that this also implies that the partial trace, tr2 : B(H1⊗H2)→
B(H1) is CPTP. We will later show that all channels can be expressed
as unitary evolution on system + environment followed by a partial
trace over the environment.
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4. X 7→ ∑i KiXK†
i are CP (more on this later).

We have seen examples of CP maps. What about a map that is not
CP? The transposition map, ϑ : X 7→ XT with respect to a fixed basis,
is positive but not completely positive.

Consider the following operator:

F = (id⊗ϑ)(γ) (1.61)

= ∑
i,j
|i⟩ ⟨j| ⊗ ϑ(|i⟩ ⟨j|) (1.62)

= ∑
i,j
|i⟩ ⟨j| ⊗ |j⟩ ⟨i| . (1.63)

We call this the swap operator because for |ψ1⟩ , |ψ2⟩ ∈ H1 we have
F(|ψ1⟩ ⊗ |ψ2⟩) = |ψ2⟩ ⊗ |ψ1⟩. Consider, then, the swap operator’s
action on the state |Ψ−⟩ = 1√

2
(|01⟩ − |10⟩):

F |Ψ−⟩ = − |Ψ−⟩ , (1.64)

thus, F ≱ 0 which implies ϑ is not CP.

1.4 Kraus representation and the isometric picture

We saw before that X 7→ ∑i KiXK†
i are CP. The converse is also true.

Proposition 6.

1. A map T : B(H1) → B(H2) is CP iff there exist {Ki}i with Ki ∈
B(H1,H2) such that T(X) = ∑i KiXK†

i . We call the Ki’s the
Kraus operators of T.

2. The Kraus rank, r(T), the minimal number of Kraus operators
needed to represent T, is equal to the rank of the Choi operator,
τ = (id⊗T)(γ). Furthermore,

r(T) ≤ dimH1 · dimH2. (1.65)

3. There exists a Kraus representation with r = rank(τ) operators
such that ⟨Ki, Kj⟩ = tr(K†

i Kj) = ciδi,j for some constant ci that
results from using an unnormalized γ state.

4. T is TP iff ∑i K†
i Ki = 11, and unital iff ∑i KiK†

i = 12

5. Any two Kraus representations {Ki}i and {Li}i of a channel T
(i.e., T(X) = ∑i KiXK†

i = ∑j LjXL†
j ) are related via a unitary U,

Ki = ∑
j

UijLj. (1.66)
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Proof. 1. (⇐) is straightforward: Consider the Choi operator

τ = (id⊗T)(γ) = ∑
i
(1⊗ Ki)γ(1⊗ K†

i ). (1.67)

Clearly, (1 ⊗ A)γ(1 ⊗ A)† ≥ 0 for any A. Thus, by Prop. 5 the
channel is CP.

(⇒) Going the other way, we know T is CP⇔ τ ≥ 0, by Prop. 5.

Claim: X ≥ 0 ⇔ there are {|ψi⟩}r
i=1 with r ≥ rank X such that

X = ∑i |ψi⟩ ⟨ψi|.9 9 Generally, ⟨ψi |ψj⟩ ̸= δij.

Proof of Claim. (⇐) X = ∑i |ψi⟩ ⟨ψi| for some {|ψi⟩}i.

We know, X ≥ 0 :⇔ ⟨φ|X|φ⟩ ≥ 0 for all |φ⟩. This allows us to write

⟨φ|
(

∑
i
|ψi⟩ ⟨ψi|

)
|φ⟩ = ∑

i
| ⟨φ|ψi⟩ |2 ≥ 0. (1.68)

(⇒) X ≥ 0 : X = ∑i λi |Xi⟩ ⟨Xi|where X |Xi⟩ = λi |Xi⟩ and ⟨Xi|Xj⟩ =
δij. Let |ψi⟩ :=

√
λi |Xi⟩ =⇒ X = ∑i |ψi⟩ ⟨ψi|. ♦

Returning to the proof of the first item of the proposition, we have
that τ ≥ 0 ⇒ ∃{|ψi⟩} such that τ = ∑i |ψi⟩ ⟨ψi|. Further, for all i
there exists Ki such that |ψi⟩ = (11 ⊗ Ki) |γ⟩. Then we can write

τ = ∑
i
|ψi⟩ ⟨ψi| = ∑

i
(11 ⊗ Ki) |γ⟩ ⟨γ| (11 ⊗ Ki)

† (1.69)

by the Choi-Jamiołkowski isomorphism. We conclude that T(X) =

∑i KiXK†
i .10 10 Recall that the Choi-Jamiołkowski iso-

morphism is one-to-one and can be in-
verted. Thus, if we know that a Choi op-
erator takes the form τ = (1⊗ A)γ(1⊗
A)† the corresponding channel must be
T(X) = AXA†.

2. Clear from the proof of item 1.: r = rank(τ) =⇒ there are at least
r pure states in the decomposition of τ. This implies that there are
at least r Kraus operators. On the other hand, τ acts on the space
H1 ⊗H2 of dimension dimH1 · dimH2, and hence we can always
achieve r ≤ dimH1 · dimH2.

3. Let τ = λi |Xi⟩ ⟨Xi| be a spectral decomposition of τ with |φi⟩ =√
λi |Xi⟩. We have

τ = ∑
i
|φi⟩ ⟨φi| (1.70)

= ∑
i
(1⊗ Li) |γ⟩ ⟨γ| (1⊗ Li)

† (1.71)

⇒ T =
r(τ)

∑
i=1

Li(·)L†
i (1.72)
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We also need to show ⟨Li, Lj⟩ = cδij. We know from the “steering
equality” that

|φi⟩ = (11 ⊗ Li) |γ⟩ . (1.73)

We can thus write

λiδij = ⟨φi|φj⟩ (1.74)

= ⟨γ|
(
11 ⊗ L†

i

)
(1⊗ Li) |γ⟩ (1.75)

= ∑
k,l
⟨k|l⟩ ⟨k| L†

i Lj |l⟩ (1.76)

= ∑
k
⟨k| L†

i Lj |k⟩ (1.77)

= tr
(

L†
i Lj

)
(1.78)

= ⟨Li, Lj⟩ . (1.79)

4. We have

tr(T(X)) = ∑
i

tr
(

KiXK†
i

)
(1.80)

= ∑
i

tr
(

K†
i KiX

)
(by cyclicity of trace) (1.81)

= tr
(
∑i K†

i KiX
)

(by linearity of trace) (1.82)

= tr X, ∀X (1.83)

⇐⇒∑
i

K†
i Ki = 11, (1.84)

and

T(11) = ∑
i

Ki1K†
i = ∑

i
KiK†

i = 12. (1.85)

5. Claim: ∑i |ψi⟩ ⟨ψi| = ∑j |φj⟩ ⟨φj| iff there exists a unitary, U, with
|ψi⟩ = ∑j Uij |φj⟩.

Proof of Claim. Consider the purifications |Ψ⟩ = ∑i |ψi⟩ ⊗ |i⟩ and
|Φ⟩ = ∑j |φj⟩ ⊗ |j⟩, where {|i⟩} is a reference system’s orthonormal
basis. Then, there always exists an isometry11 V such that (1 ⊗ 11 Recall that an isometry is a map

V : H1 → H2 such that ⟨ψ|φ⟩ =
⟨ψ|V†V|φ⟩ for all |ψ⟩ , |φ⟩ ∈ H1. equiv-
alently, V†V = 11. In general dimH2 ≥
dimH1. When the dimensions coincide,
V is called a unitary.

V) |Ψ⟩ = |Φ⟩.

The above result is useful for our proof because the isometry V
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above can always be extended to a unitary.

|φi⟩ = (1⊗ ⟨i|) |Φ⟩ , (1.86)

= (1⊗ ⟨i|) (1⊗V) |Ψ⟩ , (1.87)

= (1⊗ ⟨i|) (1⊗V)∑
j
|ψj⟩ ⊗ |j⟩ , (1.88)

= ∑
j
|ψj⟩ ⟨i|V|j⟩ , (1.89)

= ∑
j

Vij |ψj⟩ , (1.90)

as desired. ♦

Applying this claim to the two different Kraus representations T(X) =

∑i KiXK†
i and T(X) = ∑j LjXL†

j proves the claim.

Proposition 7. Consider the map T : B(H1 → H2).

1. T is completely positive iff ∃V : H1 → H2 ⊗Cn such that

• r ≥ r(T),

• T(X) = trE(VXV†),

where the trace is over the environment, in this case Cn. And

2. T is trace-preserving iff V : H1 → H2 ⊗Cn is an isometry.

Proof. 1. (⇐) ✓
(⇒) We will show that T is completely positive by showing that
there exists Kraus operators {Ki}n

i=1 such that T(X) = ∑i KiXK†
i ,

r ≥ r(T). Choose an orthonormal basis {|i⟩}n
i=1 in Cn, so we can

write V = ∑r
i=1 Ki ⊗ |i⟩. Then we have

trE VXV† = ∑
i,j

tr1

(
(Ki ⊗ |i⟩)X(Kj ⊗ |j⟩)†

)
, (1.91)

= ∑
i,j

KiXKj tr(|i⟩ ⟨j|), (1.92)

= ∑
i

KiXK†
i , (1.93)

= T(X). (1.94)

2. Now, we wish to show that T is trace-preserving iff V†V = 1. We
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write

tr X = tr(T(X)), (1.95)

= tr(trE(VXV†)), (1.96)

= tr(VXV†), (1.97)

= tr(V†VX), (1.98)

= tr(X), ∀X ⇔ V†V = 1, (1.99)

which finishes the proof.

We conclude with a few remarks:

• The isometry V in Prop. 7 has a special name. It is called the
Stinespring isometry or Stinespring dilation of the channel T.

• Given a Stinespring isometry V, a Kraus representation {Ki}i is ob-
tained via12 12 Remember that the partial trace is

given as: trE Y = ∑i(1⊗ ⟨i|)Y(1⊗ |i⟩).

Ki(1⊗ ⟨i|)V ↔ T(X) = trE VXV† (1.100)

1.5 Unitary Picture and Open System Dynamics

We now come to an important conclusion: open system dynamics can
always be viewed as a unitary on the system and environment, where we
trace over the environment at the end.

Proposition 7 shows that for a quantum channel T : B(H1)→ B(H2)

there exists a Stinespring isometry V : H1 → H2⊗Cr such that T(X) =

trE VXV†. Here, the dimension r of the auxiliary system is at least
equal to the Kraus rank r(T) of the channel T. Our goal is to reformu-
late this isometric representation of the channel using a unitary.

To this end, we set di := dimHi and choose r = d1d2 for the auxil-
iary system in the definition of the channel isometry V. This allows us
to complete V to a unitary U acting on Cd1 ⊗Cd2 ⊗Cd2 such that

V = U(1H1 ⊗ |φ⟩) (1.101)

for some suitable vector |φ⟩ ∈ Cd2 ⊗Cd2 . We then have

T(X) = trE VXV† = trE′ U(X⊗ |φ⟩ ⟨φ|)U†, (1.102)

where the ‘new’ environment E′ is taken to be E′ ∼= Cd1 ⊗Cd2 .

1.6 Complementary Channels

Via Prop. 7 we know that any quantum channel can be represented
through an isometry, T(XA) = trE VXAV†. In a noisy channel the
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input system interacts with the environment. We can then ask what
the environment learns about the input XA.

Given a channel T : B(HA) → B(HB) with Stinespring isometry
V : HA → HB⊗HE, we define the complementary channel Tc : B(HA)→
B(HE) as tracing out the receiver B instead of the environment E:

Tc(XA) = trB VXAV†. (1.103)

Note that, for a channel T with given isometry V, the isometry
Ṽ = (1⊗U)V with U unitary induces the same channel:

trE ṼXAṼ† = trE(1⊗U)VXAV†(1⊗U†) (1.104)

= trE VXAV† (1.105)

= T(XA), (1.106)

where the second equality holds via (partial) cyclicity of the partial
trace. While this unitary shift leaves the channel invariant, it changes
the complementary channel:

trB ṼXAṼ† = trB(1⊗U)VXAV†(1⊗U†) (1.107)

= U trB VXAV†U† (1.108)

= UTc(XA)U†. (1.109)

This of course is related to the fact that we fix a basis in the con-
struction of the isometry V = ∑i Ki ⊗ |i⟩, where {Ki}i are the Kraus
operators of the channel and {|i⟩}i is the orthonormal basis of our
choice.

While these different complementary channels are technically dif-
ferent from each other, they are all unitarily equivalent, as can be seen
from (1.109). Unitarily equivalent channels have the same information-
theoretic properties, so that the specific choice of complementary chan-
nel does not matter. This allows us to make a suitable choice of com-
plementary channel for the specific problem of interest.

1.7 Linear Representation

Here, we quickly review some definitions from linear algebra that we
will need. We denote a linear map acting from one bounded Hilbert
space to another as T : B(H1) → B(H2). We then know, from linear
algebra, that linear maps on a finite-dimensional Hilbert space cor-
respond to matrices with respect to a fixed basis. Further, recall the
following definitions and facts:

• B(H) . . . Hilbert space with inner product: ⟨X, Y⟩ = tr(X†Y).

• We treat operators X ∈ B(H) as vectors and maps T : B(H1) →
B(H2) as matrices.
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• Let {|i⟩}d
i=1, d = dimH, be an orthonormal basis for H. Then

{|i⟩ ⟨j|}d
i,j=1 is a basis for B(H), which implies dim B(H) = d2.

We now consider representing quantum channels through transfer ma-
trices. To do so, we first introduce the following linear mapping

Definition 8 (Vectorization map). The vectorization map vec is
defined by its action on basis elements,

vec : B(H)→ H⊗H (1.110)

vec(|i⟩ ⟨j|)→ |i⟩ ⊗ |j⟩ , (1.111)

and extended linearly to all operators in B(H).

Because {|i⟩ ⊗ |j⟩}d
i,j=1 is an orthonormal basis for H⊗H, the map

vec is an isomorphism between B(H) and H ⊗H. We note that vec
has the following properties:13 13 Note that |x⟩ represents the complex

conjugate of x with respect to the basis
{|i⟩}i .1. vec(|ψ⟩ ⟨φ|) = |ψ⟩ ⊗ |φ⟩.

2. vec is an isometry and thus ⟨X, Y⟩B(H) = ⟨vec(X), vec(Y)⟩H⊗H.

3. vec(AXB) = (A⊗ BT) vec(X).

The third property above lets us define the vectorization of a quantum
channel using the operator-sum representation. Given a linear map
N (X) = ∑i AiXBi, the vectorization map assigns toN : B(H)→ B(H)

the following operator N ∈ B(H⊗H):

N = ∑i Ai ⊗ BT
i . (1.112)

As we have seen before, any quantum channel admits a Kraus decom-
position N (X) = ∑i KiXK†

i . Thus, we make the following definition.

Definition 9 (Transfer matrix). The transfer matrix of a quan-
tum channel N : B(H) → B(H) is the matrix N ∈ B(H ⊗H)

obtained through

N (X) = ∑i KiXK†
i

vec←−−→ N = ∑i Ki ⊗ Ki. (1.113)

The transfer matrix has the following properties:

1. If N is unital, then ∑i KiK†
i = 1 and hence

N |γ⟩ =
(
∑i Ki ⊗ Ki

)
|γ⟩ = |γ⟩ = vec(1), (1.114)

where the second to last equality holds via the transpose trick.14 14 For the maximally entangled state
|γ⟩ = ∑dimH

i=1 |i⟩ |i⟩ and any A ∈ B(H)
the following “transpose trick” property
holds: A⊗ 1 |γ⟩ = 1⊗ AT |γ⟩
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2. If N is trace preserving, then ∑i K†
i Ki = 1, and hence

N† |γ⟩ = (∑
i

K†
i ⊗ KT

i ) |γ⟩ = |γ⟩ . (1.115)

The linear representation is useful, because it translates channel com-
position into matrix multiplication.

Proposition 10. Let M : B(H1) → B(H2) and N : B(H2) →
B(H3) be linear maps with transfer matrices M, N, respectively. Then
NM is the transfer matrix of N ◦M : B(H1)→ B(H3).

Proof. We can express the linear maps as

M(X) = ∑
i

AiXBT
i , Ai, Bi ∈ B(H1,H2), (1.116)

N (X) = ∑
i

CiXDT
i , Ci, Di ∈ B(H2,H3), (1.117)

and so their composition is given as

N ◦M = ∑
i,j

Ci AjXBT
j DT

i = ∑
i,j

Ci AjX(DiBj)
T , (1.118)

=⇒ vec(N ◦M) = ∑
i,j

Ci Aj ⊗ DiBj. (1.119)

Then, from the definition of the transfer matrices,

M = ∑
i

Ai ⊗ Bi, N = ∑
i

Ci ⊗ Di, (1.120)

we see

NM = ∑
i,j

Ci Aj ⊗ DiBj, (1.121)

as desired.

Proposition 11. Let N : B(H1) → B(H2) be a linear map with
transfer matrix N ∈ B(H1,H2) and Choi operator τ̃ = (N ⊗
12)(γ). Then τ̃ = NΓ, where Γ is an involution (Γ2 = 1) defined by
⟨i, j|XΓ |k, l⟩ = ⟨i, k|X |j, l⟩.

Proof. We first consider the simple case where N (·) = X(·)YT , where
X, Y ∈ B(H1,H2). Fix an orthonormal basis {|i⟩}i for H1 and {|α⟩}α

for H2. Then X and Y can be expanded in these bases as

X = ∑
i,α

xα,i |α⟩ ⟨i| Y = ∑
j,β

yβ,j |β⟩ ⟨j| . (1.122)
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Thus, the transfer matrix of the channel is

N = X⊗Y = ∑
i,j,α,β

xα,iyβ,j |α⟩ ⟨i| ⊗ |β⟩ ⟨j| , (1.123)

and the Choi operator is

τ̃ = (N ⊗ 12)(γ) = ∑
h,l

X |h⟩ ⟨l|YT ⊗ |h⟩ ⟨l| (1.124)

= ∑
h,l

i,j,α,β

xα,iyβ,j |α⟩ ⟨i|h⟩ ⟨l|j⟩ ⟨β| ⊗ |h⟩ ⟨l| (1.125)

= ∑
i,j,α,β

xα,iyβ,j |α⟩ ⟨β| ⊗ |i⟩ ⟨j| (1.126)

= NΓ. (1.127)

The general claim now holds by linearity.

Note that ⟨α, β|N |i, j⟩ = ⟨α, i| τ̃ |β, j⟩ and that N ∈ B(H1⊗H1,H2⊗
H2) but τ̃ ∈ B(H2 ⊗H1,H2 ⊗H1).





2
Classes of quantum channels

2.1 Qubit channels

Bit-flip channel or X-dephasing channel

Figure 2.1: Classical bit-flip
channel.

In classical information theory, the bit flip channel is a channel in
which bits are flipped with probability p, and are transmitted un-
changed with probability 1− p. This is shown in Fig. 2.1.

Before meeting the quantum version, recall that the Pauli-X opera-
tor is given as

X =

(
0 1
1 0

)
. (2.1)

It follows that X |0⟩ = |1⟩ and X |1⟩ = |0⟩. Furthermore, the eigen-
states of X are simply |±⟩ = (|0⟩ ± |1⟩)/

√
2. The quantum version

takes on the form

F X
p : ρ 7→ (1− p)ρ + pXρX, (2.2)

which is a channel with Kraus operators {
√

1− p1,
√

pX}. Visually,
the bit-flip channel squishes in the y- and z-direction in the Bloch
sphere.

Phase-flip channel or Z-dephasing channel

The Z-analogue of the bit-flip channel is a phase-flip channel. For this
channel we consider the Pauli-Z operator

Z =

(
1 0
0 −1

)
, (2.3)

with Z |0⟩ = |0⟩ and Z |1⟩ = − |1⟩. Furthermore, Z |+⟩ = |1⟩ and
Z |−⟩ = |+⟩. The Z-dephasing channel takes the form

F Z
p : ρ 7→ (1− p)ρ + pZρZ. (2.4)
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Bit-phase flip channel or Y-dephasing channel

Finally, we can look at a combined bit- and phase-flip channel, caused
by the action of the Pauli-Y operator

Y =

(
0 −i
i 0

)
, (2.5)

satisfying Y |0⟩ = i |1⟩ and Yi |1⟩ = |0⟩. The eigenbasis is given as
|±i⟩ = (|0⟩ ± i |1⟩)/

√
2. The Y-dephasing channel takes the form

FY
p : ρ 7→ (1− p)ρ + pYρY. (2.6)

Because Y = −iZX = iXZ, we can also write this map as

FY
p : ρ 7→ (1− p)ρ + pXZρZX, (2.7)

which is why the channel is sometimes called the “bit-phase flip chan-
nel.”

We note that all of these Pauli channels are unital because each Pauli
operator squares to the identity. For example,

FY
p (1) = (1− p)1+ pY1Y, (2.8)

= (1− p)1+ pY2, (2.9)

= (1− p)1+ p1, (2.10)

= 1, (2.11)

as claimed.

Depolarizing channel

We now introduce an important channel that represents each Pauli
error (X, Y, Z) occurring with equal probability p/3. This is called the
depolarizing channel, and is given as

Dp : ρ 7→ (1− p)ρ +
p
3
(XρX + YρY + ZρZ). (2.12)

The action of the depolarizing channel is to uniformly shrink the
sphere. The Kraus operators for the depolarizing channel are given as

{
√

1− p1,
√

p
3

X,
√

p
3

Y,
√

p
3

Z}. (2.13)

Alternatively, and perhaps more intuitively, this channel can be rep-
resented as

ρ 7→ (1− q)ρ + q
1

2
. (2.14)
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This form makes clear that the depolarizing channel is effectively re-
placing an input state with the completely mixed state with “probabil-
ity” q.1 1 Because q can exceed 1 (see (2.17)), it is

not actually a probability.We can work out the relationship between p and q as follows: An
easy calculation shows that for all ρ ∈ B(C2) we have

1
4
(ρ + XρX + YρY + ZρZ) =

tr ρ

2
1. (2.15)

With this in mind, we have

(1− q)ρ + q
1

2
= (1− q)ρ +

q
4
(ρ + XρX + YρY + ZρZ), (2.16)

=⇒ q =
4
3

p. (2.17)

Hence, p ∈ [0, 1] means that q ∈ [0, 4/3].

(Generalized) Pauli channels

Let p = (p, p1, p2, p3) be a probability distribution. Then we consider
the generalized Pauli channel

Np(ρ) = p0ρ + p1XρX + p2YρY + p3ZρZ. (2.18)

For example, the depolarizing channel is obtained by setting p0 =

1− p and pi =
p
3 . The channel Np is unital for all p.

Pauli channels are interesting from an information theory point of
view because

• classical information transmission is almost completely understood;

• quantum information transmission is really not understood at all
(except in some special cases like the flip/dephasing channels).

Amplitude Damping Channel

Consider a physical 2-level system with ground state |0⟩ and excited
state |1⟩. If the system is in the excited state it will decay down to
the ground state with some probability γ, emitting a photon in the
process. We model this process with the amplitude damping channel
Aγ. The channel isometry is given by

|0⟩A → |0⟩B ⊗ |0⟩E (2.19)

|1⟩A →
√

1− γ |1⟩B ⊗ |0⟩E +
√

γ |0⟩B ⊗ |1⟩E . (2.20)

A choice of Kraus operators for this channel is the following:

K0 =

(
1 0
0
√

1− γ

)
, K1 =

(
0
√

γ

0 0

)
. (2.21)

We make the following claims about amplitude damping channels:
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1. Aγ(1) =

(
1 + γ 0

0 1− γ

)
and thus this is not a unital channel.

2. Aγ is not a Pauli channel (more generally, it is not even a mixed
unitary channel).

3. Sending quantum information through Aγ is completely under-
stood. However, how much classical information can be sent through
Aγ is not fully understood.

Erasure Channel

Classically, an erasure channel transmits a bit unchanged with proba-
bility 1− p and destroys the message with probability p. An erased bit
is denoted by some flag e. The quantum version transmits a qubit state
unchanged with probability 1− p and replaces it with some flag state
|e⟩ with probability p. Note that we take |e⟩ ⊥ H. Mathematically, this
is written as

Ep : B(H)→ B(H⊕C), (2.22)

Ep(ρ) = (1− p)ρ) + p tr(ρ) |e⟩ ⟨e| . (2.23)

This channel can be represented in Kraus form as follows:

K0 =
√

1− p1 =
√

1− p

1 0
0 1
0 0


K1 =

√
p |e⟩ ⟨0| = √p

0 0
0 0
1 0


K2 =

√
p |e⟩ ⟨1| = √p

0 0
0 0
0 1



(2.24)

Note that Bob can always tell if an erasure has occurred simply by
measuring the output state. All major capacities of the erasure channel
are understood because of this structure.

2.2 Generalized Dephasing Channels

We now extend the notion of a dephasing channel to larger systems.
A generalized dephasing channel leaves a fixed orthonormal basis in-
variant and dephases the off-diagonal elements of a density matrix
with respect to this basis. Consider some Hilbert space H = Cd with
orthonormal basis {|i⟩}d

i=1. Further, let us consider an environment
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HE of dimension at least 2. Let {|φi⟩E}d
i=1 be some set of states (not

necessarily orthogonal) on HE and consider the isometry

|i⟩A → |i⟩B ⊗ |ψi⟩E . (2.25)

This leads to the following channel:

N (ρ) = trE VρV† (2.26)

= ∑
i,j
⟨φi|φj⟩ ⟨i|ρ|j⟩ |i⟩ ⟨j|B . (2.27)

Notice that diagonal elements are left unchanged ([N (ρ)]ii = ρii). Off-
diagonal elements, however, may be dampened as ⟨φi|φj⟩, which is
generally not equal to 0.

We now introduce the generalized Pauli operators.

"Shift Operator": X |i⟩ = |i + 1 mod d⟩ , (2.28)

"Clock Operator": Z |j⟩ = ω j |j⟩ , (2.29)

where ω = e
2πi

d . Note that Xd = Zd = 1. Lastly, X ̸= X† and Z ̸= Z†

for d > 2. These are the generators of the Heisenberg-Weyl group:

{ω jZkXl : j, k, l ∈ [d]}. (2.30)

With these defined, we can construct generalized dephasing channels
in a method similar to that of qubit channels. The following are exam-
ples of such:

ρ 7→ (1− p)ρ + pXρX†, (2.31)

ρ 7→ (1− p)ρ +
p
3

ZρZ† +
2p
3

Z2ρ(Z2)†. (2.32)

The Holevo information of dephasing channels

A generalized dephasing channel N : B(Cd) → B(Cd) as defined in
(2.25) leaves the elements of an orthonormal basis {|i⟩}d

i=1 invariant.
Intuitively, this means that a dephasing channel has maximal2 classi- 2 One can show that any capacity of

a quantum channel N : B(HA) →
B(HB) is bounded from above by
min{log |A|, log |B|}.

cal capacity equal to log d, where d is the dimension of the input and
output spaces. To see this, note that we can encode a classical random
variable taking values i = 1, · · · , d in the input space via the encoding
i 7→ |i⟩ ⟨i|. Since N (|i⟩ ⟨i|) = |i⟩ ⟨i| for all i, these orthonormal basis
states remain perfectly distinguishable, and hence Bob can fully re-
cover the classical information encoded by Alice. In the following, we
want to make this argument more formal using an entropic quantity
called Holevo information.

We start by recalling the von Neumann entropy of a quantum state ρ:

S(ρ) = − tr ρ log ρ = −∑
i

λi log λi, (2.33)
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where the matrix logarithm of ρ is defined on the positive part of ρ as
follows: Let ρ = ∑i λi|ei⟩⟨ei| be a spectral decomposition of ρ, then we
define

log ρ = ∑
i : λi>0

(log λi)|ei⟩⟨ei|. (2.34)

The second equality in (2.33) follows in a straightforward manner us-
ing this definition, and shows that the von Neumann entropy is equal
to the Shannon entropy of its eigenvalues (λi)i. The most important
properties of von Neumann entropy are summarized in Proposition 43

in Section 5.
Let now E = (px, ρx) be an ensemble of quantum states, that is, (px)x

is a probability distribution and ρx ∈ B(H) is a quantum state on a
d-dimensional Hilbert space H for each x. Operationally, we can think
of our system being prepared in state ρx with probability x. We define
the Holevo information χ(E) of the quantum state ensemble E as

χ(E) := S
(
∑x pxρx

)
−∑x pxS(ρx). (2.35)

Operationally, the Holevo information χ(E) quantifies the maximal
amount of classical information that can be retrieved from the quan-
tum state ensemble E by measuring the quantum systems.

In the setting where Alice and Bob are connected by a noisy quan-
tum channel, sending classical information essentially corresponds to
Alice encoding this information in a quantum system, sending it to
Bob using the noisy channel, and Bob measuring the received system
to retrieve the classical message. In analogy to (2.35), we thus de-
fine the Holevo information χ(N , E) of a quantum channel N : B(H)→
B(H′) and a given quantum state ensemble E as

χ(N , E) := S
(
∑x pxN (ρx)

)
−∑x pxS(N (ρx)). (2.36)

Because Alice is free to choose the ensemble in the encoding, we op-
timize this quantity over all possible state ensembles, arriving at the
Holevo information χ(N ) of a quantum channel:

χ(N ) := max
E

χ(N , E). (2.37)

The Holevo-Schumacher-Westmoreland (HSW) theorem3 states that 3 Alexander S. Holevo. The capacity of
the quantum channel with general sig-
nal states. IEEE Transactions on Infor-
mation Theory, 44(1):269–273, 1998. doi:
10.1109/18.651037; and Benjamin Schu-
macher and Michael D. Westmoreland.
Sending classical information via noisy
quantum channels. Physical Review A,
56:131–138, 1997. doi: 10.1103/Phys-
RevA.56.131

the Holevo information of a quantum channel is an achievable rate for
classical information transmission:

C(N ) ≥ χ(N ). (2.38)

For any quantum channel N : B(H) → B(H′), we also have the fol-
lowing upper bound on the classical capacity:

C(N ) ≤ min{log dimH, log dimH′}. (2.39)
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We now show that any generalized dephasing channelN : B(Cd)→
B(Cd) has maximal classical capacity C(N ) = log d. To see this, re-
call from (2.25) that any generalized dephasing channel is defined in
terms of an ONB {|i⟩}d

i=1, and satisfies N (|i⟩⟨i|) = |i⟩⟨i|. We can use
this observation to achieve a value of χ(N , E) = log d by forming the
quantum state ensemble E = (1/d, |i⟩⟨i|)i. Indeed,

χ(N) ≥ χ(N , E) = S
(

1
d ∑iN (|i⟩⟨i|)

)
− 1

d ∑i S(N (|i⟩⟨i|)) (2.40)

= S
(

1
d
1

)
(2.41)

= log d. (2.42)

Here, we used N (|i⟩⟨i|) = |i⟩⟨i| in the second equality, together with
the fact that the von Neumann entropy vanishes on pure state. On
the other hand, since both the input and output spaces of N are d-
dimensional, we get from(2.38) and (2.39) that

χ(N ) ≤ C(N ) ≤ log d, (2.43)

which together with (2.42) shows that C(N ) = χ(N ) = log d for gen-
eralized dephasing channels.

We will discuss the Holevo information further in Chapter 3.

2.3 Entanglement-breaking channels

Reminder: A bipartite state ρAB is called separable if

ρAB ∈ conv {ωA ⊗ σB : ωA, σB states on HA/B} . (2.44)

Explicitly,

ρAB = ∑
i

piω
i
A ⊗ σi

B, (2.45)

where the only correlation in the state is the classical correlation con-
tained in the index i.

Definition 12. A channel N : A → B is called entanglement-
breaking if (idR⊗N )(ρRA) is separable for any input state ρRA.

Intuitively, whatever entanglement is present in the input state ρRA

is broken by the channel.
We can characterize entanglement-breaking channels in different

ways, as the next result shows.4 4 For Prop. 13d), recall that a POVM E =
{Ei}i is a collection of positive semidef-
inite operators Ei with ∑i Ei = 1. This
is the most general measurement consid-
ered in quantum mechanics. The differ-
ent outcomes of the measurement cor-
respond to the label i, being associated
with the corresponding “effect operator”
Ei . If we measure a system in the state
ρ using the POVM E = {Ei}i , we obtain
the outcome i with probability tr(ρEi).
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Proposition 13. The following are equivalent:

a) N : A→ B is entanglement breaking.

b) τNAB = (idA⊗N )(γAA′) is separable.

c) N has a Kraus representation consisting of rank-1 Kraus operators.

d) N is a measure-and-prepare channel: there exists a POVM E =

{Ei}i and states (σi)i such that

N (ρ) = ∑
i

tr[ρEi]σi (2.46)

Proof. a) =⇒ b) (1R ⊗N (ρRA)) is separable for all ρRA. In particular,
for γRA, where (|γ⟩RA = ∑i |i⟩R |i⟩A).

b) =⇒ c) If τNAB is separable, there exist pure states ψi = |ψi⟩ ⟨ψi|A and
φi = |φi⟩ ⟨φi|B such that 1

d τNAB = ∑i piψi ⊗ φi, where d = |A|. Then,
simply set

Ki =
√

dpi |φi⟩B ⟨ψi|A . (2.47)

We can check this construction. Observe

1
d ∑

i
(1A ⊗ Ki)(γAA′)(1⊗ Ki)

† (2.48)

=
1
d ∑

i,j,k
|j⟩ ⟨k|A ⊗ Ki |j⟩ ⟨k|A′ K†

i , (2.49)

=
1
d ∑

i,j,k
dpi |j⟩ ⟨k|A ⊗ ⟨ψi|j⟩ ⟨k|ψi⟩ |φi⟩ ⟨φi|B , (2.50)

= ∑
i,j,k

pi |j⟩ ⟨k|A ⊗ ⟨ψi|j⟩ ⟨k|ψi⟩ |φi⟩ ⟨φi|B , (2.51)

= ∑
i

pi

(
∑
j,k
⟨k|ψi |j⟩ |j⟩ ⟨k|

)
⊗ |φi⟩ ⟨φ|B , (2.52)

= ∑
i

piψi ⊗ φi, (2.53)

=
1
d

τNAB. (2.54)
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Further, we have

∑
i

K†
i Ki = 1, (2.55)

= d ∑
i

pi |ψi⟩ ⟨φi|φi⟩ ⟨ψi| , (2.56)

= d ∑
i

piψi, (2.57)

= d(∑
i

piψi), (2.58)

= d
1
d
1A, (2.59)

= 1A (2.60)

c) =⇒ d) The rank of each Kraus operator is 1: Ki = |χi⟩B ⟨ωi|A for
some vectors |χi⟩B , |ωi⟩A, ⟨χi|χi⟩ = 1.

N (ρ) = ∑
i

KiρK†
i , (2.61)

= ∑
i
⟨ωi|ρ|ωi⟩ |χi⟩ ⟨χi|B . (2.62)

Treating ω = {ωi} as a POVM and taking the states to be χi’s we have

1 = ∑
i

K†
i Ki, (2.63)

= ∑
i
|ωi⟩ ⟨χi|χi⟩ ⟨ωi| , (2.64)

= ∑
i
|ωi⟩ ⟨ωi| . (2.65)

d) =⇒ a) Let ρRA be arbitrary, N (ρ) = ∑i tr[Eiρ]σi. Then we have

(1R ⊗N )(ρRA) = ∑
i

trA [(1R ⊗ Ei)ρRA]⊗ σi, (2.66)

= ∑
i

trA

[
(1R ⊗

√
Ei)ρRA(1R ⊗

√
Ei)
]
⊗ σi, (2.67)

= ∑
i

piωi ⊗ σi, (2.68)

where pi = tr[EiρRA], and where

ωi =
1
pi

trA

[
(1R ⊗

√
Ei)ρRA(1A ⊗

√
Ei)
]
≥ 0. (2.69)

Some channel capacities of entanglement-breaking channels are un-
derstood:
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• Quantum capacity: Quantum information transmission is equiva-
lent to entanglement generation, but entanglement-breaking chan-
nels cannot generate entanglement, thus their quantum capacity is
zero.

• Classical capacity: For general channels we have C(N ) ≥ χ(N ),
and a potential gap would arise from using entangled input states.
But entanglement-breaking channels destroy any entanglement be-
tween different inputs, which can be used to show that C(N ) =

χ(N ).5 Note however that χ(N ) is NP-hard to compute!6 5 Peter W. Shor. Additivity of the clas-
sical capacity of entanglement-breaking
quantum channels. Journal of Mathemat-
ical Physics, 43(9):4334–4340, 2002. doi:
10.1063/1.1498000

6 Salman Beigi and Peter W. Shor. On
the complexity of computing zero-error
and holevo capacity of quantum chan-
nels. arXiv preprint, 2007

2.4 PPT-channels

An important result in quantum information theory is that it is NP-
hard to tell if a state is separable.7 This begs the question: is there

7 Leonid Gurvits. Classical determin-
istic complexity of edmonds’ problem
and quantum entanglement. In Proceed-
ings of the Thirty-Fifth Annual ACM Sym-
posium on Theory of Computing, STOC
’03, page 10–19, New York, NY, USA,
2003. Association for Computing Ma-
chinery. ISBN 1581136749. doi:
10.1145/780542.780545. URL https://

doi.org/10.1145/780542.780545

some easier criterion? One necessary criterion is the Peres-Horodecki
criterion, which states that

ρAB ∈ SEP =⇒ ρAB ∈ PPT, (2.70)

where PPT is the set of all states with positive partial transpose:

ρTB
AB ≥ 0. (2.71)

To prove (2.70), we have for separable ρAB

ρAB = ∑
i

piω
i
A ⊗ σi

B =⇒ ρTB
AB = ∑

i
piω

i
A ⊗ (σi

B)
T ≥ 0. (2.72)

The negation of (2.70) gives us the following sufficient condition for
entanglement:

Proposition 14. If ρAB /∈ PPT has negative partial transpose (NPT),
then ρAB /∈ SEP.

In small dimensions, the PPT criterion is actually necessary and
sufficient:8 If |A||B| ≤ 6, then ρAB ∈ SEP ↔ ρAB ∈ PPT. However, 8 Michał Horodecki, Paweł Horodecki,

and Ryszard Horodecki. Separa-
bility of mixed states: necessary
and sufficient conditions. Physics
Letters A, 223(1):1–8, 1996. ISSN
0375-9601. doi: 10.1016/S0375-
9601(96)00706-2. URL http:

//www.sciencedirect.com/science/

article/pii/S0375960196007062

already for |A| = 3 = |B| there exist states that are PPT and entangled;
these are so-called bound entangled states, since one cannot distill any
entanglement from them.9

9 Michał Horodecki, Paweł Horodecki,
and Ryszard Horodecki. Mixed-state
entanglement and distillation: Is there a
“bound” entanglement in nature? Physi-
cal Review Letters, 80:5239–5242, 6 1998.
doi: 10.1103/PhysRevLett.80.5239. URL
https://link.aps.org/doi/10.1103/

PhysRevLett.80.5239

We now introduce a class of channels that can only produce PPT
states.

Definition 15. A channel N : A→ B is called PPT if

(idR⊗N )(ρRA) (2.73)

is PPT for all ρRA.

https://doi.org/10.1145/780542.780545
https://doi.org/10.1145/780542.780545
http://www.sciencedirect.com/science/article/pii/S0375960196007062
http://www.sciencedirect.com/science/article/pii/S0375960196007062
http://www.sciencedirect.com/science/article/pii/S0375960196007062
https://link.aps.org/doi/10.1103/PhysRevLett.80.5239
https://link.aps.org/doi/10.1103/PhysRevLett.80.5239
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For the following proposition, recall the transposition map ϑ : X 7→
XT . Since (idR⊗ϑ)(γ) = F ≱ 0, this map is P but not CP.

Proposition 16. The following are equivalent:

a) N : A→ B is PPT.

b) τNAB is PPT.

c) ϑ ◦ N is CP.

Proof. a) =⇒ b) (idR⊗N )(ρRA) is PPT for all ρRA by definition, so in
particular also for γRA.
b) =⇒ c) If τNAB is PPT, then by definition

(idA⊗ϑ ◦ N )(γ) = (idA⊗ϑ)(τNAB) (2.74)

= (τNAB)
ΓB ≥ 0. (2.75)

c) =⇒ a) If ϑ ◦ N is CP, then

(idR⊗ϑ ◦ N )(ρRA) ≥ 0 (2.76)

for all ρRA, so N is PPT by definition.

Note that ϑ ◦ N is not CP in general. However, ϑ ◦ N ◦ ϑ is CP for
all CP maps N .

What is the capacity of PPT channels? The Horodeckis showed that
all PPT states are undistillable.10 What do we mean by this? 10 Michał Horodecki, Paweł Horodecki,

and Ryszard Horodecki. Mixed-state
entanglement and distillation: Is there a
“bound” entanglement in nature? Physi-
cal Review Letters, 80:5239–5242, 6 1998.
doi: 10.1103/PhysRevLett.80.5239. URL
https://link.aps.org/doi/10.1103/

PhysRevLett.80.5239

Detour: Entanglement distillation

Given n independent and identically distributed (iid.) copies ρ⊗n
AB of

a bipartite state ρAB, the goal in entanglement distillation is to con-
vert these to some (smaller) number mn of maximally entangled states
|ϕ+⟩ = 1√

2
(|0⟩ |0⟩+ |1⟩ |1⟩). To achieve this task, Alice and Bob may

use local operations and classical communication (LOCC). Local op-
erations include any quantum operation and measurements that Alice
and Bob can do in their respective labs. The (classical) measurement
outcomes can be communicated to the other party, and there can be
multiple rounds of communication in each direction.11 If there is an 11 Sometimes the communication is lim-

ited to only going from Alice to Bob.
This set of operations is called one-way
LOCC, or 1-LOCC. We call the more gen-
eral class of LOCC operations with arbi-
trary communication two-way LOCC.

LOCC protocol such that

1. the error12 of the protocol goes to 0 as n→ ∞;

12 This is typically a distance measure on
quantum states such as the fidelity or the
trace distance; in the asymptotic limit it
doesn’t matter too much which one is
chosen, as they are all equivalent and
lead to the same asymptotic quantity.

2. the protocol has a positive rate c := limn→∞
mn
n > 0,

then ρAB is called distillable. The distillable entanglement D(ρAB) is de-
fined as the supremum over all achievable rates in the sense defined
above. Hence, a bipartite state is undistillable if D(ρAB) = 0, which

https://link.aps.org/doi/10.1103/PhysRevLett.80.5239
https://link.aps.org/doi/10.1103/PhysRevLett.80.5239
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holds for all PPT states by the Horodecki result. One can show that
this also implies that the quantum capacity vanishes for PPT channels,
Q(N ) = 0. This holds even if we allow two-way classical communica-
tion.

The usual definition of quantum capacity Q(·) does not involve any
classical communication between Alice and Bob. However, one can
show that allowing for one-way classical communication from Alice
to Bob does not increase the capacity.13 If we further allow for two- 13 Howard Barnum, Emanuel Knill, and

Michael A. Nielsen. On quantum fideli-
ties and channel capacities. IEEE Trans-
actions on Information Theory, 46(4):1317–
1329, 2000. doi: 10.1109/18.850671

way classical communication, then we get a different capacity called
the two-way quantum capacity Q2(·). Since one-way communication is
a special case of this, we always have Q(N ) ≤ Q2(N ) for any channel
N . The Horodecki result shows that Q(N ) = Q2(N ) = 0 for PPT
channels. As a final remark, we note that the classical capacity of PPT
channels is generally unknown.

2.5 Antidegradable Channels

Recall that a channelN : A→ B has an isometric representation V : HA →
HB ⊗HE such that N (ρ) = trE VρV†. This representation also yields
a complementary channel N c(ρ) = trB VρV†.

Definition 17. A channel N : A→ B is called antidegradable if
there exists another channel A : E→ B such that

N = A ◦N c, (2.77)

where N c is the complementary channel.

Antidegradable channels allow Eve (the environment) to locally ob-
tain Bob’s output via the channel A, which we call the antidegrading
map. This implies that antidegradable channels cannot transmit quan-
tum information, i.e., Q(N ) = 0: Assume otherwise, then Alice can
faithfully send qubits to Bob at some positive rate. But there is some
protocol based on the channel A that allows Eve to implement the
same protocol that Alice and Bob use. This would clone Alice’s state
to the systems B and E, thus violating the no-cloning principle:14 14 William K Wootters and Wojciech H

Zurek. A single quantum cannot be
cloned. Nature, 299:802–803, 1982

No-cloning theorem There is no unitary U such that for a fixed
state |0⟩ we have

U(|ψ⟩ ⊗ |0⟩) = |ψ⟩ ⊗ |ψ⟩ (2.78)

for all |ψ⟩.

Examples of antidegradable channels:
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1. Erasure channel Ep : ρ 7→ (1− p)ρ + p tr(ρ) |e⟩ ⟨e| for p ≥ 1
2 .

2. Amplitude dampening channel Aγ for γ ≥ 1
2 .

3. Depolarizing channel Dp for p ≥ 1
4 .

We prove the first example here:
Recall that Ep : B(H1) → B(H1 ⊕H2), where H1 = C2 is the input

space and H2 = C is the erasure flag. To highlight the structure of the
output space, we write the erasure channel as

Ep(ρ) = (1− p)ρ̃ + p tr(ρ) |e⟩ ⟨e| , (2.79)

where

ρ̃ =

ρ00 ρ01 0
ρ10 ρ11 0
0 0 0

 , |e⟩ ⟨e| =

0 0 0
0 0 0
0 0 1

 (2.80)

with ρ =
( ρ00 ρ01

ρ10 ρ11

)
It is easy to verify that the complementary channel

is given by the following formula:

E c
p(ρ) = pp̃ + (1− p) tr(ρ) |e⟩ ⟨e| . (2.81)

We now explicitly construct an antidegrading map Ap Roughly speak-
ing, what we would like to do is apply an erasure channel with prob-
ability q = 2p−1

p to ρ̃ and do nothing if an erasure already occurred.
Note that q ≥ 0 precisely when p ≥ 1/2.

Eq(pρ) = p(1− q)ρ̃ + pq tr(ρ) |e⟩ ⟨e| (2.82)

= (1− p)ρ̃ + (2p− 1) tr(ρ) |e⟩ ⟨e| . (2.83)

Combining this with the contribution from the identity channel acting
on the erasure flag, (1− p) |e⟩ ⟨e|, gives us

(1− p)ρ̃ + p tr(ρ) |e⟩ ⟨e| = Ep(ρ). (2.84)

To make this work, we observe that the output of the complementary
channel is in B(H1 ⊕ H2). We thus need to define Ap as acting on
B(H1 ⊕H2), which we achieve by suitably modifying the Kraus oper-
ators (2.24) of the erasure channel as follows:

K1 =
√

1− q

1 0 0
0 1 0
0 0 0

 K2 =
√

q

0 0 0
0 0 0
1 0 0

 (2.85)

K3 =
√

q

0 0 0
0 0 0
0 1 0

 K4 =

0 0 0
0 0 0
0 0 1

 . (2.86)

The operators K1, K2, K3 enact erasure on B(H1 ⊕ 0) with probability
q, while K4 leaves operators in B(0⊕H2) untouched. Defining Ap =

∑4
i=1 Ki · K†

i , we obtain Ep = A ◦ E c
p for p ≥ 1

2 .
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Proposition 18. A channel N : A→ B is antidegradable if and only
if the Choi operator τNAB has a 2-extension, that is, there is a mixed
state σABB′ (with B ∼= B′) satisfying

trB σABB′ = trB′ σABB′ = τNAB. (2.87)

Proof. “=⇒” We will construct a σABB′ that satisfies the desired prop-
erties. Let V : HA → HB ⊗HE be such that N (·) = trE V · V†. Con-
sider a purification of the Choi operator, |χ⟩ABE = (1A ⊗ V) |γ⟩AA′ ,
and define σABB′ = (idAB ⊗A)(χABE), where A : E→ B′ is the antide-
grading map. Then we have trB σABB′ = trB′ σABB′ = τNAB.

“⇐=” Let τABB′ be an extension of τNAB satisfying trB σABB′ = trB′ σABB′ =

τNAB, and let |ψ⟩ABB′R be a purification of τABB′ . Then (1.103) shows
that ψAB′R = trB ψABB′R is the Choi operator of N c. Define the an-
tidegrading map simply as A = trR. Thus, N = A ◦ N c because
trR ψAB′R = ψAB′ = ψAB = τNAB.

Note that without loss of generality the extension σABB′ can be taken
to be symmetric under B↔ B′,

FBB′σABB′FBB′ = σABB′ . (2.88)

Corollary 19. LetN1 : A→ B1 be antidegradable andN2 : B1 → B2

be an arbitrary channel. ThenM = N2 ◦ N1 is also antidegradable.

Proof. Let σAB1B′1
be an extension of the Choi operator τN1

AB1
of N1.

Then

ωAB2B′2
= (idA ⊗N2 ⊗N2)(σAB1B′1

) (2.89)

is an extension of τMAB2
= (id ⊗ N2)(τ

N1
AB1

). By Prop. 18, M is an-
tidegradable.

We will now use this to prove that the depolarizing channel Dp is
antidegradable for p ≥ 1

4 . First, recall that the depolarizing channel
takes the form

Dp : ρ 7→ (1− p)ρ +
p
3
(XρX + YρY + ZρZ), (2.90)

and can equivalently be written as

D̃q : ρ 7→ (1− q)ρ + q tr(ρ)
1
2
1, (2.91)

where q = 4p
3 . The proof continues by considering the following cases:
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1. p = 1
4 , q = 1

3 : consider the two states

|ψ1⟩ =
1√
6
(2 |000⟩+ |101⟩+ |110⟩), (2.92)

|ψ2⟩ =
1√
6
(|001⟩+ |010⟩+ 2 |111⟩). (2.93)

It can be verified that σABB′ = ψ1 + ψ2 is a symmetric extension of
τ
D1/4
AB , and thus D̃ 1

3
is antidegradable.

2. q1 ≤ q2 ≤ 1: We have D̃q2 = D̃w ◦ D̃q1 , where w = q2−q1
1−q1

. Corol-

lary 19 now shows that D̃q is antidegradable for 1
3 ≤ q ≤ 1.

3. 1 ≤ q ≤ 4
3 , 3

4 ≤ p ≤ 1: We will prove a stronger statement here. We
claim that Dp is entanglement-breaking for all p ≥ 1

2 . Recall that
Dp is entanglement-breaking if and only if the Choi operator τDp

is separable. Because |A| = |B| = 2, separability is equivalent to
PPT.15 We work with the Choi operator of D̃q, 15 Michał Horodecki, Paweł Horodecki,

and Ryszard Horodecki. Separa-
bility of mixed states: necessary
and sufficient conditions. Physics
Letters A, 223(1):1–8, 1996. ISSN
0375-9601. doi: 10.1016/S0375-
9601(96)00706-2. URL http:

//www.sciencedirect.com/science/

article/pii/S0375960196007062

τ
D̃q
AB = (1− q) |γ⟩ ⟨γ|AB + q

1
2
1⊗ 1. (2.94)

Recall that we have

FAB = ∑
i,j
|i⟩ ⟨j| ⊗ |j⟩ ⊗ i = ∑

i,j
|i⟩ ⟨j| ⊗ |i⟩ ⟨j|T = |γ⟩ ⟨γ|ΓB , (2.95)

where ΓB denotes partial transposition on the B system. Applying
this to the Choi operator yields

(τD̃q)ΓB = (1− q)FAB +
q
2
1⊗ 1. (2.96)

The two operators FAB and 1⊗1 commute and so they are simulta-
neously diagonalizable. Hence, in order to check positive semidefi-
niteness of (τD̃q)ΓB it suffices to consider the sums of the eigenval-
ues of each. Recall that FAB has a single negative eigenvalue −1
(corresponding to the eigenvector |01⟩ − |10⟩).
If q ≤ 1, then the smallest eigenvalue of (τD̃p)ΓB is equal to −(1−
q) + q

2 , which is nonnegative iff q ≥ 2
3 .

If q ≥ 1, this smallest eigenvalue is equal to (1− q) + q
2 , which is

nonnegative iff q ≤ 4
3 .

In summary, D̃q is PPT (and entanglement breaking) for 2
3 ≤ q ≤ 4

3 .
To finish our proof, we need one more lemma:

Lemma 20. Entanglement-breaking channels are antidegradable.

Proof. An entanglement-breaking channel N has a separable Choi op-
erator τNAB = d ∑i piω

i
A ⊗ σi

B. Then φABB′ = ∑i piω
i
A ⊗ σi

B ⊗ σi
B′ is a

(symmetric) extension of 1
d τNAB. By Prop. 18, N is antidegradable.

http://www.sciencedirect.com/science/article/pii/S0375960196007062
http://www.sciencedirect.com/science/article/pii/S0375960196007062
http://www.sciencedirect.com/science/article/pii/S0375960196007062
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More generally, one can define k-extensions of a bipartite state as
follows. A state ρAB is (symmetrically) k-extendible if there exists
σAB1 ...Bk such that

1. trBc
i

σAB1 ...Bk = ρAB for all i = 1, . . . , k, where trBc
i

denotes the partial
trace over all B systems except Bi.

2. PπσAB1 ...Bk P†
π = σAB1 ...Bk , where π ∈ Sk is a permutation and Pπ is

the representation of Sk on H⊗k
B acting by permuting tensor factors.

One can show that a state is ∞-extendible if and only if it is separable.
This creates a type of hierarchy: if a state is k-extendible it is also l-
extendible for l ≤ k, by simply tracing out the extra parties from the
k-extension.

2.6 Degradable channels

Degradable channels are the dual concept to anti-degradable channels.

Definition 21. A channel N : A → B with complementary
channel N c : A → E is called degradable, if there exists a
channel D : B → E (called the degrading map) such that
N c = D ◦N .

It follows that N is degradable iff N c is antidegradable. The intu-
ition for degradability is that Bob can locally “simulate” the environ-
ment. As a result, we understand the quantum capacity of degradable
channels and can efficiently compute it. Further, we know that there
are degradable channels N such that Q(N ) > 0.
Examples:

• Erasure channel16 Ep for p ≤ 1
2 . 16 We have already proved this! The

quantum capacity is given as Q(Ep) =
1− 2p• Amplitude damping channel Aγ for γ ≤ 1

2 .

• generalized dephasing channels

• the complementary channel of any entanglement-breaking channel,
so-called “Hadamard channels’.’

We now list some fundamental differences between the sets DEG
and ADG of degradable and antidegradable channels, respectively.

• N ∈ DEG =⇒ Q(N ) ≥ 0, N ∈ ADG =⇒ Q(N ) = 0.

• DEG is not convex, whereas ADG is convex.17 17 That is, if N1,N2 ∈ ADG, then λN1 +
(1− λ)N2 ∈ ADG as well.
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Now, why isn’t the set of degradable channels convex? Suppose N1 ∈
DEG and has a Choi operator ρAB. Similarly, N2 ∈ DEG and has a
Choi operator σAB. And let

N = λN1 + (1− λ)N2 (2.97)

be a channel with Choi operator ωAB. Then, suppose that |ψρ⟩ABE
purifies ρAB and |φσ⟩ABE purifies σAB. Then

|χω⟩ABEX =
√

λ |ψρ⟩ABE |0⟩X +
√

1− λ |φσ⟩ABE |1⟩X (2.98)

purifies ωAB and trEX χω = ωAB. The choi operator of N c is given as

ωAEX =

(
λρAE

√
λ(1− λ) trB |ψρ⟩ ⟨φσ|ABE

h.c. (1− λ)σAE

)
(2.99)

Proposition 22. A qubit-qubit channel with qubit environment (i.e.,
|A| = |B| = |E| = 2) is degradable or antidegradable.

The proof idea is as follows.18. Suppose N is degradable. Then, 18 Michael M Wolf and David Perez-
Garcia. Quantum capacities of channels
with small environment. Physical Review
A, 75(1):012303, 2007

there exists D : B→ E such that N c = D ◦N . Using transfer matrices,
we can write

Nc = DN ⇔ D = NcN−1, (2.100)

Then, we note that degradability is equivalent to complete positivity
of D defined via D = NcN−1.

Similarly for N ADG, there exists A : E → B such that A ◦ N c.
Using transfer matrices, we have

N = ANc ⇔ A = N(Nc)−1. (2.101)

And antidegradability is equivalent to complete positivity of A de-
fined via A = N(Nc)−1. For |A| = |B| = |E| = 2, we always have that
D or D−1 defines a completely positive map.





3
Covariant channels and minimum output entropy

3.1 Definition and Basics of Representation Theory

Motivation

Consider a channel N : A → B. For any unitaries U, V we can con-
struct another channel unitarily equivalent to N :

M(X) = UN (VXV†)U†. (3.1)

M and N have the same capacities and thus, from the perspective of
information theory, they are effectively the same channel. Any pro-
tocol for N , such as generating entanglement, can be turned into a
protocol forM achieving the same task at the same rate by absorbing
U, V into the protocol.

For certain channels and unitaries, we may have thatM = N . Thus,
(U, V) is a symmetry of N . Channels with such symmetries are called
covariant.

Basics of Representation Theory

Here we will review some of the fundamental tenets of representation
theory. For our purposes, we are only considering groups G that are
either finite or compact (such as the unitary group).

1. A representation of G on a vector space R is a group homomor-
phism

φ : G → GL(R) (3.2)

Recall that homomorphisms preserve group structure, i.e. φ(g · h) =
φ(g) · φ(h) ∀g, h ∈ G. We say that the representation (φ, R) is finite
if dim(R) < ∞. (Note that we will only consider representations
over complex vector spaces.) We say that (φ, R) is a unitary repre-
sentation if R is a Hilbert space and φ(g) ∈ U(R) ∀g ∈ G.
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2. A subspace S ⊆ R is called G-invariant if φ(g)s ∈ S ∀s ∈ S, ∀g ∈ G.
The subspaces {0} and R are G-invariant for any (φ, R) and are
sometimes referred to as the trivial invariant subspaces.

3. A representation (φ, R) is called irreducible if the only G-invariant
subspaces are the trivial ones ({0} and R). We denote such a repre-
sentation with the shorthand, "irrep".

4. Finite-dimensional unitary representations of any group are com-
pletely reducible φ =

⊕
i φi, where φi is irreducible.

5. Let (φV , V) and (φW , W) be representations of a group G. A linear
map f : V →W is called G-linear if f ◦ φV(g) = φW ◦ f for all g ∈ G
(in other words, f commutes with the representations).

The following Lemma is extremely useful (offered without proof, which
can be found in introductory texts on representation theory).

Schur’s Lemma: Let φV and φW be irreps of a group G and let
f be a G-linear map. Then either

1. V ≇ W and f is the trivial map f = 0.

2. V ∼= W and f = λidV→W , for some λ ∈ C.

Covariant Channels

With these concepts in our toolbox, we will now explicitly define co-
variant channels:

Definition 23. Let N : A → B be a quantum channel and G a
group with unitary representations Ug on HA and Vg on HB.
Then N is called covariant with respect to (G, Ug, Vg) if

VgN (·)V†
g = N (Ug ·U†

g) for all g ∈ G. (3.3)

The following are examples of covariant channels.

1. Pauli channels ρ 7→ p0ρ + p1XρX + p2YρY + p3ZρZ are covariant
with respect to the Pauli group

P = {±1,±i} ∪ {1, X, Y, Z}. (3.4)

This is easy to see: let o1, o2 ∈ P and note that o1o2 · o†
2o†

1 = o2o1 ·
o†

1o†
2 .1 1 This is a simple consequence of σiσj =

±iσk for distinct σi , σj, σk ∈ P.
2. For special cases of Pauli groups there are additional symmetries.

Consider the depolarizing channel ρ 7→ (1− p)ρ + p
3 (XρX +YρY +
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ZρZ). Here the covariance group is the entire unitary group U(2).
This is easy to see in the "q" representation: ρ 7→ (1− q)ρ+ q tr(ρ) 1

21,2 2 Recall that q = 4p
3 .

Dq(UρU†) = (1− q)UρU† + q tr(ρ)
1
2
1 (3.5)

= UDq(ρ)U†. (3.6)

Thus far we have only talked about qubit depolarizing channels.
But it is straightforward to generalize this channel to d ≥ 2:

ρ 7→ (1− q)ρ + q tr(ρ)
1
d
1. (3.7)

This has the covariance group Ud. We will shortly see that any
channel covariant under the full unitary must be a depolarizing
channel.

3. Amplitude damping channel Aγ with Kraus operators

K0 =

(
0
√

γ

0 0

)
K1 =

(
1 0
0
√

1− γ

)
. (3.8)

This has the small covariance group {1, Z} ∼= Z2.

4. Erasure channel ρ 7→ (1 − p)ρ + p tr(ρ) |e⟩ ⟨e|. This has the full
unitary group U(2) as a covariance group. Here, however, we have
to specify the input/output representations:

rep. on input space: U 7→ U

rep. on output space: U 7→
(

U 0
0 1

)
(3.9)

Note that the representation on the output space is not irreducible
as |e⟩ ⟨e| is a non-trivial invariant subspace. We can generalize the
erasure channel in a natural way to d dimensions, and it is clear that
the resulting channel will be covariant with respect to the unitary
group Ud and its representations given in (3.9).

Proposition 24. A channel N : A → B is (G, Ug, Vg)-covariant iff
τNAB = (Ug ⊗Vg)τNAB(Ug ⊗Vg)† for all g ∈ G.

Proof. “=⇒” By assumption, VgN (·)V†
g = N (Ug ·U†

g) for all g ∈ G,
which is equivalent to N (·) = V†

gN (Ug ·U†
g)V†

g . We then have

τNAB = (1⊗N )(γ) (3.10)

= (1⊗V†
g )(1⊗N )((1⊗Ug)γ(1⊗Ug)

†)(1⊗Vg) (3.11)

= (1⊗V†
g )(1⊗N )((UT

g ⊗ 1)γ(UT
g ⊗ 1)†)(1⊗Vg) (3.12)

= (UT
g ⊗V†

g )(1⊗N )(γ)(Ug ⊗Vg) (3.13)

= (UT
g ⊗V†

g )τ
N
AB(Ug ⊗Vg) (3.14)
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for all g ∈ G, where we used the “transpose trick”

(X⊗ 1)γ = (1⊗ XT)γ, (3.15)

and Ug denotes the entry-wise complex conjugate of Ug. To get the
form in the proposition statement we consider g−1 and note that Ug−1 =

(Ug)−1 = U†
g , since the considered representation is unitary. Thus,

τNAB = (Ug ⊗Vg)τ
N
AB(Ug ⊗Vg)

† for all g ∈ G. (3.16)

“⇐=” We have UgUT
g = 1, and thus τNAB = (Ug⊗Vg)τNAB(Ug⊗Vg)†

for all g ∈ G is equivalent to

(UT
g ⊗ 1)τNAB(U

T
g ⊗ 1)† = (1⊗Vg)τ

N
AB(1⊗Vg)

†. (3.17)

Recall from the Choi-isomorphism that N (X) = tr1(τ
N
AB(XT ⊗ 1)).

Then for all g ∈ G we have

N (UgXU†
g) = tr1

(
τNAB(UgXTUT

g ⊗ 1)
)

(3.18)

= tr1

(
(UT

g ⊗ 1)τNAB(U
T
g ⊗ 1)†(XT ⊗ 1)

)
(3.19)

= tr1

(
(1⊗Vg)τ

N
AB(1⊗Vg)

†(XT ⊗ 1)
)

(3.20)

= Vg tr1

(
τNAB(XT ⊗ 1)

)
V†

g (3.21)

= VgN (X)V†
g , (3.22)

where we used cyclicity of the trace in (3.19) and (3.17) in (3.20).

A slight problem with Prop 24 is that the Choi operator and its
covariance properties are basis-dependent. This can be fixed by instead
working with the Jamiołkowski operator:

JNAB = (id⊗N )(FAA′). (3.23)

Since F = |γ⟩⟨γ|TA , this is related to the Choi operator by the partial
transpose: (JNAB)

TA = τNAB. In terms of the Jamiołkowski operator, the
(G, Ug, Vg)-covariance of N is equivalent to

JNAB = (Ug ⊗Vg)JNAB(Ug ⊗Vg)
† for all g ∈ G. (3.24)

Now recall that the d-dimensional depolarizing channel ρ 7→ (1−
q)ρ + q tr ρ 1

d1d has Ud as a covariance group.

Proposition 25. Let N : A → B be a channel with |A| = |B| = d.
If UN (·)U† = N (U ·U†) for all U ∈ Ud, then

N (X) = (1− q)X + q tr(X)
1
d
1d, (3.25)
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where q = f−d2

1−d2 with f = ⟨γ|τNAB|γ⟩.

Proof. By our remark after Prop. 24 we know that the (Ud, U, U) covari-
ance ofN implies that the Jamiołkowski operator JNAB = (id⊗N )(FAA′)

satisfies JNAB = (U ⊗U)JNAB(U ⊗U)† for all U ∈ Ud. We will prove in
Lemma 26 below that this implies JNAB = x1A ⊗ 1B + yFAB for some
x, y ∈ R.3 Then, 3 Note that F is invariant under U ⊗ U

since for all |ψ⟩ , |ϕ⟩ we have

(U ⊗U)F(|ψ⟩ ⊗ |ϕ⟩) = U |ϕ⟩ ⊗U |ψ⟩
= F(U |ψ⟩ ⊗U |ϕ⟩),

so that [U ⊗U, F] = 0.

τNAB = (JNAB)
TA (3.26)

= x1T
A ⊗ 1B + yF

TA
AB (3.27)

= x1A ⊗ 1B + y |γ⟩ ⟨γ| . (3.28)

As the action of a depolarizing channel is X 7→ (1− q)X + q tr(X) 1
d1d,

it is clear that this is the Choi operator for a depolarizing channel. In
general we require that the Choi operator for a CPTP channel satisfy
tr(τNAB) = |A| = d. Applied to the form of the Choi operator given
above and using tr γ = ⟨γ|γ⟩ = d, this yields 1 = xd + y.

Next, we define

f = ⟨γ|τNAB|γ⟩ = xd + yd2. (3.29)

Combining, we have that f = xd+ yd2 = 1− y+ yd2. This implies that

y = 1− f
1−d2 and 1− y = f−d2

1−d2 . Comparing this with the Choi operator of
the depolarizing channel reveals after a short calculation that q = 1− y,

so that q = f−d2

1−d2 .

Above we noted that JNAB is invariant when acted upon by the rep-
resentation U ⊗ U. These are a special class of states called Werner
states with a particularly nice structure.

Lemma 26. Let R ∈ B(Cd ⊗Cd) be such that

(U ⊗U)R(U ⊗U)† = R for all U ∈ Ud. (3.30)

Then there are a, b ∈ C such that R = a1A ⊗ 1B + bFAB.

Proof. There are two ways to prove this:

1. Elegant way via Schur-Weyl duality:

On H = (Cd)⊗2 there are natural representations of the unitary
group Ud and symmetric group S2:

φUd : U 7→ U⊗2, (3.31)

φS2 : π 7→ (|ψ1⟩ ⊗ |ψ2⟩ 7→ |ψπ−1(1)⟩ ⊗ |ψπ−1(2)⟩). (3.32)
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These representations clearly commute as [U ⊗U, F] = 0. We de-
note the commutant of a subalgebra A ⊆ C by

A′ = {b ∈ C : ab = ba ∀a ∈ A}. (3.33)

Let A = ⟨φUd(U)⟩ and B = ⟨φS2(π)⟩ = ⟨1, F⟩ be the algebras gen-
erated by the above representations of the unitary and symmetric
group. Schur-Weyl duality states that A′ = B and B′ = A. That
is, the representation (3.31) of the unitary group spans the commu-
tant of the representation (3.32) of the symmetric group, and vice
versa.4 Returning to the lemma: (U ⊗ U)R(U ⊗ U)† = R for all 4 Schur-Weyl duality holds more gener-

ally for representations on (Cd)⊗n. That
is, the representation of the symmetric
group Sn acting by permuting tensor fac-
tors on (Cd)⊗n spans the commutant of
the representation of Ud acting via U⊗n,
and vice versa.

U ∈ Ud implies that R ∈ A′ = B. Thus, R = x1⊗ 1+ yF, for some
x, y ∈ C.

2. We will now work through a direct proof for the case of d = 2.
Consider the Bell basis for H = C2 ⊗C2:

|Φ+⟩ = 1√
2
(|00⟩+ |11⟩), (3.34)

|Φ−⟩ = 1√
2
(|00⟩ − |11⟩), (3.35)

|Ψ+⟩ = 1√
2
(|01⟩+ |10⟩), (3.36)

|Ψ−⟩ = 1√
2
(|01⟩ − |10⟩). (3.37)

We define the symmetric subspace Hs and antisymmetric subspace
Ha of H = C2 ⊗C2 as follows:

Hs = {|ψ⟩ ∈ H : F |ψ⟩ = |ψ⟩} (3.38)

Ha = {|ψ⟩ ∈ H : F |ψ⟩ = − |ψ⟩}. (3.39)

It’s easy to see that |Φ+⟩ , |Φ−⟩ , |Ψ+⟩ ∈ Hs and |Ψ−⟩ ∈ Ha. Thus,
H = Hs ⊕Ha. We define projectors Ps =

1
2 (1+ F) and Pa = 1

2 (1−
F) such that Ps/aH = Hs/a. We can express R in this basis:

R =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗


Φ+

Φ−

Ψ+

Ψ−

(3.40)

Φ+ Φ− Ψ+ Ψ− (3.41)

We now continue by choosing specific U and showing how it re-
stricts R:
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(a) X⊗ X:

|Φ+⟩ 7→ |Φ+⟩ , (3.42)

|Φ−⟩ 7→ − |Φ−⟩ , (3.43)

|Ψ+⟩ 7→ |Ψ+⟩ , (3.44)

|Ψ−⟩ 7→ − |Ψ−⟩ . (3.45)

(b) Z⊗ Z:

|Φ+⟩ 7→ |Φ+⟩ , (3.46)

|Φ−⟩ 7→ |Φ−⟩ , (3.47)

|Ψ+⟩ 7→ − |Ψ+⟩ , (3.48)

|Ψ−⟩ 7→ − |Ψ−⟩ . (3.49)

(c) H ⊗ H:5 5 H is the Hadamard matrix H =
1√
2

(
1 1
1 −1

)
|Φ+⟩ 7→ |Φ+⟩ , (3.50)

|Φ−⟩ 7→ |Ψ+⟩ , (3.51)

|Ψ+⟩ 7→ |Φ−⟩ , (3.52)

|Ψ−⟩ 7→ − |Ψ−⟩ . (3.53)

(d) S⊗ S:6 6 S is the phase gate S =

(
1 0
0 i

)
.

|Φ+⟩ 7→ |Φ−⟩ , (3.54)

|Φ−⟩ 7→ |Φ+⟩ , (3.55)

|Ψ+⟩ 7→ i |Ψ+⟩ , (3.56)

|Ψ−⟩ 7→ i |Ψ−⟩ . (3.57)

Thus, R = aPs + bPa. Expanding these projectors we have that R =
a+b

2 1⊗ 1+ a−b
2 F.

3.2 Channel Twirling

Say we have a channel N : A → B and a group G with unitary rep-
resentations Ug on HA and Vg on HB. Can we impose (G, Ug, Vg)-
covariance on N ?

The answer is yes if the group belongs to a special class of topo-
logical groups called compact groups.7 These are groups with a unique 7 A topological group is a topological

space endowed with a group structure
(i.e., a binary operation on elements
of the space satisfying the well-known
group axioms) such that group multipli-
cation and inversion are continuous with
respect to the chosen topology.

measure called the Haar measure which allows us to integrate over the
group and average operators with respect to this measure.

Let us first look at the simpler case of a finite group,8 where the

8 A finite group can always be regarded
as a topological group when choosing
the so-called discrete topology, which
declares every subset to be open. The
finiteness then implies that this topolog-
ical space is also compact.

measure we seek is just the counting measure 1
|G| ∑g∈G. Let (φ, V) be
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a representation of the finite group and X ∈ B(V) be an arbitrary
operator. Then the averaged operator

XG =
1
|G| ∑

g∈G
φ(g)Xφ(g)† (3.58)

is G-invariant in the sense that φ(g)XG = XG φ(g) for all g ∈ G.9 9 The argument for this uses the fact
that any representation satisfies φ(gh) =
φ(g)φ(h) for g, h ∈ G, and is essentially
given in the proof of Prop. 27 below.

Hence, averaging an operator over the group forces it to be G-invariant.
We can use the same trick also for channels:

Proposition 27. Let N : B(H) → B(K) be a channel, and for a
finite group let g 7→ Ug, g 7→ Vg be representations of G on H and
K, respectively. Then the channel NG defined by

NG =
1
|G| ∑

g∈G
V†

gN (Ug ·U†
g)V

†
g . (3.59)

is (G, Ug, Vg)-covariant.

Proof. Recall the proof of Prop. 24 where we used the transpose trick
(1A ⊗ X) |γ⟩ = (XT ⊗ 1B) |γ⟩ for any operator X. Applying this iden-
tity with Uh for h ∈ G, we obtain

τ̃ ≡ τNG =
1
|G| ∑

g∈G
(UT

g ⊗V†
g )τ

N (UT
g ⊗V†

g )
† (3.60)

=
1
|G| ∑

h∈G
(Uh ⊗Vh)τ

N (Uh ⊗Vh)
†, (3.61)

where we made the variable change g = h−1 in the second identity
and used (UT)−1 = U for a unitary U. From Prop. 24 we know that
Ng is (G, Ug, Vg)-covariant if and only if τ̃ = (Ug ⊗ Vg)τ̃(Ug ⊗ Vg)†

for all g ∈ G. Using (3.61), we have for any g ∈ G that

(Ug ⊗Vg)τ̃(Ug ⊗Vg)
†

=
1
|G| ∑

h∈G
(Ug ⊗Vg)(Uh ⊗Vh)τ

N (Uh ⊗Vh)
†(Ug ⊗Vg)

† (3.62)

=
1
|G| ∑

h∈G
(Ugh ⊗Vgh)τ

N (Ugh ⊗Vgh)
† (3.63)

=
1
|G| ∑

g∈G
(Ug ⊗Vg)τ

N (Ug ⊗Vg)
†, (3.64)

where we used the fact that h 7→ gh is a bijection on G in the last
equality. Thus, τ̃ = (Ug ⊗Vg)τ̃(Ug ⊗Vg)† for all g ∈ G, so that NG is
(G, Ug, Vg)-covariant by Prop. 24.

We now turn to the more general case of arbitrary compact groups
that are not necessarily finite. A compact group G admits a unique
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measure called Haar measure, denoted µ(g), satisfying the following
two properties:

1. Finiteness:
∫

G dµ(g) < ∞.

2. Left- and right-invariance: For any Haar-integrable function f on G
and any h ∈ G,∫

G
dµ(g) f (hg) =

∫
G

dµ(g) f (g) =
∫

G
dµ(g) f (gh). (3.65)

Compact groups arise frequently, with some classic examples be-
ing the Lie groups Ud, SU (d), O(d), SO(d), and Sp(n). For a finite
group G with the discrete topology, the Haar integral coincides with
the counting measure 1

|G| ∑g∈G.
Property 1 allows us to normalize the Haar measure, so that we may

always assume that
∫

G dµ(g) = 1. Property 2 lets us mimick the step
(3.64) in the proof of Proposition 27, so that we arrive at the following
version for compact groups:

Proposition 28. Let N : B(H) → B(K) be a channel, and for a
compact group G with Haar measure µ(g) let g 7→ Ug, g 7→ Vg be
representations of G on H and K, respectively. Then the channel NG

defined by

NG =
∫

G
dµ(g)V†

gN (Ug ·U†
g)V

†
g . (3.66)

is (G, Ug, Vg)-covariant.

We now characterize channels acting on a d-dimensional space with
full Ud-covariance.

Proposition 29. Let N : A → B be a channel where the input and
output spaces satisfy |A| = |B| = d. Then NUd is (Ud, U, U)-
covariant and hence a depolarizing channel:

NUd(X) = (1− q)X + q tr(X)
1
d
1d, (3.67)

where q = f−d2

1−d2 with f = ⟨γ|τN |γ⟩.

Proof. The unitary group Ud is compact, and hence Prop. 28 shows
that NUd is (Ud, U, U)-covariant.

By Prop. 25 we have NUd = (1− q)X + q tr(X) 1
d1d, where q = f−d2

1−d2

and f = ⟨γ|τNUd |γ⟩. We conclude the proof by showing that f coin-
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cides for N and NUd :

⟨γ|1⊗NUd(γ)|γ⟩ (3.68)

= ⟨γ|
∫
Ud

dµ(U)(1⊗U†)(1⊗N )((1⊗U) |γ⟩ ⟨γ| (1⊗U†))(1⊗U)|γ⟩

(3.69)

=
∫
Ud

dµ(U) ⟨γ|(UT ⊗U†)(1⊗N )(γ)(U ⊗U)|γ⟩ (3.70)

=
∫
Ud

dµ(U) ⟨γ|τN |γ⟩ (3.71)

= fN , (3.72)

where we have made repeated usage of the transpose trick.

3.3 Irreducibly Covariant Channels and Minimum Output En-
tropy

Recall that a representation (φ, V) of a group G is said to be irre-
ducible if {0} and V are the only G-invariant subspaces of V.10 Schur’s 10 A subspace S ⊆ V is said to be G-

invariant if φ(g)s ∈ S for all g ∈ G and
s ∈ S.

Lemma states that, given two irreducible representations (φ1, V1) and
(φ2, V2) of a group G, the only G-linear maps are 0 (if V1 ̸∼= V2) or λ1

for some λ ̸= 0 (if V1 = V2).

Lemma 30. An irreducible representation (φ, V) of a compact group
G forms a 1-design:∫

G
dµ(g)φ(g)Xφ(g)† =

tr(X)

d
1V , (3.73)

for all X ∈ B(V), where d = dim V.

Proof. Let µ(g) denote either the counting measure (if G is finite) or
the Haar measure (if G is compact).

Let Y =
∫

G dµ(g)φ(g)Xφ(g)†, which satisfies φ(g)Yφ(g)† = Y for
all g ∈ G. Rearranging, we have that φ(g)Y = Yφ(g), that is, Y is
a G-linear map. Schur’s Lemma then states that Y = c1V for some
c ∈ C. To determine c, note that

tr(Y) = c tr(1V) = cd =
∫

G
dµ(g) tr

(
φ(g)Xφ(g)†

)
= tr(X), (3.74)

using cyclicity of the trace and normalization of the measure on the
group in the last step. Thus, c = tr(X)

d as claimed.

Proposition 31. Let N : B(H) → B(K) be a (G, Ug, Vg)-covariant
channel, where G is a compact group, and where g 7→ Vg on K is
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an irreducible representation. Then N satisfies N ( 1
|H|1H) =

1
|K|1K.

Furthermore, if |H| = |K| (i.e. H ∼= K), then N is unital.

Proof. We have N (1H) = N (Ug1HU†
g) = VgN (1H)V†

g for all g ∈ G
because of covariance. Integrating both sides of this equation with
respect to the Haar measure µ(g) and using the irreducibility of g 7→
Vg with Lemma 30, we obtain

N (1H) =
∫

G
dµ(g)N (1H) (3.75)

=
∫

G
dµ(g)VgN (1H)V†

g (3.76)

=
tr(N (1H))

|K| 1K (3.77)

=
|H|
|K|1K, (3.78)

from which all claims follow.

We now turn to the information-theoretic properties of covariant
channels. In particular, the Holevo information assumes a simple form
for irreducibly covariant channels. Recall from Section 2.2 that the
Holevo information is defined as

χ(N ) = max
{px ,ρx}

{S(N (∑
x

pxρx))−∑
x

pxS(N (ρx))}. (3.79)

As a first step, we show that this optimization problem can be sim-
plified.

Lemma 32. The maximization in the definition of χ(N ) can be re-
stricted to pure states.

Proof. Let E = (px, ρx)x be an ensemble achieving χ(N ) = χ(N , E)
and define a classical-quantum state

ρXA = ∑
x

px |x⟩ ⟨x| ⊗ ρx
A ≡

⊕
x

pxρx
A. (3.80)

Here, we have changed our notation for convenience, writing ρx = ρx.
Letting the channel N : A→ B act on the A-part of ρXA gives a state

σXB = (idX ⊗N )(ρXA) = ∑
x

px |x⟩ ⟨x| ⊗ N (ρx
A). (3.81)

We have S(N (∑x pxρx
A)) = S(σB). Furthermore, using the relation

S
(
∑x qx |x⟩ ⟨x| ⊗ωx

)
= ∑

x
qxS(ωx) + H({qx}) (3.82)
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with H({qx}) = −∑x qx log qx the Shannon entropy of the probability
distribution {qx}, we also obtain

∑
x

pxS(N (ρx
A)) = S(σXB)− S(σX) = S(σXB)− H({px}). (3.83)

Plugging these into the definition of Holevo information, we obtain

χ(N ) = S(σB)− (S(σXB)− S(σX)) (3.84)

= S(σB) + S(σX)− S(σXB) (3.85)

= I(X; B)σ, (3.86)

which is called the mutual information between X and B.
Let us now consider spectral decompositions of the states ρx

A, i.e.,
ρx

A = ∑y py|x |φx,y⟩ ⟨φx,y|. We define a classical-classical-quantum state

σXYB = ∑
x,y

px py|x |x⟩ ⟨x| ⊗ |y⟩ ⟨y| ⊗ N (|φx,y⟩ ⟨φx,y|). (3.87)

It is straightforward to check that σXB = trY σXYB, and hence σXYB is an
extension of this state. We finish this proof by making use of the data-
processing inequality (see Proposition 46), which states that tracing out
a subsystem does not increase mutual information: I(AB; C) ≥ I(A; C)
and I(A; BC) ≥ I(A; B). Applying this to the state σXYB from above,
we get

I(XY; B)σ ≥ I(X; B)σ = χ(N ). (3.88)

But the left-hand side of this inequality is the Holevo information of
a state ensemble consisting of pure states. Hence, maximizing over
arbitrary ensembles we can always find such a pure-state ensemble
that maximizes the Holevo information.

Proposition 33. Let G be a finite or compact group with represen-
tations g 7→ Ug and g 7→ Vg on H and K, respectively, and set
d1 = dimH and d2 = dimK. Let N : B(H) → B(K) be a
(G, Ug, Vg)- covariant channel.

1. If g 7→ Ug is an irreducible representation, then

χ(N ) = S
(
N
(

1
d1
1H

))
−min
|ψ⟩

S(N (|ψ⟩ ⟨ψ|). (3.89)

2. If in addition g 7→ Vg is also an irreducible representation, then
N ( 1

d1
1H) =

1
d2
1K and

χ(N ) = log d2 −min
|ψ⟩

S(N (|ψ⟩ ⟨ψ|). (3.90)
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Proof. 1. By Lem. 32 we can assume that there is a pure state ensemble
{px, |ψx⟩ ⟨ψx|} achieving χ(N ):

χ(N ) = S

(
∑
x

pxN (|ψx⟩ ⟨ψx|)
)
−∑

x
pxS(N (|ψx⟩ ⟨ψx|)). (3.91)

We first derive an upper bound on χ(N ) via an upper bound on
the first term and a lower bound on the second one. Later, we will
see that this upper bound can be achieved.

The second term in (3.91) can easily be bounded by taking a mini-
mization over all pure states:

∑
x

pxS(N (|ψx⟩ ⟨ψx|)) ≥ min
|ψ⟩

S(N (|ψ⟩ ⟨ψ|)). (3.92)

For the first term in (3.91), we use the unitary invariance of von
Neumann entropy to show that for all g ∈ G we have

S
(
∑x pxN (|ψx⟩ ⟨ψx|)

)
= S

(
∑x pxVgN (|ψx⟩ ⟨ψx|)V†

g

)
(3.93)

= S
(
∑x pxN (Ug |ψx⟩ ⟨ψx|U†

g)
)

, (3.94)

where the second equality follows from covariance of N . Averaging
both sides of this equation over the group using the Haar measure
µ(g), we get

S
(
∑x pxN (|ψx⟩ ⟨ψx|)

)
(3.95)

=
∫

G
dµ(g)S

(
∑x pxN (Ug |ψx⟩ ⟨ψx|U†

g)
)

(3.96)

≤ S
(

∑x pxN
(∫

G
dµ(g)Ug |ψx⟩ ⟨ψx|U†

g

))
(3.97)

= S
(
N
(

1
d1
1H

))
, (3.98)

where we have used concavity of von Neumann entropy (Prop. 43)
in the third line, and Lem. 30 in the fourth line.

Combining both bounds, we have

χ(N ) = S(∑
s

pxN (|ψx⟩ ⟨ψx|))−∑
x

pxS(N (|ψx⟩ ⟨ψx|)) (3.99)

≤ S
(
N
(

1
d1
1H

))
−min
|ψ⟩

S(N (|ψ⟩ ⟨ψ|)). (3.100)

This value is achieved by the following pure-state ensemble. Let
|φ⟩ ∈ H be such that min|ψ⟩ S(N (|ψ⟩ ⟨ψ|)) = S(N (ϕ)), and con-
sider the ensemble E consisting of the vectors |φg⟩ = Ug |φ⟩ dis-
tributed according to the Haar measure µ(g).11 Then, 11 For an infinite compact group this is a

continuous ensemble.
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χ(N , E) = S
(∫

G
dµ(g)N (Ug |φ⟩ ⟨φ|U†

g)

)
−
∫

G
dµ(g)S(N (Ug |φ⟩ ⟨φ|U†

g) (3.101)

= S
(
N
(

1
d1
1H

))
−min
|ψ⟩

S(N (|ψ⟩ ⟨ψ|)), (3.102)

where we used unitary invariance of the von Neumann entropy and
normalization of the Haar measure.

2. If g 7→ Vg is also irreducible, then Prop. 31 implies that N ( 1
d1
1H) =

1
d2
1K, so that S(N ( 1

d1
1H)) = S( 1

d2
1K) = log d2.

3.4 Minimal Output Entropy and Classical Capacity

The HSW theorem states that χ(N ) is exactly the classical capacity of
N : A → B when we restrict to only product encodings. That is, if we
use the channel k times in parallel, N⊗k(ρk), then the input ρk on Ak

must be separable.
Allowing entangled inputs, the full classical capacity is equal to

C(N ) = sup
n∈N

1
n

χ(N⊗n) = lim
n→∞

1
n

χ(N⊗n). (3.103)

It is an easy consequence of the first equality above that C(N ) ≥ χ(N ).
For a long time, a major open problem in quantum information theory
was to determine if there exists a channel such that C(N ) > χ(N )

(non-additivity of Holevo information).
In 2004 Peter Shor showed that Holevo information is additive if

and only if the following two quantities are additive.12 12 Peter W. Shor. Equivalence of ad-
ditivity questions in quantum informa-
tion theory. Communications in Math-
ematical Physics, 246(3):473–473, 4 2004.
ISSN 1432-0916. doi: 10.1007/s00220-
004-1071-1. URL https://doi.org/10.

1007/s00220-004-1071-1

1. Minimum output entropy

Smin(N ) = min
|ψ⟩

S(N (|ψ⟩ ⟨ψ|)).

2. Entanglement of formation

EF(ρAB) = min
(px ,|ψx⟩)

∑
x

pxS(trB |ψx⟩ ⟨ψx|),

where the minimum is over (not necessarily orthogonal) ensembles
(px, |ψx⟩) satisfying ρAB = ∑x px |ψx⟩ ⟨ψx|.

Note that these claims do not necessarily hold for a specific channel.
That is, the existence of channels with non-additive minimum output
entropy implies the existence of channels with non-additive Holevo
information. However, these may not be the same channels.

https://doi.org/10.1007/s00220-004-1071-1
https://doi.org/10.1007/s00220-004-1071-1
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While these are all equivalent statements, the minimum output en-
tropy is much easier to work with. We will not prove the above
claim in full, but we will give a construction of channels such that
non-additivity of minimum output entropy implies non-additivity of
Holevo information.

Let N1,N2 : Ai → Bi be channels such that

Smin(N1 ⊗N2) < Smin(N1) + Smin(N2). (3.104)

That is, minimum output entropy is non-additive for these channels.
We now define new channels N ′i : AiCi → Bi, where |Ci| = |Bi|2, via

N ′i (ρAi ⊗ σCi ) = ∑
k,l

XkZlNi(ρAi )(XkZl)† ⟨k, l|σCi |k, l⟩ , (3.105)

where X, Z are the generalized Pauli operators on Bi. We can bound
the Holevo information of this channel as follows:

χ(N ′i ) = max
{px ,ρx}

S
(
∑x pxN ′i (ρx)

)
−∑

x
pxS(N ′i (ρx)) (3.106)

≤ log|Bi| − Smin(N ′i ). (3.107)

Consider the distribution pk,l =
1
|Bi |2

and states |ψk,l⟩ = |φ⟩ ⊗ |k, l⟩,
where |ϕ⟩ achieves the minimum output entropy.

∑
k,l

pk,lN ′i (|φ⟩ ⟨φ| ⊗ |k, l⟩ ⟨k, l|) = 1
|Bi|2 ∑

k,l
XkZlNi(|φ⟩ ⟨φ|)(XkZl)†

(3.108)

=
1
|Bi|

1Bi , (3.109)

where the second equality follows from the generalized Pauli opera-
tors being an irreducible representation of the Heisenberg-Weyl group.
By Lem. 30 twirling with this representation outputs the maximally
mixed state. Thus, S(∑k,l pk,lN ′i (|φ⟩ ⟨φ| ⊗ |k, l⟩ ⟨k, l|) = log|Bi|.

Next, it is easy to see that

S(N ′i (|φ⟩ ⟨φ| ⊗ |k, l⟩ ⟨k, l|)) = S(XkZlNi(|φ⟩ ⟨φ|)(XkZl)†) (3.110)

= S(Ni(|φ⟩ ⟨φ|) (3.111)

= Smin(Ni), (3.112)

where we are using the fact that Von Neumann entropy is invariant
under conjugation by unitaries. Together, these results show that

χ(N ′i ) = log|Bi| − Smin(Ni). (3.113)

Now consider the joint channel:

χ(N ′1 ⊗N ′2) = log|B1|+ log|B2| − Smin(N1 ⊗N2) (3.114)

> log|B1|+ log|B2| − Smin(N1)− Smin(N2) (3.115)

= χ(N ′1) + χ(N ′2). (3.116)
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where we are using the assumed non-additivity of minimum output
entropy.

We know that minimum output entropy is strongly additive for cer-
tain classes of channels, that is, Smin(N ⊗M) = Smin(N ) + Smin(M)

for any channelM. Some classes of such channels are the following:

1. Entanglement-breaking channels (Shor ’02).

2. d-dimensional depolarizing channels (King ’03).

3. Unital qubit channels (King ’02).

4. Hadamard channels13 (King et al. ’04). 13 These are complementary channels to
entanglement-breaking channels.

Whether minimum output entropy was additive was an open ques-
tion until Hastings gave a counter-example in 2008. However, the proof
is based on random matrix theory and no explicit examples are known.
We will give a high-level overview of the proof here.

Consider two quantum systems A and B. Define a channel:

E(ρA) = trA(UAB(ρA ⊗ |0⟩ ⟨0|B)U†
AB), (3.117)

with conjugate channel

E(ρA) = trA(UAB(ρA ⊗ |0⟩ ⟨0|B)U
†
AB). (3.118)

The idea behind the proof is to take |A| ≫ |B| and draw UAB from the
Haar measure on U (|A||B|). Hastings proved the following:

1. For all U ∈ U (|A||B|),

Smin(E ⊗ E) ≤ S(E ⊗ E(Φ+)) ≤ 2 log|B| − log|B|
|B| . (3.119)

2. Let U be drawn from the Haar measure on U (|A||B|). Then there
exists a constant c0 such that for all constants c ≥ c0 and for |A|
sufficiently large (i.e., |B|/|A| ∈ o(1)) the following holds:

Smin(E) = Smin(E) ≥ log|B| − c
|B| , (3.120)

with probability 1− o(1).

3. If (2) is satisfied and log|B| > 2c, then

Smin(E ⊗ E) ≤ 2 log|B| − log|B|
|B| (3.121)

< 2 log|B| − 2c
|B| (3.122)

= Smin(E) + Smin(E). (3.123)

Details of this calculation can be found in the articles by [Fukuda et
al. ’09] and [Brandao and Horodecki ’09]. See also the original paper
by [Hastings ’08].

https://arxiv.org/abs/0905.3697
https://arxiv.org/abs/0905.3697
https://arxiv.org/abs/0907.3210
https://arxiv.org/abs/0809.3972


4
Relative Entropy and Data-Processing

4.1 Motivation: quantum state discrimination

We begin by considering the task of quantum state discrimination. As-
sume you are given one of two quantum states ρ0, ρ1 with equal proba-
bility, and your goal is to decide which state you got. The strategy will
be to perform a measurement1 on the unknown state, the outcome of 1 Recall that a measurement is described

by a positive operator-valued measure
(POVM): {Λi}k

i=1, Λi ≥ 0, ∑i Λi = 1H .
For a given state ρ, a POVM gives out-
come i with probability pi = tr(Λiρ).

which will determine our guess for which state we were given.
To this end, we use a POVM Λ = {Λ0, Λ1} corresponding to a

measurement with two outcomes and measurement operators Λ1 =

1−Λ0 and Λ0 ≥ 0. The outcomes “0” and “1” correspond to detecting
ρ0 and ρ1, respectively, with probabilities pi = tr(Λiσ) for σ ∈ {ρ0, ρ1}.

With this data, the success probability psucc(Λ) of correctly identi-
fying the state is given by

psucc(Λ) =
1
2

Pr(ρ0|ρ0) +
1
2

Pr(ρ1|ρ1) (4.1)

=
1
2
(tr Λ0ρ0 + tr Λ1ρ1) (4.2)

=
1
2
(tr Λ0ρ0 + tr((1−Λ0)ρ1) (4.3)

=
1
2
(tr Λ0ρ0 + 1− tr Λ0ρ1) (4.4)

=
1
2
(1 + tr [Λ0(ρ0 − ρ1)]) . (4.5)

We aim to maximize the success probability with respect to the POVM
Λ = {Λ0, Λ1}, that is, we want to find

p∗succ = max
Λ

psucc(Λ) =
1
2

(
1 + max

0≤Λ0≤1
tr [Λ0(ρ0 − ρ1)]

)
. (4.6)

Recall the definition of the trace norm

∥X∥1 = tr
√

X†X = ∑i si(X), (4.7)

where the si are the singular values of X.2 This norm gives rise to the 2 That is, they are the eigenvalues of
|X| =

√
X†X.
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trace distance between two quantum states,

T(ρ0, ρ1) =
1
2
∥ρ0 − ρ1∥1. (4.8)

Our first result is a variational characterization of this trace distance
that connects it to state discrimination via (4.6) above.

Lemma 34. Let ρ0, ρ1 be quantum states, then

1
2
∥ρ0 − ρ1∥1 = max

0≤Λ≤1
tr [Λ(ρ0 − ρ1)] (4.9)

Proof. Since ρ0 − ρ1 is Hermitian,we can write its spectral decomposi-
tion as ∑i λi |i⟩ ⟨i| where λi ∈ R and ⟨i|j⟩ = δij. Defining two positive
semidefinite operators

P = ∑
i : λi≥0

λi |i⟩ ⟨i| ≥ 0, (4.10)

Q = ∑
i : λi<0

(−λi) |i⟩ ⟨i| ≥ 0, (4.11)

we have P−Q = ρ0 − ρ1 and

∥ρ0 − ρ1∥1 = tr |ρ0 − ρ1| = tr |P−Q| = tr P + tr Q = 2 tr P, (4.12)

where tr |P− Q| = tr P + tr Q follows from the fact that P, Q are each
positive semidefinite and PQ = 0 = QP. The last equality follows
from tr(P−Q) = tr(ρ0 − ρ1) = tr ρ0 − tr ρ1 = 0. In summary, we have
1
2∥ρ0 − ρ1∥1 = tr P.

We now want to relate this result to tr [Λ(ρ0 − ρ1)] for arbitrary
0 ≤ Λ ≤ 1. We write

tr Λ(ρ0 − ρ1) = tr Λ(P−Q) (4.13)

≤ tr ΛP (4.14)

≤ tr P (4.15)

=
1
2
∥ρ0 − ρ1∥1 (4.16)

Hence, max0≤Λ0≤1 tr Λ(ρ0 − ρ1) ≤ 1
2∥ρ0 − ρ1∥1, and it remains to be

shown that there exists a Λ that achieves this maximum. Setting Λ =

ΠP = ∑i : λi≥0 |i⟩⟨i| (the projector onto the support of P), we see that

tr ΠP(ρ0 − ρ1) = tr ΠP(P−Q) (4.17)

= tr ΠPP− tr ΠPQ (4.18)

= tr P (4.19)

=
1
2
∥ρ0 − ρ1∥1, (4.20)

which concludes the proof.
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For our state discrimination problem above, Lemma 34 shows that
the success probability of correctly identifying the state is

p∗succ =
1
2
(1 +

1
2
∥ρ0 − ρ1∥1). (4.21)

It follows from this formula that the success probability is equal to
one if the trace distance is one, equal to 1/2 if the trace distance is 0,
and interpolates between these extreme cases. Thus, the trace distance
between two states is a measure of distinguishability. The further apart two
states are with respect to this distance measure, the more distinguishable they
are. Now we ask what happens if the quantum system supporting the
states ρi is affected by noise. Intuitively, the noise should not make
the two states more distinguishable, which is the content of the next
result.

Proposition 35. Let T(ρ0, ρ1) = 1
2∥ρ0 − ρ1∥1. For any two states

ρ0, ρ1 and a quantum channel N , we have

T(ρ0, ρ1) ≥ T(N (ρ0),N (ρ1)). (4.22)

Proof. We know from Lemma (34) that

1
2
∥ρ0 − ρ1∥1 = max

0≤Λ≤1
tr Λ(ρ0 − ρ1). (4.23)

Let Λ ≥ 0 with Λ ≤ 1 be optimal for 1
2∥N (ρ0)−N (ρ1)∥1:

1
2
∥N (ρ0)−N (ρ1)∥1 = tr [Λ(N (ρ0)−N (ρ1))] (4.24)

= tr [ΛN (ρ0 − ρ1)] (4.25)

= tr
[
N †(Λ)(ρ0 − ρ1)

]
, (4.26)

where the last equality uses the definition of adjoint map. Now, we
want to show 1) N †(Λ) ≥ 0 and 2) N †(Λ) ≤ 1.

1. Recall that the adjoint map of a completely positive map is com-
pletely positive again. In particular, N † is positive, which means
that N †(Λ) ≥ 0 for any Λ ≥ 0.

2. The above argument also shows that N †(1 − Λ) ≥ 0, since by
assumption Λ ≤ 1 :⇔ 1 − Λ ≥ 0. Furthermore, if N is trace-
preserving then N † is unital, N †(1) = 1. We thus get

0 ≤ N †(1−Λ) = N †(1)−N †(Λ) = 1−N †(Λ), (4.27)

and hence N †(Λ) ≤ 1.
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From 1) and 2) we conclude that N †(Λ) is feasible3 in 3 A feasible region is the set of all pos-
sible points of an optimization problem
that satisfy the problem’s constraints.max

0≤K≤1
tr K(ρ0 − ρ1), (4.28)

and thus we can bound the trace distance as

1
2
∥ρ0 − ρ1∥1 = max

0≤K≤1
tr K(ρ0 − ρ1), (4.29)

≥ trN †(Λ)(ρ0 − ρ1), (4.30)

=
1
2
∥N (ρ0)−N (ρ1)∥1, (4.31)

concluding the proof.

We have thus shown that the trace distance cannot increase when
subject to the same noisy process. States will never become more dis-
tinguishable after processing.

4.2 Error analysis and hypothesis testing

The probability of success can be expressed

psucc =
1
2

Pr(ρ0|ρ0) +
1
2

Pr(ρ1|ρ1). (4.32)

Then, the error probability will be given as

perror = 1− psucc =
1
2
(Pr(ρ1|ρ0) + Pr(ρ0|ρ1)) . (4.33)

In hypothesis testing, there is a null hypothesis H0(ρ0) and an alter-
native hypothesis H1(ρ1). Then, we say a type-1 error4 is committed 4 Often denoted by the Greek letter α.

when we infer ρ1 when you actually have ρ0 (false rejection or false
negative). A type-2 error5 is when you infer ρ0 when you really have 5 Often denoted by the Greek letter β.

ρ1 (false acceptance or false positive). There is a trade-off between
these two errors, usually handled in one of the following ways:

• Symmetric hypothesis testing (“Bayesian”): try and minimize the
sum of the two errors. This leads to the trace distance as discussed
above.

• Asymmetric hypothesis testing: assume that type-1 error is constant
and small. The question is then, how small can I make the type-2
error under this constraint.6 6 In realistic settings we want to avoid

false negatives at all costs!

Definition 36. Let ρ, σ be two quantum states. Let ρ be the null
hypothesis and let σ be the alternative hypothesis. Further, let
Λ with 0 ≤ Λ ≤ 1 be a test operator defining a two-element
POVM {Λ,1− Λ}, with the operator Λ corresponding to the

https://en.wikipedia.org/wiki/Feasible_region
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state ρ and 1− Λ corresponding to the state σ. Then we have
the following errors:

α(Λ) = tr [ρ(1−Λ)] (type-1 error) (4.34)

β(Λ) = tr σΛ (type-2 error) (4.35)

In an information-theoretic setting we usually assume that we have
access to identical copies of the unknown state in the discrimination
problem, and thus we aim to distinguish the states ρ⊗n and σ⊗n for
large n. In this case we have the errors7 7 Note that Λn ∈ B(H⊗n), Λn ≥ 0, and

Λn ≤ 1⊗n
H

αn(Λn) = tr
[
ρ⊗n(1−Λn)

]
(4.36)

βn(Λn) = tr
[
σ⊗Λn

]
. (4.37)

Then, for some ϵ > 0, we define the following quantity describing the
minimal type-II error when the type-I error is bounded:

β∗n(ϵ) = min{βn(Λn) : 0 ≤ Λn ≤ 1, αn(Λn) ≤ ϵ}. (4.38)

The question is now: How does β∗n(ϵ) behave as n → ∞? The answer
will be determined in terms of a fundamental quantity in (quantum)
information theory called relative entropy D(ρ∥σ).

To define it, we first define the support supp X of a linear operator
X ∈ B(H) as

supp X = (ker X)⊥. (4.39)

If X is Hermitian with spectral decomposition X = ∑i λi |i⟩ ⟨i|, then
supp X = span{|i⟩ : λi ̸= 0}. The orthogonal projection ΠX onto supp X
is given by8 8 Here, Xα := ∑i λα

i |i⟩ ⟨i|.

ΠX = ∑
i : λi ̸=0

|i⟩ ⟨i| = lim
α→0

Xα =: X0. (4.40)

Definition 37. Let ρ be a quantum state and σ ≥ 0. The relative
entropy is defined as

D(ρ∥σ) =

tr(ρ log ρ− ρ log σ) if suppρ ⊆ suppσ,

∞ else.
(4.41)

With this definition, we can give the answer to the above question,
which is known as the quantum Stein’s lemma.9 The lemma says that 9 This result was shown by Hiai and Petz

and Ogawa and Nagaoka.for all ϵ > 0,

lim
n→∞

1
n

log β∗n(ϵ) = −D(ρ∥σ). (4.42)

https://link.springer.com/article/10.1007/BF02100287
https://arxiv.org/pdf/quant-ph/9906090.pdf
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Intuitively, this means that β∗n ≈ exp (−nD(ρ∥σ)). Thus, we have an-
other measure of distinguishability, this time in the asymmetric set-
ting. The larger D(ρ∥σ), the better we can distinguish between ρ

and σ, in the sense that the optimal type-II error β∗n decays exponen-
tially if the type-I error is bounded by a constant. Note that because
D(ρ∥σ) ̸= D(σ∥ρ), the relative entropy is not a metric in the mathe-
matical sense. However, if ρ and σ are quantum states (that is, σ is also
normalized), then D(ρ∥σ) ≥ 0 with equality if and only if ρ = σ (see
below).

4.3 Properties of relative entropy

Measures of distinguishability between quantum states should be mono-
tonic under quantum operations to match the intuition that noise can-
not make quantum states more distinguishable. This is summarized
in the following fundamental theorem.

Theorem 38 (Data-processing inequality). Let ρ be a quantum
state, σ ≥ 0, and N a quantum channel. Then,

D(ρ∥σ) ≥ D(N (ρ)∥N (σ)). (4.43)

We will defer the proof to later and first study properties of the
relative entropy that follow from this inequality.

Proposition 39. The quantum relative entropy satisfies the following
properties:

1. Let ρ be a classical state, and σ ≥ 0 be classical (diagonal with
respect to the same basis), that is, ρ = ∑x px |x⟩ ⟨x| with p =

(px)x a probability distribution, and σ = ∑x qx |x⟩ ⟨x| with qx ≥
0 for all x. Then the quantum relative entropy equals the classical
Kullback-Leibler divergence:

D(ρ∥σ) = ∑
x

px log
px

qx
= D(p∥q). (4.44)

2. If both ρ, σ are quantum states, then D(ρ∥σ) ≥ 0, and D(ρ∥σ) =
0 iff ρ = σ.

3. Isometric invariance: D(ρ∥σ) = D(VρV†∥VσV†) for an isome-
try V.

4. For a classical-quantum state ρXA = ∑x px |x⟩ ⟨x|X ⊗ ρx
A and a

classical-quantum operator σXA = ∑x qx |x⟩ ⟨x|X ⊗ σx
A (i.e., qx ≥
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0 for all x and the σx
A are PSD but not necessarily normalized), we

have

D(ρXA∥σXA) = D(p∥q) + ∑
x

pxD(ρx
A∥σx

A). (4.45)

5. Joint convexity: Let {ρx} be quantum states, {σx} be positive semi-
definite operators and {λx} be a probability distribution. Then,

D
(
∑x λxρx∥∑x λxσx

)
≤∑x λxD(ρx∥σx). (4.46)

6. For a state ρ and σ, σ′ ≥ 0 with σ ≤ σ′, we have

D(ρ∥σ) ≥ D(ρσ′). (4.47)

Proof. 1. This follows directly from the definition of the relative en-
tropy.

2. If ρ, σ are states, we can use the data-processing inequality in Thm. 38

with respect to the quantum channel N = tr to obtain

D(ρ∥σ) ≥ D(tr ρ∥ tr σ), (4.48)

= D(1∥1), (4.49)

= 0. (4.50)

It is clear that D(ρ∥σ) = 0 if ρ = σ. The “only if” part will be
proved later.

3. Let V : H → K be an isometry. Since the map X 7→ VXV† is a
quantum channel, Thm. 38 implies that

D(ρ∥σ) ≥ D(VρV†∥VσV†). (4.51)

Now, let Π = VV† denote the projection onto the image of V, and
define a quantum channel W : B(K)→ B(H) as

W(X) = V†XV + tr ((1−Π)X) |0⟩ ⟨0| , (4.52)

where |0⟩ ∈ H is some fixed normalized vector. The map W is
manifestly completely positive, and furthermore we have

tr W(X) = tr V†XV + tr((1−Π)X) (4.53)

= tr(ΠX) + tr((1−Π)X) (4.54)

= tr X, (4.55)
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so that W is also trace-preserving, i.e., a quantum channel. By con-
struction, W inverts the isometric channel X 7→ VXV† on its image,

W(VXV†) = V†VXV†V + tr((1−Π)VXV†) (4.56)

= X + tr((1−V†ΠV)X) (4.57)

= X, (4.58)

where we used V†V = 1 and V†ΠV = V†VV†V = 1. Hence, with
another application of Thm. 38, we have

D(VρV†∥VσV†) ≥ D(W(VρV†)∥W(VσV†)) = D(ρ∥σ), (4.59)

which together with (4.51) completes the proof.

4. Recall that we can rewrite classical-quantum states as

ρXA = ∑
x

px |x⟩ ⟨x|X ⊗ ρx
A =

⊕
x

pxρx
A, (4.60)

and hence

log ρXA =
⊕

x
[(log px)1+ log ρx

A] , (4.61)

and similarly for log σXA. Thus,

log ρXA − log σXA =
⊕

x

[
log

px

qx
1+ log ρx

A − log σx
A

]
(4.62)

Using the definition of D(·∥·),

D(ρXA∥σXA) (4.63)

= tr [ρXA(log ρXA − log σXA)] (4.64)

= tr
[(⊕

x
pxρx

A

)(⊕
x

(
log

px

qx
1+ log ρx

A − log σx
A

))]
(4.65)

= ∑
x

[
px log

px

qx
tr ρx

A + px tr (ρx
A(log ρx

A − log σx
A))

]
(4.66)

= D(p∥q) + ∑
x

pxD(ρx
A∥σx

A), (4.67)

which completes the proof.

5. To show joint convexity, define classical-quantum operators ρXA =

∑x λx |x⟩ ⟨x| ⊗ ρx and σXA = ∑x λx |x⟩ ⟨x| ⊗ σx. Then from (4.45)
and using D(λ∥λ) = 0, we get

D(ρXA∥σXA) = ∑
x

λxD(ρx∥σx). (4.68)
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Since trX ρXA = ∑x λxρx and similarly for trX σXA, the data-processing
inequality in Thm. 38 with respect to trX shows that

∑
x

λxD(ρx∥σx) = D(ρXA∥σXA) (4.69)

≥ D(ρA∥σA) (4.70)

= D
(
∑x λxρx∥∑x λxσx

)
, (4.71)

which proves the claim.

6. Finally, we wish to show that if σ ≤ σ′, then D(ρ∥σ) ≥ D(ρ∥σ′).
Using (4.45), we can rewrite

D(ρ∥σ) = D(ρ⊗ |0⟩ ⟨0| ∥σ⊗ |0⟩ ⟨0|+ (σ′ − σ)⊗ |1⟩ ⟨1|). (4.72)

Then by data-processing (Thm. 38), we have

D(ρ∥σ) ≥ D(ρ∥σ + σ′ − σ) = D(ρ∥σ′), (4.73)

concluding the proof.

Note that the isometric invariance of the relative entropy can also
be proved directly without making use of data-processing. To see this,
let V be an isometry. Using the fact that log VXV† = V(log X)V†, we
then have

D(VρV†∥VσV†) = tr
[
VρV†(log VρV† − log VσV†)

]
(4.74)

= tr
[
VρV†V(log ρ− log σ)V†

]
(4.75)

= tr [ρ(log ρ− log σ)] (4.76)

= D(ρ∥σ). (4.77)

However, the argument using data-processing applies to any so-called
divergence, i.e., a real-valued functional D on pairs of positive semidef-
inite operators satisfying data-processing. We have also seen that any
divergence satisfying data-processing and the classical-quantum struc-
ture relation (4.45) is also jointly convex.

These results show that data-processing is a fundamental property
of the relative entropy, and the next section is dedicated to proving
Theorem 38.

4.4 Proving the data-processing inequality

Functions on operators and operator convexity

Let A ∈ B(H) be Hermitian with spectral decomposition

A = ∑
i

λi |i⟩ ⟨i| , (4.78)
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that is, λi ∈ R and ⟨i|j⟩ = δij. For a function f : I → R such that
spec(A) ⊆ I ⊆ R, we can define an operator

f (A) = ∑
i

f (λi) |i⟩ ⟨i| . (4.79)

That is, f (A) is a Hermitian operator with the same eigenbasis as A
and spectrum { f (λi)}i.10 If V : H → K is an isometry, V†V = 1, the 10 Note that this implies the often used

property that [A, f (A)] = 0.definition (4.79) of f (A) implies that

f (VAV†) = V f (A)V†. (4.80)

We have already seen an example of this: the matrix logarithm.
Given a state with spectral decomposition ρ = ∑i λi |i⟩ ⟨i|, the matrix
logarithm is the operator log ρ = ∑i log λi |i⟩ ⟨i|. Another important
examples are the power function t 7→ tα for α ∈ R and the entropy
function η(t) = t log t.11 11 Since limt→0 η(t) = 0, we define

0 log 0 := 0.We define a partial order on Hermitian operators (called the Löwner
order) via A ≤ B :⇔ B − A ≥ 0. A function f : I → R is called
operator-convex, if

f (λA + (1− λ)B) ≤ λ f (A) + (1− λ) f (B), (4.81)

holds for all A, B with spec A, spec B ⊆ I and λ ∈ [0, 1]. An immediate
consequence of (4.81) is that every operator convex function is convex
as a real function12. However, the converse of this statement is not 12 Just take dimH = 1

true; for example, t 7→ t3 is not operator convex. Some examples of
operator convex functions are the following:

1. t 7→ tp for −1 ≤ p ≤ 0 and 1 ≤ p ≤ 2,

2. t 7→ −tp for 0 ≤ p ≤ 1 ,

3. t 7→ − log t,

4. t 7→ η(t) = t log t.

Finally, we state (without proof) an important result called the operator
Jensen13 inequality: Let f : I → R be operator convex, V : H → K an 13 Named after Johan Jensen (1859-1925).

isometry, and A Hermitian with spec A ⊆ I. Then,

f (V† AV) ≤ V† f (A)V. (4.82)

Relative Modular Operator

We now define relative modular operators, which will be a useful con-
cept for proving the data-processing inequality for the relative entropy.
For given A, B ∈ B(H) we define maps LA, RB : B(H)→ B(H) via

LA(X) = AX RB(X) = XB. (4.83)

We collect some useful properties in the following proposition.

https://en.wikipedia.org/wiki/Johan_Jensen_(mathematician)
https://en.wikipedia.org/wiki/Johan_Jensen_(mathematician)
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Lemma 40. 1. [LA, RB] = 0.

2. If A is invertible, then LA, RA are invertible, and

L−1
A = LA−1 R−1

A = RA−1 . (4.84)

3. We have L†
A = LA† and R†

A = RA† with respect to the Hilbert-
Schmidt inner product ⟨X, Y⟩ = tr(X†Y). Hence, if A is Hermi-
tian, then so are LA, RA.

4. If A is Hermitian and f : I → R with spec A ⊆ I, then
f (LA), f (RA) are well-defined and

f (LA) = L f (A) f (RA) = R f (A). (4.85)

Proof. 1. We have for all X:

[LA, RB](X) = LA(RB(X))− RB(LA(X)), (4.86)

= LA(XB)− RB(AX), (4.87)

= AXB− AXB, (4.88)

= 0, (4.89)

and hence LA and RB commute for all A, B.

2. This is immediate from the definition.

3. The adjoint L†
A is defined via ⟨X, LA(Y)⟩ = ⟨L†

A(X), Y⟩ for all X, Y.
Hence,

⟨X, LA(Y)⟩ = tr(X† AY), (4.90)

= tr((A†X)†Y), (4.91)

= ⟨A†X, Y⟩, (4.92)

which implies L†
A = LA† . If A† = A, then also L†

A = LA. The claims
for RA are proved analogously.

4. Let A = ∑d
i=1 ai |i⟩ ⟨i| where d = dimH. Since

LA(|i⟩ ⟨j|) = A |i⟩ ⟨j| = ai |i⟩ ⟨j| , (4.93)

we see that for each fixed i there are d eigenoperators |i⟩ ⟨j| with
eigenvalues ai (for i, j = 1, . . . , d). In total there are d2 eigenvalues
with orthogonal eigenoperators |i⟩ ⟨j| (with respect to the Hilbert-
Schmidt inner product). These eigenoperators form a basis since
dim B(H) = d2, and thus we can define f (LA) through

f (LA)(|i⟩ ⟨j|) := f (ai) |i⟩ ⟨j| (4.94)

But f (ai) |i⟩ ⟨j| = L f (A)(|i⟩ ⟨j|), and hence f (LA) = L f (A) since they
agree on a basis. The same argument applies for RA.
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Definition 41. Let X, Y ∈ B(H) be Hermitian and Y invertible.
The relative modular operator ∆ ≡ ∆X,Y is defined as

∆X,Y = LXRY−1 : Z 7→ XZY−1. (4.95)

Lemma 42. Let X, Y ≥ 0 with Y invertible, and set η(t) = t log t.
Then η(∆X,Y) = ∆X,Y(Llog X − Rlog Y).

Proof. Let X, Y have spectral decompositions14 14 Note that Y ≥ 0 being invertible im-
plies Y > 0, i.e., yi > 0 for all i.

X = ∑
i

xi |ei⟩ ⟨ei| , (4.96)

Y = ∑
i

yi | fi⟩ ⟨ fi| . (4.97)

Then, we have

∆X,Y(|ei⟩ ⟨ f j|) = LXRY−1(|ei⟩ ⟨ f j|), (4.98)

= X |ei⟩ ⟨ f j|Y−1, (4.99)

= xi |ei⟩ ⟨ fi| y−1
j , (4.100)

= xiy−1
j |ei⟩ ⟨ f j| , (4.101)

which implies that |ei⟩ ⟨ f j| is an eigenoperator of ∆X,Y with eigenvalue
xiy−1

j , so that

η(∆)(|ei⟩ ⟨ f j|) = η(xiy−1
j ) |ei⟩ ⟨ f j| = xiy−1

j (log xi − log yj) |ei⟩ ⟨ f j| .
(4.102)

Since we also have

∆X,Y(Llog X − Rlog Y)(|ei⟩ ⟨ f j|) = xiy−1
j (log xi − log yj) |ei⟩ ⟨ f j| (4.103)

and the {|ei⟩ ⟨ f j|}d
i,j=1 form a basis for B(H), we can conclude that

η(∆X,Y) = ∆X,Y(Llog X − Rlog Y), (4.104)

as desired.

We are now ready to prove Theorem 38, the data processing in-
equality for the quantum relative entropy.

Proof. First, recall that D(ρ∥σ) ≡ ∞ if the support condition supp ρ ⊆
supp σ is not satsified. In this case the data-processing inequality is
trivially satisfied, and so we assume supp ρ ⊆ supp σ in the sequel.
Without loss of generality, we restrict the Hilbert space to the support
of σ, which allows us to assume that σ is invertible.15 15 In general, H = ker σ ⊕ supp σ, and

we can restrictH to supp σ by projecting.
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Recall that for any quantum channel N : A → B there exists an
isometry V : HA → HB ⊗HE with an auxiliary Hilbert space HE such
that

N (XA) = trE(VXAV†) (4.105)

We further have f (VAV†) = V f (A)V† by definition of the operator
function f . Applying this to the matrix logarithm yields the previously
noted isometric variance of the relative entropy, D(VρV†∥VσV†) =

D(ρ∥σ). Hence, the claim of Thm. 38 follows from proving the data-
processing inequality for the partial trace N = trB : AB→ A,

D(ρAB∥σAB) ≥ D(ρA∥σA). (4.106)

We have supp σAB ⊆ supp σA⊗ supp σB,16 and so we can assume with- 16 Proved in Lemma B.4.1 of Renato Ren-
ner’s PhD thesis.out loss of generality that both σAB and σA are invertible.

Recall the Hilbert-Schmidt inner product ⟨X, Y⟩ := tr(X†Y) on B(H).
Defining relative modular operators

∆AB = LρAB R
σ−1

AB
∆A = LρA R

σ−1
A

, (4.107)

we can rewrite the relative entropy D(·∥·) as follows:

D(ρAB∥σAB) = tr ρAB(log ρAB − log σAB) (4.108)

= ⟨σ1/2
AB , ρAB log ρABσ1/2

AB σ−1
AB − ρABσ1/2

AB log σABσ−1
AB⟩,
(4.109)

= ⟨σ1/2
AB , ∆AB(Llog ρAB − Rlog σAB)(σ

1/2
AB )⟩, (4.110)

= ⟨σ1/2
AB , η(∆AB)(σ

1/2
AB )⟩, (4.111)

where the last equality follows from Lem. 42. Similarly,

D(ρA∥σA) = ⟨σ1/2
A , η(∆A)(σ

1/2
A )⟩. (4.112)

Our goal is to use the operator Jensen’s inequality, which states that
for any operator-convex function f and isometry V we have

f (V†XV) ≤ V† f (X)V. (4.113)

To this end, we note that η(t) = t log t is operator-convex, and we
wish to find a map V : B(HA) → B(HAB) satisfying the following
properties:

1. V is an isometry, V†V = idA;

2. V†∆ABV = ∆A;

3. V(σ1/2
A ) = σ1/2

AB .

https://arxiv.org/pdf/quant-ph/0512258.pdf
https://arxiv.org/pdf/quant-ph/0512258.pdf
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Once we have found such an isometry, we can proceed with the proof
of the data-processing inequality as follows:

D(ρA∥σA) = ⟨σ1/2
A , η(∆A)(σ

1/2
A )⟩ (4.114)

= ⟨σ1/2
A , η(V†∆ABV)(σ1/2

A )⟩, by property 2 (4.115)

≤ ⟨σ1/2
A , V†η(∆AB)V(σ1/2

A )⟩, by (4.113) (4.116)

= ⟨V(σ1/2
A ), η(∆AB)V(σ1/2

A )⟩ (4.117)

= ⟨σ1/2
AB , η(∆AB)(σ

1/2
AB )⟩, by property 3 (4.118)

= D(ρAB∥σAB), (4.119)

as desired.
It remains to choose the isometry V. We set

V : XA 7→ (XAσ−1/2
A ⊗ 1B)σ

1/2
AB , (4.120)

and check the three properties above:
Property 1: The adjoint of V is given by

V†(YAB) = trB(YABσ1/2
AB (σ−1/2

A ⊗ 1B)), (4.121)

and hence we have

V†V(XA) = V†(XAσ−1/2
A σ1/2

AB ), (4.122)

= trB(XAσ−1/2
A σ1/2

AB σ1/2
AB σ−1/2

A ), (4.123)

= XAσ−1/2
A σAσ−1/2

A , (4.124)

= XA. (4.125)

Since this holds for all XA, we can conclude that V†V = idA as desired.
Property 2: We have

V†∆ABV(XA) = V†∆AB(XAσ−1/2
A σ1/2

AB ), (4.126)

= V†(ρABXAσ−1/2
A σ1/2

AB σ−1
AB), (4.127)

= V†(ρABXAσ−1/2
A σ−1/2

AB ) (4.128)

= trB(ρABXAσ−1
A ), (4.129)

= ρAXAσ−1
A , (4.130)

= ∆A(XA), (4.131)

which holds for all XA, and thus V†∆ABV = ∆A as desired.
Property 3: We have V(σ1/2

A ) = σ1/2
AB by definition of V.

This concludes the proof of Theorem 38.

A natural question is now: how does the data-processing inequality
generalize? We have proved it above for quantum channels, but Denes
Petz extended these methods to prove the DPI for trace-preserving
2-positive maps.17 Moreover, a very recent result by Mueller-Hermes 17 Φ is 2-positive if Φ⊗ id2 is positive.

and Reeb shows that DPI holds for all trace-preserving, positive maps.18 18 Note that they use different proof
methods based on complex interpola-
tion.

https://arxiv.org/abs/1512.06117
https://arxiv.org/abs/1512.06117
https://arxiv.org/abs/1512.06117
https://arxiv.org/abs/1512.06117
https://arxiv.org/abs/1512.06117
https://arxiv.org/abs/1512.06117


5
Entropies and equality in data-processing

5.1 Entropic quantities

Von Neumann entropy

Entropies are fundamental quantities in information theory. Probably
the most important one is the von Neumann entropy,1 defined as 1 We often denote the entropy as

S(A)ρ = S(ρA) where ρA ∈ B(HA) is
a quantum state.S(ρ) = − tr ρ log ρ = −D(ρ∥1). (5.1)

The most useful entropic quantities also have operational interpreta-
tion. For the von Neumann entropy, there are two operational interpre-
tations: one related to source/data compression and one to entangle-
ment conversion of pure states; more on this later. First, let us review
some of the basic properties of the von Neumann entropy.

Proposition 43. The von Neumann entropy S(·) satisfies the follow-
ing properties:

1. 0 ≤ S(A)ρ ≤ log |A| for any state ρA, with equality in the first
inequality iff ρA is pure, and equality in the second inequality iff
ρA = 1

|A|1 is completely mixed.

2. Concavity: for any collection of states ρi and a probability distribu-
tion (λi)i,

S(∑i λiρi) ≥∑i λiS(ρi). (5.2)

3. Strong subadditivity: for any tripartite state ρABC ∈ B(HA ⊗
HB ⊗HC),

S(ABC) + S(C) ≤ S(AC) + S(BC). (5.3)

Taking |C| = 1 gives the weaker subadditivity relation S(AB) ≤
S(A) + S(B).
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4. Let N be a unital quantum channel, N (1) = 1. Then, S(ρ) ≤
S(N (ρ)) for all ρ ∈ B(H). In particular, let {Πi}k

i=1 be a pro-
jective measurement satisfying Πi ≥ 0 for all i, ΠiΠj = δijΠi,
and ∑i Πi = 1. Then N (X) = ∑i ΠiXΠi is a unital channel
and hence S(ρ) ≤ S(N (ρ)). In other words, measuring a system
always increases entropy. Choosing Πi = |i⟩⟨i| for an ONB {|i⟩}
gives the special case S(ρ) ≤ S(diag(ρ)), where diag(ρ) denotes
the diagonal part of ρ.

Proof. 1. Let ρ = ∑i λi |i⟩ ⟨i| be the spectral decomposition of ρ. Then
the entropy can be expressed as S(ρ) = −∑i λi log λi.2 Then clearly 2 That is, the von Neumann entropy of a

quantum state is equal to the Shannon
entropy of its eigenvalue distribution.

S(ρ) ≥ 0 because λi ∈ [0, 1] for all i. The only way to have S(ρ) = 0
is if there is exactly one non-zero eigenvalue equal to one; that is,
S(ρ) = 0 iff ρ is pure.

For the upper bound on the entropy, observe that

D
(

ρA

∥∥∥∥ 1
|A|1A

)
= tr ρA

(
log ρA − log

1
|A|1A

)
, (5.4)

= −S(ρA) + log |A| (5.5)

≥ 0, (5.6)

and we have equality iff ρA = 1
|A|1A is maximally mixed.3 3 We will prove this later!

2. To show concavity, observe that

S(∑i λiρi) = −D(∑i λiρi∥1), (5.7)

= −D(∑i λiρi∥∑i λi1), (5.8)

≥∑i λi(−D(ρi∥1)), (5.9)

= ∑i λiS(ρi) (5.10)

where the inequality follows from the joint convexity of relative
entropy proved in Proposition 39.

3. To show the strong subadditivity relation S(ABC)+S(C) ≤ S(AC)+
S(BC), we first note that

D(ρABC∥ρA ⊗ ρBC) = tr ρABC(log ρABC − log ρA ⊗ ρBC). (5.11)

We have4 4 Here, we use the fact that log XY =
log X + log Y if [X, Y] = 0. We apply this
to ρA ⊗ ρBC = (ρA ⊗ 1BC)(1A ⊗ ρBC).log ρA ⊗ ρBC = log (ρA ⊗ 1BC) + log (1A ⊗ ρBC), (5.12)

= log ρA ⊗ 1BC + 1A ⊗ log ρBC, (5.13)

which follows from the definition of the matrix logarithm.5 Then, 5 See, e.g., this post.

https://math.stackexchange.com/questions/623440/logarithm-and-tensor-products


entropies and equality in data-processing 73

substituting back into the expression above we have

D(ρABC∥ρA ⊗ ρBC) = tr ρABC log ρABC (5.14)

− tr ρABC(log ρA ⊗ 1BC) (5.15)

− tr ρABC(1A ⊗ ρBC) (5.16)

= −S(ABC) + S(A) + S(BC). (5.17)

An analogous calculation shows that

D(ρAC∥ρA ⊗ ρC) = −S(AC) + S(A) + S(C). (5.18)

By the data-processing inequality with respect to N = trB, we have

−S(ABC) + S(A) + S(BC) = D(ρABC∥ρA ⊗ ρBC) (5.19)

≥ D(ρAC∥ρA ⊗ ρC) (5.20)

= −S(AC) + S(A) + S(C), (5.21)

which rearranged gives strong subadditivity. Taking |C| = 1, we
obtain S(AB) ≤ S(A) + S(B).

4. Finally we need to show that if N is unital then S(ρ) ≤ S(N (ρ)).
This is a straightforward application of data-processing:

S(ρ) = −D(ρ∥1) ≤ −D(N (ρ)∥N (1)) = −D(N (ρ)∥1) = S(N (ρ)).
(5.22)

Conditional entropy

Another ubiquitous quantity in quantum information theory is the
conditional entropy

S(A|B)ρ = S(AB)ρ − S(B)ρ = −D(ρAB∥1A ⊗ ρB). (5.23)

While the classical conditional entropy H(X|Y) = H(XY) − H(Y) is
always non-negative, this fails for the quantum conditional entropy. To
see this, note that a maximally entangled state |Φ+⟩AB = 1√

2
(|00⟩AB +

|11⟩AB) satisfies S(AB)Φ+ = 0 (since it is a pure state) and S(B)Φ+ =

log 2 = 1 (since the marginal on B is completely mixed). Hence,

S(A|B)Φ+ = −1. (5.24)

The negativity of the conditional entropy is due to the entanglement;
remarkably, there is an operational interpretation in terms of a task
called state merging,6 which gives this negative conditional entropy a 6 Michał Horodecki, Jonathan Oppen-

heim, and Andreas Winter. Quantum
state merging and negative information.
Communications in Mathematical Physics,
269:107–136, 2007

precise information-theoretic meaning.



74 quantum channels

Proposition 44. The quantum conditional entropy satisfies the fol-
lowing properties:

1. Conditioning reduces entropy:

S(A|B) ≤ S(A). (5.25)

2. Duality relation: let ρAB have a purification |ρ⟩ABC , then

S(A|B)ρ = −S(A|C)ρ. (5.26)

3. Bounds on conditional entropy:

− log |A| ≤ S(A|B) ≤ log |A|, (5.27)

with equality in the first inequality for the maximally entangled
state between systems A and B (if |A| = |B|), and equality in the
second inequality if ρAB is product and completely mixed on A.

4. Data-processing (strong subadditivity):

S(A|BC) ≤ S(A|B). (5.28)

5. Weak monotonicity:

S(A|B) + S(A|C) ≥ 0. (5.29)

6. Classical conditioning: Let ρAX = ∑x px |x⟩ ⟨x|A ⊗ ρx
A be a

quantum-classical state, then

S(A|X) = ∑
x

pxS(A)ρx . (5.30)

In particular, S(A|X) ≥ 0.

7. Concavity: For a collection of states ρi
AB and a probability distri-

bution (λi) denote by ρ̄ = ∑i λiρ
i
AB the average state. Then,

S(A|B)ρ̄ ≥∑
i

λiS(A|B)ρi . (5.31)

Proof. 1. We have S(A|B) = S(AB)− S(B) ≤ S(A), which is equiva-
lent to subadditivity of the von Neumann entropy.

2. We have S(AB) = S(C) for any pure state |ρ⟩ABC by Schmidt de-
composition, and similarly S(B) = S(AC). Hence,

S(A|B) = S(AB)− S(B) = S(C)− S(AC) = −S(A|C). (5.32)
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3. The lower bound on the range of the conditional entropy follows
from the proof of 1) above and from Proposition 43: For a state
|ρ⟩ABC purifying ρAB,

S(A|B) = −S(A|C) ≥ −S(A) ≥ − log |A|. (5.33)

Equality holds for a maximally entangled state |Φ+⟩AB between A
and B, as observed above.

For the upper bound, note that

0 ≤ D
(

ρAB

∥∥∥∥ 1
|A|1A ⊗ ρB

)
(5.34)

= tr ρAB log ρAB − tr ρAB log
[

1
|A|1A ⊗ ρB

]
(5.35)

= −S(AB) + log |A|+ S(B), (5.36)

which gives the desired upper bound. Furthermore, we have equal-
ity iff ρAB = 1

|A|1A ⊗ ρB.

4. We have S(ABC) + S(B) ≤ S(AB) + S(BC) by strong subadditivity,
and hence

S(A|BC) = S(ABC)− S(BC) ≤ S(AB)− S(B) = S(A|B). (5.37)

5. Let |ρ⟩ABCD be a purification of the tripartite state ρABC. Then
by Schmidt decomposition we have S(AC) = S(BD) and S(C) =

S(ABD), so that

S(A|B) + S(A|C) = S(AB)− S(B) + S(AC)− S(C) (5.38)

= S(AB)− S(B) + S(BD)− S(ABD) (5.39)

≥ 0 (5.40)

by strong subadditivity.

6. For ρAX = ∑x pxρx
A ⊗ |x⟩ ⟨x|X we have ρX = ∑x px |x⟩ ⟨x|. Then,

S(A|X) = −D(ρAX∥1A ⊗ ρx), (5.41)

= −D(∑x pxρx
A ⊗ |x⟩ ⟨x|X ∥1A ⊗∑x px |x⟩ ⟨x|), (5.42)

= −∑
x

pxD(ρx
A∥1A), (5.43)

= ∑
x

pxS(A)ρx , (5.44)

where the third equality holds by part 4) of Proposition 39.
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7. Note that ρ̄AB = ∑i λiρ
i
AB implies ρ̄B = ∑i λiρ

i
B. Then,

S(A|B)ρ̄ = −D(ρ̄AB∥1A ⊗ ρ̄B) (5.45)

= −D(∑i λiρ
i
AB∥1A ⊗∑i ρi

B), (5.46)

≥∑
i

λi(−D(ρi
AB∥1A ⊗ ρi

B)), (5.47)

= ∑
i

λiS(A|B)ρi , (5.48)

where the inequality follows from the joint convexity of relative
entropy.

Corollary 45.

1. The conditional entropy of product states is equal to a von Neu-
mann entropy and thus non-negative: S(A|B)ω⊗τ = S(A)ω ≥ 0
for any state ωA ⊗ τB.

2. S(A|B)ρ ≥ 0 for any separable state ρAB.

Proof. 1. The von Neumann entropy is additive on product states:
S(ρ⊗ σ) = S(ρ) + S(σ). It then immediately follows that

S(A|B)ω⊗τ = S(AB)ω⊗τ − S(B)τ (5.49)

= S(A)ω + S(B)τ − S(B)τ (5.50)

= S(A)ω. (5.51)

2. A separable state ρAB can be written as ρAB = ∑i λiω
i
A ⊗ τi

B. The
concavity of conditional entropy and item 1) above then imply that

S(A|B)ρ ≥∑
i

λiS(A|B)ωi⊗τi = ∑
i

λiS(A)ωi ≥ 0. (5.52)

Note that the converse of part 2) of Cor. 45 does not hold, since there
are bound entangled states with non-negative conditional entropy.

Coherent information

Another well-studied entropic quantity is the coherent information which
is defined as

Ic(A⟩B)ρ = −S(A|B)ρ, (5.53)

= S(B)− S(AB), (5.54)

= D(ρAB∥1A ⊗ ρB) (5.55)
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The coherent information has multiple operational interpretations in
entanglement distillation, quantum information transmission through
a quantum channel, and quantum error correction. Of particular note
is the so-called hashing inequality, which states that a quantum state
ρAB with Ic(A⟩B)ρ > 0 is distillable using one-way LOCC. We also
note that

S(A|B) + S(A|C) ≥ 0⇐⇒ Ic(A⟩B) + I(A⟩C) ≤ 0, (5.56)

which can be interpreted as a statement of the no-cloning theorem.

Mutual information

Yet another crucially important entropic quantity is the mutual infor-
mation:7 7 A useful way of understanding the mu-

tual information is the relative entropy
distance from being a product state.I(A; B)ρ = S(A) + S(B)− S(AB), (5.57)

= S(A)− S(A|B), (5.58)

= S(B)− S(B|A), (5.59)

= D(ρAB∥ρA ⊗ ρB). (5.60)

It has the following operational interpretations:

1. Measure for total correlations (classical and quantum) in a bipartite
state

2. entanglement-assisted classical communication

3. classical communication cost in state merging

The mutual information has many important features, several of which
are summarized in the following proposition.

Proposition 46. The mutual information satisfies the following prop-
erties:

1. Lower and upper bounds:

0 ≤ I(A; B)ρ ≤ 2 log min {|A|, |B|}, (5.61)

and if ρXB is classical-quantum, then

0 ≤ I(X; B)ρ ≤ log min {|X|, |B|}. (5.62)

2. Data-processing:

I(A; BC) ≥ I(A; B) I(AB; C) ≥ I(A; C). (5.63)

3. Holevo information: Let E = {px, ρx
A} be a quantum state ensem-
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ble. Then the Holevo information is equal to

χ(E) = S(∑x pxρx
A)−∑x pxS(ρx

A) = I(X; A)ρ, (5.64)

where ρXA = ∑x px |x⟩ ⟨x|x ⊗ ρx
A.

Proof. 1. By part 2) of Prop 39, we have

I(A; B)ρ = D(ρAB∥ρA ⊗ ρB) ≥ 0. (5.65)

We also have8 8 Recall from Prop 44 that S(A|B) ≥
− log |A|.

I(A; B) = S(A)− S(A|B) ≤ S(A) + log |A| ≤ 2 log |A|, (5.66)

and using the formula I(A; B) = S(B)− S(B|A) instead gives

I(A; B) ≤ 2 log |B|. (5.67)

We have S(A|B) = − log |A| for a maximally entangled state Φ+
AB,

and hence Φ+ achieves the maximal value of the mutual informa-
tion:

I(A; B)Φ+ = S(A)− S(A|B) = 2 log |A|. (5.68)

When ρXA = ∑x px |x⟩ ⟨x|⊗ ρx
A is classical-quantum, we have S(A|X) ≥

0 by part 6) of Prop. 44, and hence

I(X; A) = S(A)− S(A|X) ≤ S(A) ≤ log |A|. (5.69)

On the other hand,9 9 By Corollary 45 we have S(X|A) ≥ 0
since ρXA is separable.

I(X; A) = S(X)− S(X|A) ≤ S(X) ≤ log |X|. (5.70)

2. To show that I(AB; C) ≥ I(A; C), we simply apply data-processing
with respect to the channel trB(·) to the relative entropy formula for
I(·; ·):

I(AB; C) = D(ρABC∥ρAB ⊗ ρC) ≥ D(ρAC∥ρA ⊗ ρC) = I(A; C),
(5.71)

and similarly for I(A; BC) ≥ I(A; B).

3. Note that ρXA = ∑x px |x⟩ ⟨x| ⊗ ρx
A implies ρA = ∑x pxρx

A. Then,

I(X; A) = S(A)− S(A|X) (5.72)

= S(∑x pxρx
A)−∑x pxS(ρx

A), (5.73)

= χ({px, ρx
A}), (5.74)

where the second equality follows from part 6) of Prop. 44.
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We now discuss a fundamental result in quantum information the-
ory, the Holevo bound. To this end, let X ∼ p(x) be a classical,
discrete random variable, {ρx

B} be a set of quantum states, and let
M = {My

B}y be a POVM (My ≥ 0, ∑y My = 1B). Let Y be the random
variable corresponding to the measurement outcome, i.e., defined by
p(x, y) = p(y|x)p(x) and the conditional probability distribution

p(y|x) = tr(My
ρρx

B). (5.75)

We define the accessible information of the quantum state ensemble as
E = {px, ρx

B} as

Iacc(E) = max
M POVM

I(X; Y), (5.76)

where I(X; Y) = H(X) + H(Y)− H(XY) is the classical mutual infor-
mation of the classical state

ρXY = ∑
x

p(x)|x⟩⟨x| ⊗∑
y

p(y|x)|y⟩⟨y|, (5.77)

with p(y|x) as defined above.

Proposition 47 (Holevo bound). With the above definitions, for
every quantum state ensemble E = {px, ρx

B} we have

Iacc(E) ≤ χ(E) = I(X; B)ρ, (5.78)

where ρXB = ∑x px |x⟩ ⟨x|x ⊗ ρx
B

Proof. The measurement defined by the POVM M = {My
B}y can be

written as a quantum channelM : B→ Y,

M(σB) = ∑y tr(MyσB)|y⟩⟨y|. (5.79)

For a state ρx
B from the ensemble E, this leads via eq. (5.75) to

M(ρx
B) = ∑y p(y|x)|y⟩⟨y|. (5.80)

Now the Holevo bound is a simple application of data-processing: For
any POVM M and channelM as defined above,

I(X; Y) ≤ I(X; B). (5.81)

Hence, this also holds for the optimal measurement achieving the ac-
cessible information, so that Iacc(E) ≤ χ(E).

Corollary 48. n qubits can encode at most n classical bits.
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Proof. We want to choose a POVM that defines a random variable Y
such that the mutual information, I(X; Y), is maximal.10 10 Encoding classical information in

qubits means to select quantum states
{ρx

B} such that measuring B reveals X.
By the Holevo bound, Prop. 47,

Iacc(E) ≤ I(X; B) ≤ log |B|. (5.82)

The state space of n qubits is HB = (C2)⊗n, which has dimension
|B| = 2n. Thus, log |B| = n and the best we can do is encode X in an
orthonormal basis of |B|.

Conditional mutual information

The next entropic quantity we will consider is the conditional mutual
information (CMI):11 11 Recall that the mutual information is

defined as I(A; B) = S(A) + S(B) −
S(AB).I(A; B|C) = S(A|C) + S(B|C)− S(AB|C), (5.83)

= S(AC) + S(BC)− S(C)− S(ABC), (5.84)

= S(A|C)− S(A|BC), (5.85)

= I(AC; B)− I(C; B). (5.86)

Operational interpretations include:

1. quantum state redistribution

2. erasure of correlations

3. quantum Markov chains12 12 A lot more on this in the coming lec-
tures!

Proposition 49. The CMI satisfies the following properties:

1. Dimension bound:

0 ≤ I(A; B|C) ≤ 2 log min {|A|, |B|} (5.87)

2. Chain rule:

I(A; BC) = I(A; B) + I(A; C|B) (5.88)

3. Classical conditioning:

I(A; B|X)ρ = ∑
x

px I(A; B)ρx (5.89)

for QQC-states ρABX = ∑x pxρx
AB ⊗ |x⟩ ⟨x|X .

4. Duality: Let |ψ⟩ABCD be pure, then

I(A; B|C)ψ = I(A; B|D) (5.90)
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Proof. 1. We have

I(A; B|C) = S(AC) + S(BC)− S(C)− S(ABC) ≥ 0 (5.91)

by strong sub-additivity. For an upper bound, observe that

I(A; B|C) = I(AC; B)− I(C; B), (5.92)

≤ I(AC; B), (5.93)

≤ 2 log |B|. (5.94)

Similarly,

I(A; B|C) = I(A; BC)− I(A; C), (5.95)

≤ I(A; BC), (5.96)

≤ 2 log |A|. (5.97)

2. Holds by direct calculation.

3. This follows from writing I(A; B|X) = S(A|X)+ S(B|X)− S(AB|X)

and using part 6) of Prop. 44.

4. Lastly, we have13 13 Note that the second equality holds by
part 2) of Prop. 44.

I(A; B|C)ψ = S(A|C)− S(A|BC), (5.98)

= −S(A|BD) + S(A|D), (5.99)

= I(A; B|D), (5.100)

which concludes the proof.

A fundamental question for us is the following: what does I(A; B|C) =
0 imply for the state ρABC? In order to get a feeling for this question,
we first take a brief detour discussing classical Markov chains.

5.2 Detour: classical Markov chains

let X, Y, Z be classical random variables with joint probability dis-
tribution p(x, y, z). The RVs X, Y, Z form a Markov chain, denoted
X → Y → Z, if X and Z are independent when conditioned on Y. This
is equivalent to the following conditions:14 14 Recall Bayes’ Theorem: pxy = px|y py

and pxyz = pxz|y py. See 3Blue1Brown for
a great refresher on Bayes’ Theorem.1. p(xz|y) = p(x|y)p(z|y), where p(x|y) = p(xy)

p(y) .

2. I(X; Z|Y) = 0, where I(X; Z|Y) = ∑y py I(X; Z)p(xz|y).

3. There exists a stochastic matrix W(z|y) such that

p(xyz) = w(z|y)p(xy) (5.101)

https://www.youtube.com/watch?v=HZGCoVF3YvM
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5.3 Quantum Markov Chains

In analogy with characterization 3 of a classical Markov chain, we
make the following definition in the quantum setting:15 15 Informally speaking, a tripartite quan-

tum state ρABC is a quantum Markov
chain if we can recover C from B alone.

Definition 50. A tripartite quantum state ρABC is called a quan-
tum Markov chain, denoted A→ B→ C, if there exists a channel
R : B→ BC such that

ρABC = (1A ⊗R)(ρAB) (5.102)

This definition allows us to state the following important theorem.

Theorem 51. ρABC is a quantum Markov chain A → B → C iff
I(A; C|B) = 0.

The sufficiency of the Markov chain condition for I(A; C|B) = 0 is
a simple application of data-processing:

Proof of (⇒) in Thm. 51. Let R : B → BC be the quantum channel sat-
isfying

ρABC = (1A ⊗ R)(ρAB), (5.103)

which implies ρBC = R(ρB). We then have

D(ρABC∥ρA ⊗ ρBC) ≥ D(ρAB∥ρA ⊗ ρB), (5.104)

≥ D(ρABC∥ρA ⊗ ρBC), (5.105)

where the first inequality holds by DPI with respect to N = trC(·) and
the second due to DPI with respect to N = (1A ⊗R)(·). This implies
that

D(ρABC∥ρA ⊗ ρBC) = D(ρAB∥ρA ⊗ ρB), (5.106)

and expanding both sides as linear combination of entropies gives

−S(ABC) + S(A) + S(BC) = −S(AB) + S(A) + S(B), (5.107)

and hence I(A; C|B) = 0. as desired.

For the direction (⇐) in Thm. 51, note that I(A; C|B) = 0 holds if
and only if

D(ρABC∥ρA ⊗ ρBC) = D(ρAB∥ρA ⊗ ρB). (5.108)

We have inequality in this equation due to data-processing, and hence
we are interested in when equality holds in the data-processing inequal-
ity in general. We state the following result proved by Petz16 giving a 16 Dénes Petz. Monotonicity of quan-

tum relative entropy revisited. Reviews in
Mathematical Physics, 15(01):79–91, mar
2003. doi: 10.1142/s0129055x03001576

necessary and sufficient condition for equality in the data-processing
inequality for the partial trace:
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Proposition 52. We have D(ρAB∥σAB) = D(ρA∥σA) if and only if
the channel R : A→ AB defined by

Rσ(XA) = σ1/2
AB

(
σ−1/2

A XAσ−1/2
A ⊗ 1B

)
σ1/2

AB (5.109)

satisfies ρAB = Rσ(ρA).

Note that we always have Rσ(σA) = σAB by construction of Rσ.
The fact that R is a valid quantum channel (on the support of σA) is
a simple exercise. The proof of Prop. 52 makes use of the modular
operator formalism and functional calculus and can be found in either
Petz’s paper17 or the lecture notes of a previous version of this course. 17 Dénes Petz. Monotonicity of quan-

tum relative entropy revisited. Reviews in
Mathematical Physics, 15(01):79–91, mar
2003. doi: 10.1142/s0129055x03001576

Prop. 52 asserts the missing implication in the proof of Thm. 51:

Proof of (⇐) in Thm. 51. By the arguments given in the proof of (⇒)
above (and in the proof of strong subadditivity in Prop. 43), the condi-
tion I(A; C|B) = 0 is equivalent to

D(ρABC∥ρA ⊗ ρBC) = D(ρAB∥ρA ⊗ ρB). (5.110)

Hence, Prop. 52 implies that the channel R : AB→ ABC acting as

R = (ρA ⊗ ρBC)
1/2
(
(ρA ⊗ ρB)

−1/2XAB(ρA ⊗ ρB)
−1/2 ⊗ 1C

)
× (ρA ⊗ ρBC)

1/2 (5.111)

satisfies ρABC = R(ρAB). Assuming w.l.o.g. that ρA has full support,
we observe that the powers of ρA in (5.111) cancel out. This gives
us a map R̃ρBC : B → BC defined just as in (5.109) satisfying ρABC =

(idA⊗R̃ρBC )(ρBC). In other words, ρABC forms a quantum Markov
chain A→ B→ C.

We can generalize the equality condition for DPI of Prop. 52 to ar-
bitrary quantum channels:

Proposition 53. Let ρ ∈ B(H) be a quantum state, σ ∈ B(H) a
positive semidefinite operator, and N : B(H) → B(K) be a quantum
channel. Then we have D(ρ∥σ) = D(N (ρ)∥N (σ)) if and only if the
channel Rσ,N : B(K)→ B(H) defined by

Rσ,N (X) = σ1/2N †
(
N (σ)1/2XN (σ)1/2

)
σ1/2 (5.112)

satisfies ρ = Rσ,N (N (ρ)).

Proof. (⇐) Assuming w.l.o.g. that σ has full support, the channelRσ,N
satisfies Rσ,N (N (σ)) = σ by construction and ρ = Rσ,N (N (ρ)) by as-
sumption. Hence D(ρ∥σ) = D(N (ρ)∥N (σ)) follows from applying

https://felixleditzky.info/teaching/MATH595_quantum_channelsII.html
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the data-processing inequality twice, once with respect to N and an-
other time with respect to Rσ,N .

(⇒) Let V : H → K⊗K′ be a Stinespring isometry for N , that is,
N (X) = trK′ VXV†. Then

D(ρ∥σ) = D(VρV†∥VσV†) = D(trK′ VρV†∥ trK′ VσV†), (5.113)

where the first equality follows from the isometric invariance of D(·∥·)
and the second equality is the assumed equality in the data-processing
inequality. Applying Prop. 52 gives a map R : K → K⊗K′ defined as

Y 7→ (VσV†)1/2
((

trK′ VσV†
)−1/2

Y
(

trK′ VσV†
)−1/2

⊗ 1K′
)

× (VσV†)1/2. (5.114)

We have (VσV†)1/2 = Vσ1/2V†. Furthermore, the adjoint of the map
N = trK′ V · V† is given by N † = V†(· ⊗ 1K′). Hence, the channel in
(5.114) can be written as

R : Y 7→ Vσ1/2N †(N (σ)−1/2YN (σ)−1/2)σ1/2V†. (5.115)

Defining Rσ,N as in (5.112) then shows that

VρV† = R(N (ρ)) = VRσ,N (N (ρ))V†, (5.116)

and canceling the isometry on each side yields the desired result.

Prop. 53 has some interesting applications. We first use it to prove
the “only if” direction in the statement that D(ρ∥σ) = 0 iff ρ = σ (for
quantum states ρ, σ):

Corollary 54. Let ρ, σ be quantum states. Then D(ρ∥σ) = 0 if and
only if ρ = σ.

Proof. We have tr ρ = 1 = tr σ, so D(ρ∥σ) ≥ D(1∥1) = 0 by data-
processing. In this case, the recovery map Rσ,tr : C → B(H) from
Prop. 53 assumes the simple form Rσ,tr(c) = cσ for any c ∈ C (using
the fact that tr†(c) = c1H). Hence, D(ρ∥σ) = 0 implies

ρ = Rσ,tr(tr ρ) = Rσ,tr(1) = σ (5.117)

by Prop. 53, which concludes the proof.

A more interesting application is to determine when the accessible
information of a quantum state ensemble achieves the maximal value
given by the Holevo information:
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Proposition 55. The accessible information Iacc(E) of a quantum
state ensemble E = (px, ρx)x achieves its maximal value Iacc(E) =

χ(E) iff the ensemble states commute pairwise, [ρx, ρx′ ] = 0 for all
x, x′.

Proof. (⇐) We first prove the easy direction. If the ρx commute pair-
wise, they can be simultaneously diagonalized with respect to some
ONB {|y⟩} of the Hilbert space, giving

ρx = ∑
y

py|x|y⟩⟨y| (5.118)

for some eigenvalues py|x. Defining px,y = py|x px, it then follows that
the c-q ensemble state ρXB is actually classical,

ρXB = ∑
x

px|x⟩⟨x| ⊗∑
y

py|x|y⟩⟨y| = ∑
x,y

px,y|xy⟩⟨xy|, (5.119)

and hence Iacc(E) = I(X; Y) = I(X; B) = χ(E) using the obvious
optimal measurement.

(⇒) We start with the observation that any measurement given in
terms of a POVM M = {My} can be realized as a projective mea-
surement on a larger space and an isometric embedding of the mea-
sured quantum state into that space.18 Since the relative entropy is 18 This is known as Naimark’s dila-

tion theorem and can be found e.g. in
Michael Wolf’s lecture notes on quan-
tum channels.

invariant with respect to isometries, we can w.l.o.g. assume that the
measurement M = {My} achieving Iacc(E) = χ(E) is projective, that
is, Mx My = δx,y Mx and ∑x Mx = 1. The corresponding quantum
channel is the measurement channel

M(ρ) = ∑
y

tr(Myρ)|y⟩⟨y|, (5.120)

and a straightforward calculation shows that the adjoint channel is
given by

M†(τ) = ∑
y
⟨y|τ|y⟩My. (5.121)

Recall that equality in the Holevo bound can be rewritten as

χ(E) = D(ρXB∥ρX ⊗ ρB) = D(ρXY∥ρX ⊗ ρY) = Iacc(E), (5.122)

where ρXB = ∑ px|x⟩⟨x|X ⊗ ρx
B and ρXY = (idX ⊗M)(ρXB). The nec-

essary and sufficient condition for equality in (5.122) from Prop. 53

gives

ρXB = RρX⊗ρB ,M†(idX ⊗M(ρXB)) (5.123)

= (ρX ⊗ ρB)
1/2(idX ⊗M†)

(
(ρX ⊗ ρY)

−1/2ρXY(ρX ⊗ ρY)
−1/2

)
× (ρX ⊗ ρB)

1/2. (5.124)

https://mediatum.ub.tum.de/doc/1701036/1701036.pdf
https://mediatum.ub.tum.de/doc/1701036/1701036.pdf
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Note that the factors of ρX cancel out on the RHS of this equation. For
the middle term, we have

(1X ⊗ ρ−1/2
Y )ρXY(1X ⊗ ρ−1/2

Y ) = ∑
x

px|x⟩⟨x|X ⊗∑
y

py|x
py
|y⟩⟨y|,

(5.125)

and using (5.121),

(idX ⊗M†)
(
(1X ⊗ ρY)

−1/2ρXY(1X ⊗ ρY)
−1/2

)
= ∑

x
px|x⟩⟨x|X ⊗∑

y

py|x
py

My. (5.126)

Substituting this in (5.124) gives

ρXB = ∑
x

px|x⟩⟨x|X ⊗∑
y

py|x
py

ρ1/2
B Myρ1/2

B , (5.127)

and hence

ρx
B = ∑

y

py|x
py

ρ1/2
B Myρ1/2

B for all x. (5.128)

Rearranging this, we see that

ρ−1/2
B ρx

Bρ−1/2
B = ∑

y

py|x
py

My (5.129)

is a spectral decomposition of the operator ρ−1/2
B ρx

Bρ−1/2
B , and hence

taking the square root we get

(
ρ−1/2

B ρx
Bρ−1/2

B

)1/2
= ∑

y

p1/2
y|x

p1/2
y

My. (5.130)

Now recall that py|x = tr(Myρx
B) and

py = ∑ px py|x = tr
(

My ∑x pxρx
B

)
= tr(MyρB). (5.131)

Using (5.130), we calculate:

tr
(

ρB(ρ
−1/2
B ρx

Bρ−1/2
B )1/2

)
= ∑

y

p1/2
y|x

p1/2
y

tr(ρB My) (5.132)

= ∑
y

p1/2
y|x p1/2

y (5.133)

= ∑
y

[
tr(Myρx

B)
]1/2 [tr(MyρB)

]1/2 . (5.134)

Writing tr(Myρx
B) = tr[(ρx

B)
1/2My My(ρx

B)
1/2] and similarly for the other

term, we may apply the matrix-version of the Cauchy-Schwarz in-
equality, tr(A† A)1/2 tr(B†B)1/2 ≥ | tr(A†B)|, to each term in the sum
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in (5.134), leading to

tr
(

ρB(ρ
−1/2
B ρx

Bρ−1/2
B )1/2

)
= ∑

y

[
tr(Myρx

B)
]1/2 [tr(MyρB)

]1/2 (5.135)

≥∑
y

∣∣∣tr ((ρx
B)

1/2My Myρ1/2
B

)∣∣∣ (5.136)

≥
∣∣∣tr ((ρx

B)
1/2 ∑y Myρ1/2

B

)∣∣∣ (5.137)

= tr
(
(ρx

B)
1/2ρ1/2

B

)
. (5.138)

Since the square root is an operator-concave function,19 the right-hand 19 That is, (λX + (1− λ)Y)1/2 ≥ λX1/2 +
(1− λ)Y1/2 for any λ ∈ [0, 1] and X, Y
Hermitian.

side of (5.138) is bounded from below by 1,

tr
(
(ρx

B)
1/2ρ1/2

B

)
= tr

(
(ρx

B)
1/2
(
∑x pxρx

B

)1/2
)

(5.139)

≥∑x px tr((ρx
B)

1/2(ρx
B)

1/2) (5.140)

= ∑x px tr(ρx
B) (5.141)

= ∑x px (5.142)

= 1. (5.143)

On the other hand, the square root is also operator monotone,20 and 20 If X ≤ Y then X1/2 ≤ Y1/2.

hence from ρx
B ≤ 1 and ρ−1/2

B ρx
Bρ−1/2

B ≤ ρ−1
B we then get

(ρ−1/2
B ρx

Bρ−1/2
B )1/2 ≤ ρ−1/2

B , (5.144)

implying an upper bound of 1 for the left-hand side of (5.138),

tr
(

ρB(ρ
−1/2
B ρx

Bρ−1/2
B )1/2

)
≤ tr ρ1/2

B ≤ tr ρB = 1. (5.145)

It follows that we have equality in each of the Cauchy-Schwarz in-
equalities (5.136), which occurs if and only if

My(ρ
x
B)

1/2 = λxy Myρ1/2
B (5.146)

for some λxy ∈ C. Taking traces on both sides shows that actually
λxy ≥ 0 (and in particular they are real). Summing over y in (5.146)
gives (ρx

B)
1/2 = ∑y λxy Myρ1/2

B , and hence the operator (ρx
B)

1/2ρ−1/2
B =

∑y λxy My is Hermitian (since the My are and λxy ≥ 0). Therefore,

(ρx
B)

1/2ρ−1/2
B = ρ−1/2

B (ρx
B)

1/2. (5.147)

We are almost done: Recall the operators

σx ≡ ρ−1/2
B ρx

Bρ−1/2
B = ∑

y

py|x
py

My, (5.148)

which commute because of the orthogonality of the My. Then,

σxσx′ = ρ−1/2
B ρx

Bρ−1/2
B ρ−1/2

B ρx′
B ρ−1/2

B (5.149)

= ρ−1
B ρx

Bρx′
B ρ−1

B (5.150)

by using (5.147) several times. Similarly, σx′σx = ρ−1
B ρx′

B ρx
Bρ−1

B . Then
σxσx′ = σx′σx finally yields the claim that ρx

Bρx′
B = ρx′

B ρx
B for all x, x′.
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